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Course Objectives:
· To demonstrate analytical methods for determining strength & stiffness and assess stability of
· structural members.
· To enable the student analyze indeterminate trusses
· To make the student to understand the analysis procedures for analyzing fixed and Continuous beams.
· To enable the student to undergo analysis procedure using slope deflection method and moment distribution method.
· To enable the student to analyze the two hinged and three hinged arches
Course Outcomes (CO):
· Determine deflection at any point on a beam under simple and combined loads
· Apply energy theorems for analysis of indeterminate structures
· Analyze indeterminate structures with yielding of supports
· Analyze beams and portal frames using slope deflection and moment distribution methods
· Analyze bending moment, normal thrust and radial shear in the arches
UNIT - I Deflection of Beams
Uniform bending – slope, deflection and radius of curvature – Differential equation for elastic line of a beam – Double integration and Macaulay’s methods. Determination of slope and deflection for cantilever and simply supported beams under point loads, U.D.L. uniformly varying load-Mohr’s theorems – Moment area method – application to simply supported and overhanging beams- analysis of propped cantilever beams under UDL and point loads.
UNIT - II Torsion
Torsion: Theory of pure torsion – Assumptions and Derivation of Torsion formula for circular shaft – Torsional moment of resistance – Polar section modulus – power transmission through shafts – Combined bending and torsion –. Springs -Types of springs – deflection of close coiled helical springs under axial pull and axial couple – Carriage or leaf springs.
UNIT – III Columns and Struts
Introduction – classification of columns – Axially loaded compression members – Euler’s crippling load theory – derivation of Euler’s critical load formulae for various end conditions – Equivalent length – Slenderness ratio – Euler’s critical stress – Limitations of Euler’s theory – Rankine – Gordon formula – eccentric loading and Secant formula – Prof. Perry’s formula.
UNIT - IV Springs
Axial load and torque on helical springs - stresses and deformations - strain energy - compound springs
- leaf springs.
UNIT - V Thin and Thick Cylinders
Introduction - Thin Cylindrical shells - hoop stress - longitudinal stresses - Lame’s theory - Design of thin & thick cylindrical shells- Wire wound thin cylinders - Compound cylinders - Shrink fit - compound cylinders
Textbooks:
1. Bansal R. K, "Strength of Materials", Laxmi Publications, 2010.
2. B. C. Punmia Strength of Materials by.- Laxmi publications.
Reference Books:
1. Schaum’s outline series Strength of Materials, Mc Graw hill International Editions.
2. L.S. Srinath, Strength of Materials, Macmillan India Ltd., New Delhi
3. Gere J.M. and Goodno B.J. “Strength of Materials” Indian Edition (4th reprint), Cengage Learning India Private Ltd., 2009.
4. R.S.Khurmi and N.Khurmi, “Strength of Materials (Mechanics of Solids)”, S Chand And Company Limited, Ramnagar, New Delhi-110 055
5. B. S. Basavarajaiah and P. Mahadevappa, “Strength of Materials” 3rd Edition 2010, in SI UNITs, Universities Press Pvt Ltd, Hyderabad.


SLOPE OF A BEAM:

INTRODUCTION
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10
)
· [image: ]slope at any section in a deflected beam is defined as the angle in radians which the tangent at the section makes with the original axis of the beam.
· slope of that deflection is the angle between the initial position and the deflected position.

DEFLECTION OF A BEAM:
· The deflection at any point on the axis of the beam is the distance between its position before and after loading.
· When a structural is loaded may it be Beam or Slab, due the effect of loads acting upon it bends from its initial position that is before the load was applied. It means the beam is deflected from its original position it is called as Deflection.
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BASIC DIFFERENTIAL EQUATION:

Consider a beam AB which is initially straight and horizontal when unloaded. If under the actionof loads the beam deflect to a position A'B' under load or infact we say that the axis of the beam bends to a shape A'B'. It is customary to call A'B' the curved axis of the beam as the elastic line or deflection curve.

In the case of a beam bent by transverse loads acting in a plane of symmetry, the bending moment M varies along the length of the beam and we represent the variation of bending moment in B.M diagram. Futher, it is assumed that the simple bending theory equation holdsgood.
[image: ]

If we look at the elastic line or the deflection curve, this is obvious that the curvature at every point is different; hence the slope is different at different points.
To express the deflected shape of the beam in rectangular co-ordinates let us take two axes x andy, x-axis coincide with the original straight axis of the beam and the y – axis shows the deflection.

Further, let us consider an element ds of the deflected beam. At the ends of this element let us construct the normal which intersect at point O denoting the angle between these two normal be di.

But for the deflected shape of the beam the slope i at any point C is defined,
[image: ]

This is the differential equation of the elastic line for a beam subjected to bending in the plane of symmetry.
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METHODS FOR FINDING THE SLOPE AND DEFLECTION OF BEAMS:

· Double integration method
· Moment area method
· Macaulay’s method
· Conjugate beam method
· Strain energy method

DOUBLE INTEGRATION METHOD:
· The double integration method is a powerful tool in solving deflection and slope of a beam at any point because we will be able to get the equation of the elastic curve.
· This method entails obtaining the deflection of a beam by integrating the differential equation of the elastic curve of a beam twice and using boundary conditions to determine the constants of integration.
· The first integration yields the slope, and the second integration gives the deflection.


CONJUGATE BEAM:
· Conjugate beam is defined as the imaginary beam with the same dimensions (length) as that of the original beam but load at any point on the conjugate beam is equal to the bending moment atthat point divided by EI.
· Slope on real beam = Shear on conjugate beam
· Deflection on real beam = Moment on conjugate beam

PROPERTIES OF CONJUGATE BEAM:
· The length of a conjugate beam is always equal to the length of the actual beam.
· The load on the conjugate beam is the M/EI diagram of the loads on the actual beam.
· A simple support for the real beam remains simple support for the conjugate beam.
· A fixed end for the real beam becomes free end for the conjugate beam.
· The point of zero shear for the conjugate beam corresponds to a point of zero slope for the real beam.
· The point of maximum moment for the conjugate beam corresponds to a point of maximum deflection for the real beam.
SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH CENTRAL POINT LOAD:
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PROBLEMS:
1.A beam 6 m long, simply supported at its ends, is carrying a point load of 50 KN at its centre. The moment of inertia of the beam is 78 x 106 mm4. If E for the material of the beam = 2.1 X 105 N/mm2. calculate deflection at the centre of the beam and slope at the supports.
GIVEN DATA:
L	= 6 m
W	= 50 KN = 50 X 103 N
I	= 78 X 10 mm4
E	= 2.1 X 105 N/mm2
SOLUTION:
1. DEFLECTION AT THE CENTRE OF THE BEAM, yc = WL3 / 48 EI
= 50000 X 60003 / ( 48 X 2.1 X 105 X 78 X 106 )
= 13.736 mm.
2. SLOPE AT THE SUPPORTS,

ϴA = ϴB = - WL2 / 16 EI
= 50000 X 60002 / (16 X 2.1 X 105 X 78 X 106 )
= 0.06868 radians.
2. A beam carries 4 m long simply supported at its ends, carries a point load W at its centre. If the slope at the ends of the beam is not to exceed 1° , find the deflection at the centre of the beam.
GIVEN DATA:
L	= 4 m
ϴA = ϴB = 1° = 1° X (π /180) = 0.01745 radians.
SOLUTION:
1. DEFLECTION AT THE CENTRE OF THE BEAM, ϴA = ϴB = - WL2 / 16 EI
0.01745 = WL2 / 16 EI
yc = WL3 / 48 EI
= WL2 / 16 EI X (L/3)
= 0.01745 X (4000/3)
= 23.26 mm.
3. A beam 3 m long, simply supported at its ends, is carrying a point load W at the centre. If the slope at the ends of the beam should not exceed 1° , find the deflection at the centre of the beam.
GIVEN DATA:
L	= 3 m
ϴA = ϴB = 1° = 1 X (π /180) = 0.01745 radians.
SOLUTION:
1.DEFLECTION AT THE CENTRE OF THE BEAM, ϴA = ϴB = - WL2 / 16 EI
0.01745 = WL2 / 16 EI
yc = WL3 / 48 EI
= WL2 / 16 EI X (L/3)
= 0.01745 X (3000/3)
= 17.45 mm.


SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED WITH A UNIFORMLY DISTRIBUTED LOAD:
· A simply supported beam AB of length L and carrying a uniformly distributed load of w per unit length over the entire length is shown in fig.
· The reactions at A and B will be equal.
· Also, the maximum deflection will be at the centre of the beam.
· Each vertical reaction = (w X L)/2
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4. A beam of uniform rectangular section 200 mm wide and 300 mm deep is simply supported at its ends. It carries a uniformly distributed load of 9 KN/m run over the entire span of 5 m. if the value of E for the beam material is 1 X 104 N/mm2 , find the slope at the supports and maximum deflection.
GIVEN DATA:
L	= 5 m	= 5 X 103 mm
w	= 9 KN/m = 9000 N/m E		= 1 X 104 N/mm2
b	= 200 mm
d	= 300 mm
SOLUTION:
1. SLOPE AT THE SUPPORTS,
ϴA = - WL2 / 24 EI	W = w.L = 9000 X 5 = 45000 N
=	45000 X 50002	I = bd3/12 = 200 X 3003 / 12
24 X 1 X 104 X 4.5 X 108	= 4.5 X 108 mm4
= 0.0104 radians.

2. MAXIMUM DEFLECTION, y =	5 W L3
384 E I
=	5 X 45000 X 50003
384 X 1 X 104 X 4.5 X 108
= 16.27 mm.
5. A beam of length 5 m and of uniform rectangular section is simply supported at its ends. It carries a uniformly distributed load of 9 KN/m run over the entire length. Calculate the width and depth of the beam if permissible bending stress is 7 N/mm2 and central deflection is not to exceed 1 cm.
GIVEN DATA:
L	= 5 m = 5 X 103 mm,	w	= 9 KN/m = 9000 N/m
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SLOPE	AND	DEFLECTION	FOR	A	SIMPLY	SUPPORTED	BEAM	WITH	AN ECCENTRIC POINT LOAD
· SLOPE AT THE LEFT SUPPORT,
[image: ]
· MAXIMUM DEFLECTION,
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· DEFLECTION UNDER THE POINT LOAD,
[image: ]


6. Determine slope at the left support, deflection under the load and maximum deflection of a simply supported beam of length 5 m, which is carrying a point load of 5 KN at a distance of 3 m from the left end. Take E = 2 X 105 N/mm2 and I = 1 X 108 mm4.
GIVEN DATA:
L	= 5 m = 5 X 103 mm
W	= 5 KN = 5 X 103 N
I	= 1 X 108 mm4.
E	= 2 X 105 N/mm2
a	= 3 m
b	= L – a = 5 – 3 = 2 m = 2 X 103 mm
SOLUTION:
1. SLOPE AT THE LEFT SUPPORT,
[image: ]
= 0.00035 radians.
2. DEFLECTION UNDER THE POINT LOAD,
[image: ]
= 0.6 mm.
3. MAXIMUM DEFLECTION,
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= 0.6173 mm.
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MOMENT AREA METHOD:
· MOHR’S THEOREM – I:
The change of slope between any two points is equal to the net area of the B.M. diagram between these points divided by EI.
· MOHR’S THEOREM – II:
The total deflection between any two points is equal to the moment of the area of B.M. diagram between the two points about the last point divided by EI.
MOHR’S THEOREMS IS USED FOR FOLLOWING CASES:
· Problems on Cantilevers
· Simply supported beams carrying symmetrical loading
· Fixed beams







SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH CENTRAL POINT LOAD:
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SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED WITH A UNIFORMLY DISTRIBUTED LOAD:
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CONJUGATE BEAM METHOD:
· CONJUGATE BEAM:
· Conjugate beam is an imaginary beam of length equal to that of the original beam but for which the load diagram is the M/EI diagram.
· NOTE 1 :
· The slope at any section of the given beam is equal to the shear force at the corresponding section of the conjugate beam.
· NOTE 2 :
· The deflection at any section for the given beam is equal to the bending moment at the corresponding section of the conjugate beam.
SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH CENTRAL POINT LOAD:

· A simply supported beam AB of length L carrying a point load W at the centre C.
· The B.M at A and B is zero and at the centre B.M will be WL/4.
· Now the conjugate beam AB can be constructed.

· The load on the conjugate beam will be obtained by dividing the B.M at that point by EI.
· The shape of the loading on the conjugate beam will be same as of B.M diagram.
· The ordinate of loading on conjugate beam will be equal to M/EI = WL/4EI.
[image: ]

[image: ]


[image: ]

[image: ]

[image: ]

[image: ]

[image: ]
[image: ]

[image: ]

PROBLEMS:
1.A cantilever of length 3 m is carrying a point load of 25 KN at the free end. If I = 108  mm4 and E = 2.1 X 105 N/mm2, find the slope and deflection at the free end.
GIVEN DATA:
L = 3 m = 3000 mm W = 25 KN = 25000 N I = 108 mm4
E = 2.1 X 105 N/mm2
SOLUTION:
1. SLOPE AT THE FREE END,
ϴB = WL2 / 2 EI =	25000 X 30002
2 X 2.1 X 105 X 108
= 0.005357 radians.
2. DEFLECTION AT THE FREE END, yB =	W L3/ 3 EI = 25000 X 30003
3 X 2.1 X 105 X 108
= 10.71 mm

2. A cantilever of length 3 m is carrying a point load of 50 KN at a distance of 2 m from the fixed end. If I = 108 mm4 and E = 2 X 105 N/mm2, find the slope and deflection at the free end.
GIVEN DATA:
L = 3 m = 3000 mm W = 50 KN = 50000 N I = 108 mm4
E = 2 X 105 N/mm2
SOLUTION:
1. SLOPE AT THE FREE END, ϴB = Wa2 / 2 EI
= 50000 X 2000
2 x 2 X 105 x 108
= 0.005 radians
2. DEFLECTION AT THE FREE END, yB =	W a3/ 3 EI + W a2/ 2 EI (L – a)
=	50000 X 20003	+	50000 X 20003	( 3000 – 2000 )
3 X 2 X 105 X 108	3 X 2 X 105 X 108
= 6.67 + 5
= 11.67 mm.
CANTILEVER BEAM WITH A UDL:
· A cantilever beam AB of length L fixed at the point A and free at the point B and carrying a UDL of w per unit length over the whole length.
· Consider a section X, at a distance x from the fixed end A.
· The bending moment at this section is given by, Mx = - w ( L – x ) ( L – x )
2
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PROBLEMS:
3. A cantilever of length 2.5 m carries a uniformly distributed load of 16.4 KN per metre length. If I = 7.95 X 107 mm4 and E = 2 X 105 N/mm2, determine the deflection at the free end.
GIVEN DATA:
L = 2.5 m = 2500 mm
w = 16.4 KN/m, W = w X L = 16.4 X 2.5 = 41000 N I = 7.95 X 107 mm4
E = 2 X 105 N/mm2
SOLUTION:
1. DEFLECTION AT THE FREE END, yB    = WL3/8EI =	41000 X 25003
8 X 2 X 105 X 7.95 X 107
= 5.036 mm.
4. A cantilever of length 3 m carries a uniformly distributed load over the entire length. If the deflection at the free end is 40 mm, find the slope at the free end.

GIVEN DATA:
L = 3 m = 3000 mm
yB = 40 mm
SOLUTION:
1. SLOPE AT THE FREE END, yB    = WL3/8EI
40 = WL2 X L = WL2 X 3000
8 EI	8 EI
WL2 =	40 X 8
EI	3000
Slope at the free end,
ϴB = WL2 / 6 EI = WL2 / EI X (1/6)
= 40 X 8 X (1/6)
3000
= 0.01777 rad.
5. A cantilever 120 mm wide and 200 mm deep is 2.5 m long. What is the uniformly distributed load which the beam can carry in order to produce a deflection of 5 mm at the free end? Take E = 200 GN/m2.
GIVEN DATA:
L = 2.5 m = 2500 mm
E = 200 GN/m2 = 2 X 105 N/mm2
b = 120 mm	I = bd3/12 = 120 X 2003 / 12
d = 200 mm	= 8 X 107 mm4
yB = 5 mm
SOLUTION:
1. UDL,
W = w X L = 2.5 X w = 2.5 w N. y = WL3/8EI
5 =	2.5 w X 25003
8 X 2 X 105 X 8 X 107

[image: ]
[image: ]

[image: ]
[image: ]

[image: ]
[image: ]

REFERENCE BOOKS:

1. Bansal R.K., “Strength of Materials”, 5th Edition, Laxmi Publications, 2013.
2. Ramamrutham R., “Strength of Materials”,14th Edition, Dhanpat Rai Publications, 2011.
3. Punmia B.C., “Strength of Materials”, Laxmi Publications, 2011.
4. Subramanian R., “Strength of Materials - Theory and Problems”, Oxford University Press, 2010.
5. Rajput R.K., “Strength of Materials”, S. Chand and Company Ltd., New Delhi, 2007.
6. Timoshenko S.P. and Gere J.M., “Mechanics of Materials”, 6th Edition, Tata McGraw Hill.

QUESTION BANK:
1. What are the methods used for determining slope and deflection?
2. What is the slope and deflection equation for simply supported beam carrying UDL through out the length?
3. What is a Macaulay’s method?
4. What is moment area method?
5. Define : Conjugate beam.
6. Find the slope and deflection of a simply supported beam carrying a point load at the centre using moment area method.
7. Distinguish between actual beam and conjugate beam.
8. A beam 4m long, simply supported at its ends, carries a point load W at its centre. If the slope at the ends of the beam is not to exceed 1⁰, find the deflection at the centre of the beam.
9. 	A cantilever of length 2 m carries a point load of 30 KN at the free end and another load of 30 KN at its centre. If EI = 1013 N.mm2 for the cantilever then determine slope and deflection at the free end by moment area method.
10. Determine slope at the left support, deflection under the load and maximum deflection of a simply supported beam of length 10 m, which is carrying a point load of 10 kN at a distance of 6 m from the left end. Take E = 2 x 105 N/mm2 and I = 1 x 108 mm4.
11.A cantilever of length 3 m is carrying a point load of 25 KN at the free end. If I
= 108 mm4 and E = 2.1 X 105 N/mm2, then determine slope and deflection of the cantilever using conjugate beam method.
12.A simply supported beam of length 5 m carries a point load of 5 kN at a distance of 3m from the left end. If E = 2 x 105 N/mm2 and I = 108 mm4, determine the slope at the left support and deflection under the point load using conjugate beam method.
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INTRODUCTION

STRAIN ENERGY:

· Strain energy is defined as the energy stored in a body due to deformation.
· Strain energy is one of fundamental concepts in mechanics and its principles are widely used in practical applications to determine the response of a structure to loads.
· strain energy is equal to the work done by the point load.
· The unit of strain energy is N-m or Joules.
RESILIENCE:



PROOF RESILIENCE:
· Proof resilience is defined as the maximum energy that can be absorbed up to the elastic limit, without creating a permanent distortion.

MODULUS OF RESILIENCE:
· The modulus of resilience is defined as the maximum energy that can be absorbed per unit volume without creating a permanent distortion.
STRAIN ENERGY DUE TO GRADUALLY APPLIED LOAD
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PROBLEMS:

1.A tensile load of 60 KN is gradually applied to a circular bar of 4 cm diameter and 5 m long. If the value of E = 2 X 105 N/mm2. Determine stretch in the rod, stress in the rod and strain energy absorbed by the rod.

GIVEN DATA:

Gradually Load, P = 60 KN = 60 X 1000 N Diameter, d = 4 cm = 40 mm.
Length, L = 5 m = 5000 mm E = 2 X 105 N/mm2 SOLUTION:
1. STRESS IN THE ROD,

σ = P/A = 60000 / 400π	A = (π X 402) /4 = 400π mm2

= 47.746 N/ mm2

2. STRETCH IN THE ROD,

x = (σ/E) X L = ( 47.746/ 2 X 105 )/ 5000

= 1.19 mm.

3. STRAIN ENERGY ABSORBED BY THE ROD,

U =		σ2	X	V =		47.7462 X	2 X 106 π	V = A X L = 400π X 5000 2E			2 X 2 X 105			= 2 X 106 π mm3
= 35810 N.mm = 35.81 N.m

STRAIN ENERGY DUE TO SUDDENLY APPLIED LOAD
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2.Calculate instantaneous stress produced in a bar 10 cm2 in area and 3 m long by the sudden application of a tensile load of unknown magnitude, if the extension of the bar due to suddenly applied load is 1.5 mm. Also determine the suddenly applied load. Take E = 2 X 105 N/mm2
GIVEN DATA:

Area, A = 10 cm2 = 1000 mm2 Length, L = 3 m = 3000 mm Extension, x = 1.5 mm
E = 2 X 105 N/mm2

SOLUTION:

1. STRESS IN THE ROD,

x = (σ/E) X L

1.5 = (σ / 2 X 105 )/ 3000

σ	= 1.5 X 2 X 105
3000

= 100 N/mm2

2. SUDDENLY APPLIED LOAD,

σ	= 2 x P/A

100 = 2 x (P/1000)

P = 100 x 1000

2

= 50000 N = 50 KN.

3. A steel rod is 2 m long and 50 mm in diameter. An axial pull of 100 KN is suddenly applied to the rod. Calculate the instantaneous stress induced and also the instantaneous elongation produced in the rod. Take E = 200 GN/m2
GIVEN DATA:

Diameter, d = 50 mm Length, L = 2 m = 2000 mm
Pull, P = 100 KN = 100 X 1000 N E = 200 GN/m2 = 2 X 105 N/mm2 SOLUTION:
1. INSTANTANEOUS STRESS INDUCED,

σ	= 2 x P/A	A = (π X 502) /4 = 625 π mm2

= 2 X (100 X 1000/ 625 π)

= 101.86 N/mm2

2. INSTANTANEOUS ELONGATION PRODUCED IN THE ROD,

δL = σ X L
E

= 101.86 X 2000
2 X 105

= 1.0186 mm.
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STRAIN ENERGY DUE TO IMPACT LOAD
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STRESS DUE TO IMPACT LOAD
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STRAIN ENERGY DUE TO SHEAR STRESS
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STRAIN ENERGY IN SOLID SHAFT DUE TO TORSION
[image: ]

STRAIN ENERGY IN HOLLOW SHAFT DUE TO TORSION
[image: ]
PROBLEMS:
[image: ]

[image: ]


[image: ]

[image: ]


[image: ]

[image: ]


[image: ]

CASTIGLIANO'S FIRST THEOREM:

· Castigliano's first theorem states that the partial derivative of the total strain energy in a structure with respect to a load is equal to the deflection of the point where the load is acting, the deflection being measured in the direction of the load.
· dU =	Δi	, dU = ϴj dPi			dMj
Where, U = Total strain energy Pi & Mj = Loads
Δi & ϴj = Deflections.

THEOREM USED IN THE FOLLOWING CASES:

· To determine the displacements of complicated structures.
· To find the deflection of beams due to shearing or bending if the total strain energy due to shearing forces or bending moments is known.
· To find the deflections of curved beams, springs etc.

BETTI'S THEOREM:

· Betti's theorem, also known as Maxwell–Betti reciprocal work theorem, discovered by Enrico Betti in 1872, states that for a linear elastic structure subject to two sets of forces {Pi} i=1,2,...,n and {Qj}, j=1,2,...,n, the work done by the set P through the displacements produced by the set Q is equal to the work done by the set Q through the displacements produced by the set P.

MAXWELL’S LAW OF RECIPROCAL DEFLECTION:

· The beam is not just deflected at the centre but all along its length.
· Let the deflection at a point D be δDC.
· Maxwell's reciprocal theorem says that the deflection at D due to a unit load at C is the same as the deflection at C if a unit load were applied at D.

In our notation, δCD = δDC.

REFERENCE BOOKS:

1. Bansal R.K., “Strength of Materials”, 5th Edition, Laxmi Publications, 2013.
2. Ramamrutham R., “Strength of Materials”,14th Edition, Dhanpat Rai Publications, 2011.
3. Punmia B.C., “Strength of Materials”, Laxmi Publications, 2011.
4. Subramanian R., “Strength of Materials - Theory and Problems”, Oxford University Press, 2010.
5. Rajput R.K., “Strength of Materials”, S. Chand and Company Ltd., New Delhi, 2007.
6. Timoshenko S.P. and Gere J.M., “Mechanics of Materials”, 6th Edition, Tata McGraw Hill.

QUESTION BANK:
1. Define: strain energy.
2. Define the terms: Resilience & Modulus of Resilience.
3. Define: Proof resilience.
4. What are the different types of loads?
5. Define: Castigliano’s theorem.
6. Define: maxwell's reciprocal theorem.
7. A steel rod is 2 m long and 50 mm in diameter. An axial pull of 100 KN is suddenly applied to the rod. Find the instantaneous stress induced. Take E = 200 GN/m2
8. The shear stress in a material at a point is given as 50 N/mm2. Find the strain energy per unit volume stored in the material due to shear stress. Take C = 8 X 104 N/mm2.
9. Define: Betties theorem.
10.A tensile load of 50 KN is gradually applied to a circular bar of 5 cm diameter and 4 m long. If E = 2 X 105 N/mm2, determine stretch in the rod, stress in the rod and strain energy absorbed by the rod.
11.A tension bar 5 m long is made up of two parts, 3 m of its length has a cross sectional area of 10 cm2 while the remaining 2 m has a cross sectional ara of 20 cm2. An axial load of 80 KN is gradually applied. Find the total strain energy produced in the bar and compare this value with that obtained in a uniform bar of the same length and having the same volume when under the same load. Take E = 2 X 105 N/mm2.
12.A load of 200 N falls through a height of 2.5 cm on to a collar rigidly attached to the lower end of a vertical bar 2 m long and of 3 cm2 cross sectional area. The upper end of the vertical bar is fixed. Determine maximum instantaneous stress induced in the vertical bar, maximum instantaneous elongation and strain energy stored in the vertical rod. Take E = 2 X 105 N/mm2
13.A rod 12.5 mm in diameter is stretched 3.2 mm under a steady load of 10 KN. Determine the stress would be produced in the bar by a weight of 700 N, falling through 75 mm before commencing to stretch, the rod being initially unstressed? Take E = 2.1 X 105 N/mm2.
14.The maximum instantaneous elongation produced by an unknown falling weight through a height of 4 cm in a vertical bar of length 5 m and of cross- sectional area 5 cm2 is 1.8 mm. Determine the instantaneous stress induced in the vertical bar and the values of unknown weight. Take E = 2 X 106 Kgf/cm2.
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INTRODUCTION

Any member subjected to axial compressive load is called a column or Strut.

A vertical member subjected to axial compressive load – COLUMN. (Eg: Pillars of a building)

An inclined member subjected to axial compressive load – STRUT. A strut may also be a horizontal member.
Critical or Crippling or Buckling load – Load at which buckling starts.

CLASSIFICATION OF COLUMNS:

According to nature of failure – short, medium and long columns.

Short column – whose length is so related to its c/s area that failure occurs mainly due to direct compressive stress only and the role of bending stress is negligible.

Medium Column - whose length is so related to its c/s area that failure occurs by a combination of direct compressive stress and bending stress.

Long Column - whose length is so related to its c/s area that failure occurs mainly due to bending stress and the role of direct compressive stress is negligible.
[image: ]
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ASSUMPTIONS IN EULER’S COLUMN THEORY:
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LIMITATIONS OF EULER’S FORMULA:

The general expression of bucking load for the long column as per Euler’s theory is given as,

P = Π 2E I / L2

σ = Π 2E / (Le / k) 2

We know that, Le / k = slenderness ratio. LIMITATION 1:
The above formula is applied only for long columns LIMITATION 2:
As the slenderness ratio decreases the crippling stress increases.

Consequently, if the slenderness ratio reaches to zero, then the crippling stress reaches infinity, practically which is not possible.

LIMITATION 3:

If the slenderness ratio is less than certain limit, then crippling stress is greater than crushing stress, which is not possible practically.

Therefore, up to limiting extent Euler’s formula is applicable with crippling stress equal to crushing stress.

Euler’s formula is applicable when the slenderness ratio is greater than or equal to 80. Euler’s formula is applicable only for long column.
Euler’s formula is thus unsuitable when the slenderness ratio is less than a certain value.

SLENDERNESS RATIO:

Slenderness ratio is the ratio of the actual length of a column and the least radius of gyration of its cross section.

Slenderness Ratio = l/k.

EFFECTIVE LENGTH:

The effective length (Le) of a column is defined as the distance between successive inflection points or points of zero moment.

Effective length is also called equivalent length. Crippling load for any type of end condition is given by,
P = π2 EI
Le2

CRIPPLING STRESS IN TERMS OF EFFECTIVE LENGTH AND RADIUS OF GYRATION:

P = π2 EI	= π2 E X A k2

Le2	Le2

= π2 E X A	= π2 E X A
Le2 / k2		(Le/ k)2 Crippling stress =	Crippling load

Area

= π2 E X A	=	π2 E
A (Le/ k)2	(Le/ k)2

END CONDITIONS FOR COLUMNS:

· Both ends are hinged or pinned.
· One end is free and the other end is fixed.
· Both ends are fixed.
· One end is fixed and the other end is pinned.

[image: ]

PROBLEMS:

1.  A solid round bar 3 m long and 5 cm in diameter is used as a strut. Determine the crippling load for all the end conditions. Take E = 2 X 105 N/mm2.

GIVEN DATA:

Length, L= 3 m = 3000 mm

Diameter, d = 5 cm = 50 mm	I = π X d4 /64 = π X 504 /64 E = 2 X 105 N/mm2.		= 30.68 X 104 mm4.
SOLUTION:

1. Crippling load for both ends hinged,

P = π2 EI	= π2 X 2 X 105 X 30.68 X 104 = 67288 N = 67.288 KN.
l2	30002

2. Crippling load when one end is fixed and other end is free,

P = π2 EI	= π2 X 2 X 105 X 30.68 X 104 4l2		4 X 30002
= 16822 N = 16.822 KN.

3. Crippling load when both the ends are fixed,

P = 4π2 EI	= 4 X π2 X 2 X 105 X 30.68 X 104
l2	30002

= 269152 N = 269.152 KN.

2. Crippling load when one end is fixed and other end is hinged,

P = 2π2 EI	= 2 X π2 X 2 X 105 X 30.68 X 104

l2	30002

= 134576 N = 134.576 KN.

2. A column of timber section 15 cm X 20 cm is 6 m long both ends being fixed. If E for timber = 17.5 KN/mm2, determine crippling load and safe load for the column if factor of safety = 3.

GIVEN DATA:

Length, L= 6 m = 6000 mm

Dimension of section, = 15 cm X 20 cm E = 17.5 KN/mm2.
Factor of safety = 3. SOLUTION:
IXX = 15 X 203 = 10000 cm4 = 10000 X 104 mm4.
12

IYY = 20 X 153 = 5625 cm4 = 5625 X 104 mm4.
12

Value of I will be the least value of the two moment of inertia.

I = IYY = 5625 cm4 = 5625 X 104 mm4.

1. Crippling load for both ends fixed,

P = 4π2 EI	= 4 X π2 X 17.5 X 103 X 5625 X 104
l2	60002

= 1079480 N = 1079.480 KN.

2. Safe load for the column,

Safe load = Crippling load / Factor of safety

= 1079.480 / 3

= 359.8 KN.

3. A hollow mild steel tube 6 m long 4 cm internal diameter and 5 mm thick is used as a strut with both ends hinged. Find the crippling load and safe load taking factor of safety as 3. Take E = 2 X 105 N/mm2.

GIVEN DATA:

Length, L= 6 m = 6000 mm

Internal diameter, d = 4 cm = 40 mm. Thickness, t = 5 mm.
External diameter, D = d + 2t = 40 + 2 X 5 = 50 mm. E = 2 X 105 N/mm2.
Factor of safety = 3.

SOLUTION:

IXX = I = π X (D4 - d4) = π X (504 – 404) = 18.11 X 104 mm4.
64	64

1. Crippling load for both ends hinged,
P = π2 EI	= π2 X 2 X 105 X 18.11 X 104 l2	60002
= 9929.9 N = 9930 N

2. Safe load for the column,

Safe load = Crippling load / Factor of safety

= 9930 / 3

= 3310 N.

4. A simply supported beam of length 4 m is subjected to a uniformly distributed load of 30 KN/m over the whole span and deflects 15 mm at the centre. Determine the crippling loads when this beam is used as a column with the following conditions:

One end fixed and other end hinged. Both the ends pin jointed.
GIVEN DATA:

Length, L= 4 m = 4000 mm

Uniformly distributed load, w = 30 KN/m = 30 N/mm. Deflection at the centre, δ= 15 mm.
SOLUTION:

For a simply supported beam, carrying UDL over the whole span, the deflection at the centre is given by,

δ = 5 w L4
384 EI

15 = 5 X30 X 40004
384 X EI

EI = 0.66 X 1013 N.mm2

1. Crippling load when one end is fixed and other end is hinged,

P = 2π2 EI	= 2 X π2 X 0.66 X 1013 l2		40002
= 8224.5 KN.

2. Crippling load for both ends hinged,

P = π2 EI	= π2 X 0.66 X 1013 l2	40002
= 4112.25 KN.

5. A solid round bar 4 m long and 5 cm in diameter was found to extend 4.6 mm under a tensile load of 50 KN. This bar is used as a strut with both ends hinged. Determine the buckling load for the bar and also the safe load taking factor of safety as 4.

GIVEN DATA:

Length, L= 4 m = 4000 Diameter, d = 5 cm = 50 mm. Extension of bar, δL= 4.6 mm. Tensile load, W = 50 KN. SOLUTION:
A = π X d2 /4 = π X 502/4 = 625 π mm2.

I = π X d4 /64 = π X 504/64 = 30.68 X 104 mm4.

Young’s Modulus, E = Tensile Stress/Tensile Strain

=	Tensile Load/Area
Change in length of bar/Original length of bar

= W/A	= W X L
δL/L	A X δL

= 50000 X 4000	= 2.214 X 104 N/mm2.
625 π X 4.6

1. Crippling load for both ends hinged,

P = π2 EI	=	π2 X 2.214 X 104 X 30.68 X 104 l2			40002
= 4189.99 N = 4190 N

2. Safe load,

Safe load = Crippling load / Factor of safety

= 4190 / 4

= 1047.5 N.

6. A hollow alloy tube 5 m long with external diameter and internal diameters 40 mm and 25 mm respectively was found to extend 6.4 mm under a tensile load of 60 KN. Find the buckling load for the tube when used as a column with both ends pinned. Also find the safe load for the tube, taking a factor of safety = 4.

GIVEN DATA:

Length, L= 5 m = 5000 mm External diameter, D = 40 mm. Internal diameter, d = 25 mm. Extension of bar, δL= 6.4 mm. Tensile load, W = 60 KN. Factor of safety = 4.
SOLUTION:

A = π X (D2 – d2) = π X (402 – 252) = 766 mm2.
4	4

IXX = I = π X (D4 - d4) = π X (404 – 254) = 106500 mm4.
64	64

Young’s Modulus, E = Tensile Stress/Tensile Strain

=	Tensile Load/Area

Change in length of bar/Original length of bar

= W/A	= W X L
δL/L	A X δL

= 60000 X 5000	= 6.11945 X 104 N/mm2.
766	6.4

1. Crippling load for both ends pinned,
P = π2 EI	=	π2 X 6.11945 X 104 X 106500 l2		50002
= 2573 N

2. Safe load,

Safe load = Crippling load / Factor of safety

= 2573 / 4

= 643.2 N.

7. Calculate the safe compressive load on a hollow cast iron column (one end fixed and other hinged) of 15 cm external diameter, 10 cm internal diameter and 10 m in length. Use Euler’s formula with a factor of safety of 5 and E = 95 KN/mm2.

GIVEN DATA:

Length, L= 10 m = 10000 mm

External diameter, D = 15 cm = 150 mm Internal diameter, d = 10 cm = 100 mm Factor of safety = 5
E = 95 KN/mm2

SOLUTION:

I = π X (D4 - d4) = π X (1504 – 1004) = 1994.175 X 104 mm4.
64	64

1. Crippling load for one end fixed and other hinged,

P = 2π2 EI	= 2 X π2 X 95 X 103 X 1994.175 X 104
l2	100002

= 373950 N = 373.95 KN.

2. Safe load,

Safe load = Crippling load / Factor of safety

= 373.95 / 5

= 74.79 KN.

8. Determine Euler’s crippling load for an I-section joist 40 cm X 20 cm X 1 cm and 5 m long which is used as a strut with both ends fixed. Take E = 2.1 X 105 N/mm2.

GIVEN DATA:

Dimension of I-section = 40 cm X 20 cm X 1 cm Length, l = 5 m = 5000 mm
E = 2.1 X 105 N/mm2.

SOLUTION:

Ixx = M.O.I of rectangle (20 X 40) – M.O.I of rectangle [(20 – 1) X (40 – 1 – 1)]

 (
1
)= b d3 - b1 d 3	= 20 X 403 – 19 X 383
12	12	12	12

= 19786 cm4
[image: ]
IYY = M.O.I of rectangle (38 X 1) – M.O.I of 2 rectangles (1 X 20)

 (
1
)= d b3 - d1 b 3	=	38 X 13	–	2 X 1 X 203

12	12	12	12

= 1336.5 cm4

Least value of the moment of inertia is about YY axis. I = IYY = 1336.5 cm4 = 1336.5 X 104 mm4
1.Euler’s crippling load for both ends fixed,

P = 4π2 EI	= 4 X π2 X 2.1 X 105 X 1336.5 X 104
l2	30002

= 4432080 N = 4432.08 KN.

9. Using Euler’s formula, calculate the critical stresses for a series of struts having slenderness ratio of 40,80,120,160 and 200 under the following conditions:

Both ends hinged

Both ends fixed. Take E = 2.05 X 105 N/mm2. GIVEN DATA:
slenderness ratio, l/k = 40,80,120,160 and 200 E = 2.05 X 105 N/mm2.
SOLUTION:

1. Critical stress for both ends hinged,

Critical stress =	π2 E	=	π2 E
(Le/k)2	( l/k)2

When l/k = 40, critical stress = π2 E	= π2 X 2.05 X 105
( l/k)2	402

= 1264.54 N/mm2.

When l/k = 80, critical stress = π2 E	= π2 X 2.05 X 105
( l/k)2	802

= 316.135 N/mm2.

When l/k = 120, critical stress = π2 E	= π2 X 2.05 X 105
( l/k)2	1202

= 140.5 N/mm2.

When l/k = 160, critical stress = π2 E	= π2 X 2.05 X 105
( l/k)2	1602
= 79.03 N/mm2.
When l/k = 200, critical stress = π2 E	= π2 X 2.05 X 105
( l/k)2	2002

= 50.58 N/mm2.

2. Critical stress for both ends fixed,

Critical stress =	π2 E	=	π2 E	= 4 π2 E
(Le/k)2	[ (l/2)/k]2	(l/k)2

When l/k = 40, critical stress = π2 E	= 4 x π2 X 2.05 X 105
( l/k)2	402

= 5058.16 N/mm2.

When l/k = 80, critical stress = π2 E	= 4 X π2 X 2.05 X 105
( l/k)2	802

= 1264.54 N/mm2.

When l/k = 120, critical stress = π2 E	= 4 X π2 X 2.05 X 105
( l/k)2	1202

= 562.02 N/mm2.

When l/k = 160, critical stress = π2 E	= 4 X π2 X 2.05 X 105
( l/k)2	1602

= 316.135 N/mm2.

When l/k = 200, critical stress = π2 E	= 4 X π2 X 2.05 X 105
( l/k)2	2002

= 202.32 N/mm2.

RANKINE’S FORMULA:

P =	σC X A
1 + a (Le/ k)2

Where, σC = Ultimate crushing stress A = Area of cross section
a = Rankine’s constant.

Le = Effective length

k = Least radius of gyration.
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10. The external and internal diameter of a hollow cast iron column are 5 cm and 4 cm respectively. If the length of this column is 3 m and both of its ends are fixed, determine the crippling load using Rankine’s formula. Take σC = 550 N/mm2 and a = 1/1600.

GIVEN DATA:

Length, L= 3 m = 3000 mm

External diameter, D = 5 cm = 50 mm. Internal diameter, d = 4 cm = 40 mm. Ultimate crushing stress, σC = 550 N/mm2
 (
16
)Rankine’s constant, a = 1/1600.


SOLUTION:

1.Cripling load for both ends fixed,

A = π X (D2 – d2) = π X (502 – 402) = 225 π mm2.
4	4

IXX = I = π X (D4 - d4) = π X (504 – 404) = 57656 π mm4.
64	64

Least radius of gyration, k = I/A = 57656 π / 225 π = 16.007 mm.

For both the ends are fixed, L = l/2 = 3000/2 = 1500 mm.

P =	σC X A	=	550 X 225 π

1 + a (Le/ k)2	1 + 1/1600 (1500/16.007)2

= 59918.3 N.

11. A hollow cylindrical cast iron column is 4 m long with both ends fixed. Determine the minimum diameter of the column if it has to carry a safe load of 250 KN with a factor of safety of 5. Take the internal diameter as 0.8 times the external diameter. Take σC = 550 N/mm2 and a
= 1/1600. GIVEN DATA:
Length, L= 4 m = 4000 mm Internal diameter, d = 0.8 X D Safe load = 250 KN
Ultimate crushing stress, σC = 550 N/mm2
Rankine’s constant, a = 1/1600, Factor of safety = 5.

SOLUTION:

Safe load = Crippling load / Factor of safety

Crippling load = Safe load X Factor of safety = 250 X 5 = 1250 KN.

 (
17
)
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12. A 1.5 m long column has a circular cross section of 5 cm diameter. One of the ends of the column is fixed in direction and position and other end is free. Taking factor of safety as 3, calculate the safe load using, Rankine’s formula, take σC = 560 N/mm2 and a = 1/1600, Euler’s formula, E = 1.2 X 105 N/mm2.

GIVEN DATA:

Length, L= 1.5 m = 1500 mm Diameter, d = 5 cm
Ultimate crushing stress, σC = 560 N/mm2 Rankine’s constant, a = 1/1600.
E = 1.2 X 105 N/mm2.

Factor of safety = 3

SOLUTION:

A = π X d2 /4 = π X 502/4 = 1963.5 mm2.

I = π X d4 /64 = π X 504/64 = 30.7 X 104 mm4.

Least radius of gyration, k = I/A = 30.7 X 104 / 1963.5 = 12.5 mm.

Le = 2 l = 2 X 1500 = 3000 mm

1. Safe load using Rankine’s formula,

P =	σC X A	=	560 X 1963.5
1 + a (Le/ k)2	1 + 1/1600 (3000/12.5)2

= 29717.8 N.

Safe load = Crippling load / Factor of safety

= 29717.8 / 3

= 9905.9 N.

2. Safe load using Euler’s formula,

P = π2 EI	= π2 X 1.2 X 105 X 30.7 X 104 4l2		4 X 15002

= 40399.5 N

Safe load = Crippling load / Factor of safety

= 40399.5 / 3

= 13466.5 N.

13. A hollow cast iron column 200 mm outside diameter and 150 mm inside diameter, 8 m long has both ends fixed. It is subjected to an axial compressive load. Taking a factor of safety as 6, σC = 560 N/mm2 and a = 1/1600. Determine the safe Rankine load.

GIVEN DATA:

Length, L= 8 m = 8000 mm, Le = l/2 = 8000/2 = 4000 mm. External diameter, D = 200 mm
Internal diameter, d = 150 mm

Ultimate crushing stress, σC = 560 N/mm2 Rankine’s constant, a = 1/1600
Factor of safety = 6

SOLUTION:

1.Safe Rankine’s load,

A = π X (D2 – d2) = π X (2002 – 1502) = 13744 mm2.
4	4

IXX = I = π X (D4 - d4) = π X (2004 – 1504) = 53689000 mm4.
64	64

Least radius of gyration, k = I/A = 53689000/ 13744 = 62.5 mm.

P =	σC X A	=	560 X 13744

1 + a (Le/ k)2	1 + 1/1600 (4000/62.5)2

= 2161977 N = 2161.977 KN.

Safe load = Crippling load / Factor of safety

= 2161.977 / 6

= 360.3295 KN.

14. A hollow C.I column whose outside diameter is 200 mm has a thickness of 20 mm. It is 4.5 m long and is fixed at both ends. Calculate the safe load by Rankine’s formula using a factor of safety of 4. Calculate the slenderness ration and the ratio of Euler’s and Rankine’s critical loads. Take σC = 550 N/mm2 and a = 1/1600 and E = 9.4 X 104 N/mm2.

GIVEN DATA:

Length, L= 4.5 m = 4500 mm, Le = l/2 = 4500/2 = 2250 mm. External diameter, D = 200 mm, Thickness, t = 20 mm.
Internal diameter, d = D – 2 X t = 200 – 2 X 20 = 160 mm Ultimate crushing stress, σC = 550 N/mm2
Rankine’s constant, a = 1/1600

Factor of safety = 4

E = 9.4 X 104 N/mm2.

SOLUTION:

A = π X (D2 – d2) = π X (2002 – 1602) = 11310 mm2.
4	4

IXX = I = π X (D4 - d4) = π X (2004 – 1604) = 46370000 mm4.

64	64

Least radius of gyration, k = I/A = 46370000 / 11310 = 64 mm.

1. Slenderness ratio,

Slenderness ratio = l/k = 4500/64 = 70.30

2. Safe load by Rankine’s formula,

P =	σC X A	=	550 X 11310
1 + a (Le/ k)2	1 + 1/1600 (2250/64)2

= 3511000 N.

Safe load = Crippling load / Factor of safety

= 3511000 / 4

= 877750 N.

3. Ratio of Euler’s and Rankine’s critical loads,

Euler’s critical load, P = 4π2 EI	= 4 X π2 X 9.4 X 104 X 46370000
l2	45002
= 8497700 N.
Euler’s critical load	= 8497700	= 2.42
Rankine’s critical load	3511000
I.S CODE FORMULA
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15. Determine the safe load by I.S. code for a hollow cylindrical mild steel tube of 4 cm external diameter and 3 cm internal diameter when the tube is used as a column of length 2.5 m long with both ends hinged.

GIVEN DATA:

External diameter – 4 cm = 40 mm Internal diameter – 3 cm = 30 mm Length – 2.5 m = 2500 mm SOLUTION:
1.Safe load by I.S. CODE formula,

A = π X (D2 – d2) = π X (402 – 302) = 549.77 mm2.

4	4

IXX = I = π X (D4 - d4) = π X (404 – 304) = 85902.92 mm4.

64	64

To determine the safe load by I.S. code formula, first find the value of slenderness ratio. Then according to slenderness ratio, obtain the safe compressive stress from the table.

Now, slenderness ratio = l/k

k = I/A = 85902.92 / 549.77 = 12.5 mm.

slenderness ratio = 2500/12.5 = 200.

From table, corresponding to slenderness ratio of 200, the allowable compressive stress is 27 N/ mm2.

σC = 27 N/ mm2.

Safe load for the column = σC X A

= 27 X 549.77

= 14843.79 N.

SECANT FORMULA
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COLUMNS WITH ECCENTRIC LOADING
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QUESTION BANK:
1. Distinguish columns & struts.
2. List the assumptions made in Euler’s column theory.
3. What are the different end conditions of a column?
4. Define: slenderness ratio.
5. List the limitations of Euler's formula.
6. Define: Crippling load.
7. What is Equivalent length of a column?
8. What is a Rankine's constant? What is the approximate value of Rankine's constant for cast iron column?
9. Define: Safe load.
10.A column of timber section 10 cm X 15 cm is 5 m long both ends being fixed. If the young's modulus for timber = 17.5 KN/mm2. Determine crippling load and safe load for the column if factor of safety = 3.
11.A hollow mild steel tube 5 m long, 4 cm internal diameter and 5 mm thick is used as a strut with both ends hinged. Determine the crippling load and safe load taking factor of safety as 3.0. Take E = 2 X 105 N/mm2.
12. Determine Euler's crippling load for an I - section joist 30 cm X 15 cm X 2 cm and 5 m long which is used as a strut with both ends fixed. Take E = 2 X 105 N/mm2.
13. Determine the crippling load for a T - section of dimensions 12 cm X 12 cm X 2 cm and of length 6 cm when it is used as a strut with both of its ends hinged.
Take E = 2 X 105 N/mm2.
14. Determine the ratio of buckling strengths of two columns one hollow and the other solid. Both are made of the same material and have the same length, cross sectional area and end conditions. The internal diameter of hollow column is 2/3rd of its external diameter.
15.A 2 m long column has a circular cross section of 6 cm diameter. One of the ends of the column is fixed in direction and position and other end is free.
Taking factor of safety as 3, determine the safe load using
i) Rankine's formula taking yield stress = 550 N/mm2 and a = 1/1600 for pinned ends.

 (
UNIT
 
–
 
IV
 
–
 
THIN
 
CYLINDERS
 
AND
 
SPHERES,
 
THICK
 
CYLINDERS
 
–
 
SCIA1401
)[image: ]

SCHOOL OF BUILDING AND ENVIRONMENT DEPARTMENT OF CIVIL ENGINEERING

 (
10
)
INTRODUCTION

THIN CYLINDER:

· The cylinder which have thickness is less than 1/10 to 1/20 of its Diameter, that cylinder is called as thin cylinder.
· Thin cylinder is only resist to the internal Pressure.
· Thin	cylinder failure	due	to internal fluid pressure by	the	formation	of circumferential stress and longitudinal stress.
· The internal pressure which is acting radially inside the thin cylinder is known as radial pressure in thin cylinder.

STRESSES IN A THIN CYLINDRICAL SHELL:

There will be two types of stresses, which will be developed in the wall of thin cylindrical shell and these stresses are as mentioned here.

CIRCUMFERENTIAL STRESS OR HOOP STRESS:

Stress	acting	along	the	circumference	of	thin	cylinder	will	be	termed	as circumferential stress or hoop stress.

If fluid is stored under pressure inside the cylindrical shell, pressure will be acting vertically upward and downward over the cylindrical wall.

LONGITUDINAL STRESS:

· Stress acting along the length of thin cylinder will be termed as longitudinal stress.
· If fluid is stored under pressure inside the cylindrical shell, pressure force will be acting along the length of the cylindrical shell at its two ends.
[image: ]

EXPRESSION FOR CIRCUMFERENTIAL or HOOP STRESS:

σ1 = p d

2 t

Where, p – Internal fluid pressure

d – Internal diameter if the cylinder

t – Thickness of the wall of the cylinder

σ1 – Circumferential or hoop stress in the material.
EXPRESSION FOR LONGITUDINAL STRESS:

σ2 = p d

4 t

σ2	- Longitudinal stress in the material
Longitudinal stress= Half of the circumferential stress.

PROBLEMS

1.A cylindrical pipe of diameter 1.5 m and thickness 1.5 cm is subjected to an internal fluid pressure of 1.2 N/mm2. Determine the longitudinal stress developed in the pipe and circumferential stress developed in the pipe.

GIVEN DATA:

Diameter - 1.5 m

Thickness - 1.5 cm = 0.015 m Internal fluid pressure of 1.2 N/mm2 SOLUTION:
1. LONGITUDINAL STRESS,

σ2   = p d = 1.2 X 1.5	= 30 N/mm2

4 t	4 X 0.015

2. CIRCUMFERENTIAL STRESS,

σ1 = p d = 1.2 X 1.5 = 60 N/mm2
2 t	2 X 0.015

2. A cylinder of internal diameter 2.5 m and of thickness 5 cm contains a gas. If the tensile stress in the material is not to exceed 80 N/mm2, determine the internal pressure of the gas.

GIVEN DATA:

Internal diameter - 2.5 m Thickness - 5 cm = 0.05 m Tensile stress - 80 N/mm2
As tensile stress is given, hence this should be equal to circumferential stress (σ1), σ1 = 80 N/mm2

SOLUTION:

1.INTERNAL PRESSURE OF THE GAS,

σ1   = p d
2 t

p = σ1 X 2 t = 80 X 2 X 0.05 = 3.2 N/mm2
d	2.5

3. A cylinder of internal diameter 0.5 m contains air at a pressure of 7 N/mm2. If the maximum permissible stress induced in the material is 80 N/mm2, find the thickness of the cylinder.

GIVEN DATA:

Internal diameter - 0.5 m Pressure - 7 N/mm2
Maximum permissible stress - 80 N/mm2

As maximum permissible stress is given, hence this should be equal to circumferential stress (σ1). σ1 - 80 N/mm2
SOLUTION:

1.THICKNESS OF THE CYLINDER,

σ1   = p d
2 t

t =   p d	=		7 X 0.5 2 X σ1	2 X 80
t = 0.021875 m or 2.18 cm.

4. A thin cylinder of internal diameter 1.25 m contains a fluid at an internal pressure of 2 N/mm2. Determine the maximum thickness of the cylinder if i) longitudinal stress is not to exceed 30 N/mm2 ii) circumferential stress is not to exceed 45 N/mm2.

GIVEN DATA:

Internal diameter, d - 1.25 m Internal fluid pressure, p - 2 N/mm2 Longitudinal stress, σ2 = 30 N/mm2

circumferential stress, σ1 = 45 N/mm2.

SOLUTION:

1. MAXIMUM THICKNESS OF THE CYLINDER if σ1 = 45 N/mm2,

σ1   = p d

2 t

t =   p d	=	2 X 1.25 2 X σ1		2 X 45
t = 0.0277 m or 2.77 cm.

2. MAXIMUM THICKNESS OF THE CYLINDER if σ2 = 30 N/mm2,

σ2   = p d

4 t

t =   p d	=	2 X 1.25 4 X σ1		4 X 30
t = 0.0208 m or 2.08 cm.

The longitudinal or circumferential stresses induced in the material are inversely proportional to the thickness of the cylinder. Hence the stress induced will be less if the value of ‘t’ is more. Hence take the maximum value of ‘t’.

t = 2.77 cm.

5. A water main 80 cm diameter contains water at a pressure head of 100 m. If the weight density of water is 9810 N/m3, find the thickness of the metal required for the water main. Given the permissible stress as 20 N/mm2.

GIVEN DATA:

Diameter of main, d - 1.25 m Pressure head of water, h = 100 m Permissible stress, σ1 = 20 N/mm2 SOLUTION:
1.THICKNESS OF THE METAL,

Pressure of water inside the water main, P = w X h = 9810 X 100

= 981000 N/m2 = 0.981 N/mm2.

	σ1 = p d
	

	2 t

t = p d
	

=
	

0.981 X 80 = 2 cm.

	2 X σ1
	
	2 X 20



EFFICIENCY OF A JOINT

The cylindrical shells such as boilers are having two types of joints namely longitudinal joint and circumferential joint.
Ƞl - Efficiency of a longitudinal joint and Ƞc - Efficiency of a circumferential joint. Circumferential stress, σ1 = p d
2 t X Ƞl

Longitudinal stress, σ2   =	p d

4 t X Ƞc

Efficiency of a joint means the efficiency of a longitudinal joint.

6. A boiler is subjected to an internal steam pressure of 2 N/mm2. The thickness of boiler plate is 2 cm and permissible tensile stress is 120 N/mm2. Find out the maximum diameter, when efficiency of longitudinal joint is 90 % and that of circumferential joint is 40 %.

GIVEN DATA:

Internal steam pressure, p = 2 N/mm2 Thickness of boiler plate, t = 2 cm Permissible tensile stress = 120 N/mm2 Ƞl = 90 %
Ƞc = 40 %.

SOLUTION:

In case of a joint, the permissible stress may be circumferential stress or longitudinal stress.

1. MAXIMUM DIAMETER FOR CIRCUMFERENTIAL STRESS,

σ1   =	p d
2 t X Ƞl

120 =	2 X d
2 X 0.90 X 2

d = 120 X 2 X 0.90 X 2 = 216 cm.
2

2. MAXIMUM DIAMETER FOR LONGITUDINAL STRESS,

σ2   =	p d
4 t X Ƞc

120 =	2 X d
4 X 0.40 X 2

d = 120 X 4 X 0.40 X 2 = 192 cm.
2

The longitudinal or circumferential stresses induced in the material are directly proportional to diameter. Hence the stress induced will be less if the value of ‘d’ is less. Hence take the minimum value of d.

Maximum diameter of the boiler is equal to the minimum value of diameter. Hence maximum diameter, d = 192 cm.
If d = 216 cm, σ2 will be more than the given permissible stress.

σ2   =	p d	=	2 X 216	= 135 N/mm2
4 t X Ƞc	4 X 2 X 0.4

7. A cylinder of thickness 1.5 cm has to withstand maximum internal pressure of 1.5 N/mm2. If the ultimate tensile stress in the material of the cylinder is 300 N/mm2, factor of safety 3 and joint efficiency 80 %, determine the diameter of the cylinder.

GIVEN DATA:

Thickness of cylinder, t = 1.5 cm Internal pressure, p = 1.5 N/mm2 Ultimate tensile stress = 300 N/mm2 Factor of safety = 3
Ƞ = 80 %

Joint efficiency means the longitudinal joint efficiency, Ƞl = 80 %

SOLUTION:

Working stress, σ1 = Ultimate tensile stress =	300 = 100 N/mm2
Factor of safety	3

σ1   =	p d
2 t X Ƞl

100 =	1.5 X d
2 X 0.80 X 1.5

d = 100 X 2 X 0.80 X 1.5 = 160 cm or 1.6 m.
1.5

EFFECT OF INTERNAL PRESSURE ON THE DIMENSIONS OF A THIN CYLINDRICAL SHELL:

 (
μ
2
)Change in diameter, δd = pd2	1 -

2tE

 (
=
 
pd
 
L
1
 
-
2tE
2
)Change in length, δL	μ



Volumetric Strain, δV = pd	5 - 2μ
V	2tE	2

Change in volume, δV = V [ 2 e1 + e2]

 (
δL
L
)Change in volume, δV = V  2  δd +

d

8. Calculate the change in diameter, change in length and change in volume of a thin cylindrical shell 100 cm diameter, 1 cm thick and 5 m long when subjected to internal pressure of 3 N/mm2. Take the value of E = 2 X 105 N/mm2 and poisson’s ratio, μ = 0.3.

GIVEN DATA:

Diameter of shell, d = 100 cm Thickness of shell, t = 1 cm Length of shell, L = 5 m = 500 cm Internal pressure, p = 3 N/mm2
Young’s modulus, E = 2 X 105 N/mm2 Poisson’s ratio, μ = 0.3.
SOLUTION:

Change in diameter, δd = pd2   1 - μ
 (
–
 
0.3
2
) (
1
)2tE	2
=	3 X 1002
2 X 1 X 2 X 105
= 0.06375 cm.
Change in length, δL = pd L	1 - μ
2tE	2
= 3 X 100 X 500	1 -   0.3
2 X 1 X 2 X 105	2
= 0.075 cm.
 (
2
 
δd
d
) (
δL
L
)Change in volume, δV = V	+
V = (π d2/4) X L = (π X 1002 /4) X 500 = 3926990.817 cm3

 (
0.075
500
) (
2
)δV	= 3926990.817 X	X 0.06375 +
100

= 5595.96 cm3

9. A cylindrical thin drum 80 cm in diameter and 3 m long has a shell thickness of 1 cm. If the drum is subjected to an internal pressure of 2.5 N/mm2. Determine the change in diameter, change in length and change in volume. Take the value of E = 2 X 105 N/mm2 and poisson’s ratio, μ = 0.25.

GIVEN DATA:

Diameter of drum, d = 80 cm Thickness of shell, t = 1 cm Length of shell, L = 3 m = 300 cm Internal pressure, p = 2.5 N/mm2
Young’s modulus, E = 2 X 105 N/mm2 Poisson’s ratio, μ = 0.25.
SOLUTION:

 (
μ
2
)Change in diameter, δd = pd2 1 -

2tE

 (
–
 
0.25
2
) (
1
)=	2.5 X 802
2 X 1 X 2 X 105

= 0.035 cm.

 (
=
 
pd
 
L
) (
1
)Change in length, δL	- μ
 (
2tE
) (
2
)

= 2.5 X 80 X 300	1 -   0.25
2 X 1 X 2 X 105	2
= 0.0375 cm.

 (
2
 
δd
d
) (
δL
L
)Change in volume, δV = V	+



 (
0.0375
300
)V = (π d2/4) X L = (π X 802 /4) X 300 = 1507964.473 cm3 δV	= 1507964.473 X 2 X 0.035 +
80

= 1507.96 cm3

10. A cylindrical vessel whose ends are closed by means of rigid flange plates is made of steel plate 3 mm thick. The length and the internal diameter of the vessel are 50 cm and 25 cm respectively. Determine the longitudinal and circumferential stresses in the cylindrical shell due to an internal fluid pressure of 3 N/mm2. Also calculate the increase in length, diameter and volume of the vessel. Take the value of E = 2 X 105 N/mm2 and poisson’s ratio, μ = 0.3.

GIVEN DATA:

Thickness, t = 3 mm = 0.3 cm

Length of cylindrical vessel, L = 50 cm Internal diameter, d = 25 cm
Internal fluid pressure, p = 3 N/mm2 Young’s modulus, E = 2 X 105 N/mm2 Poisson’s ratio, μ = 0.25.
SOLUTION:

1. CIRCUMFERENTIAL STRESS,

σ1 = p d = 3 x 25   = 125 N/mm2
2 t	2 x 0.3

2. LONGITUDINAL STRESS,

 (
Change
 
in diameter,
 
δd
 
=
 
pd
2
   1 -
 
μ
2tE
2
)σ2 = p d   = 3 x 25   = 62.5 N/mm2
4 t	4 x 0.3

 (
=
3
 
X 25
2
1 –
2
 
X 0.3 X
 
2 X 10
5
)  (
0.3
2
)
= 0.0133 cm.

Change in length, δL = pd L	1 - μ
2tE	2
= 3 X 25 X 50	1 - 0.3
2 X 0.3 X 2 X 105	2
= 0.00625 cm.
 (
2
 
δd
d
) (
δL
L
)Change in volume, δV = V	+


V = (π d2/4) X L = (π X 252 /4) X 50 = 24543.69 cm3 δV	= 24543.69 X 2 X 0.0133 + 0.00625
25	50

= 29.18 cm3

11. A cylindrical vessel is 1.5 m diameter and 4 m long is closed at ends by rigid plates. It is subjected to an internal pressure of 3 N/mm2. If the maximum principal stress is not to exceed 150 N/mm2, find the thickness of the shell. Assume E = 2 X 105 N/mm2 and poisson’s ratio, μ =
0.25. Find the changes in diameter, length and volume of the shell.

GIVEN DATA:

Diameter of vessel, d = 1.5 m = 1500 mm Length of cylindrical vessel, L = 4 m = 4000 mm Internal pressure, p = 3 N/mm2
Maximum principal stress = 150 N/mm2 Young’s modulus, E = 2 X 105 N/mm2 Poisson’s ratio, μ = 0.25.
SOLUTION:

1. THICKNESS OF THE SHELL,

Maximum principal stress means circumferential stress. σ1 = 150 N/mm2
σ1   = p d

2 t

t =   p d	= 3 X 1500 2 X σ1	2 X 150
t = 15 mm.

2. CHANGES IN DIAMETER, LENGTH & VOLUME,

 (
=
 
pd
2
  
 
1 -
2tE
) (
μ
2
)Change in diameter, δd



 (
0.25
2
)=	3 X 15002	1 –
2 X 15 X 2 X 105

= 0.984 mm.

 (
1
 
-
2
)Change in length, δL = pd L	μ
2tE

= 3 X 1500 X 4000	1 - 0.25

2 X 15 X 2 X 105	2

= 0.75 mm.

 (
5
 
-
2
)Volumetric Strain, δV = pd	2μ

 (
Change
 
in volume, δV
 
=  pd
5
 
-
 
2μ
X
 
V
2tE
2
=
3
 
X
 
1500
5
 
-
 
2 X 0.25
 
X
 
V
2 X
 
2 X
 
10
5
 
X 15
2
)V 2tE


V = (π d2/4) X L = (π X 15002 /4) X 4000 = 7.0685 X 109 mm3

δV =	3 X 1500	5 - 2 X 0.25 X 7.0685 X 109
2 X 2 X 105 X 15	2

= 10602875 mm3

WIRE WINDING OF THIN CYLINDERS:

· We know that the hoop stress is two times the longitudinal stress in a thin cylinder, when the cylinder is subjected to internal fluid pressure.
· Hence the failure of a thin cylinder will be due to hoop stress.
· Also, the hoop stress which is tensile in nature is directly proportional to the fluid pressure inside the cylinder.
· In case of cylinders which have to carry high internal fluid pressures, some methods of reducing the hoop stresses have to be devised.
· One method is to wind strong steel wire under tension on the walls of the cylinder.
· The effect of the wire is to put the cylinder wall under an initial compressive stress.

THIN SPHERICAL SHELLS:

· A thin spherical shell of internal diameter ‘d’ and thickness ‘t’ is subjected to an internal fluid pressure ‘p’.
· The fluid inside the shell has the tendency to split the shell into two hemi spheres along x-x axis.
· The force P which has a tendency to split the shell.

= p X (π X d2/4)
The area resisting this force, A = π X d X t

Hoop stress induced in the material of the shell is given by, σ1 =	Force (P)
Area resisting this force (A) σ1 = p X (π X d2/4) =	p d
π X d X t	4 t

[image: ]

PROBLEMS:

1.A vessel in the shape of a spherical shell of 1.2 m internal diameter and 12 mm shell thickness is subjected to pressure of 1.6 N/mm2 . Determine the stress induced in the material of the vessel.

GIVEN DATA:

Internal diameter of shell, d = 1.2 m = 1200 mm Thickness of shell, t = 12 mm
Pressure, p = 1.6 N/mm2

SOLUTION:

1. STRESS INDUCED IN THE MATERIAL OF THE VESSEL,

σ1   = p d = 1.6 X 1200	= 40 N/mm2
4 t	4 X 12

2.A spherical vessel 1.5 m diameter is subjected to an internal pressure of 2 N/mm2. Find the thickness of the plate required if maximum stress is not to exceed 150 N/mm2 and joint efficiency is 75 %.

GIVEN DATA:

Diameter of spherical vessel, d = 1.5 m = 1500 mm Internal pressure = 2 N/mm2

Maximum stress, σ1 = 150 N/mm2 Joint efficiency, Ƞ = 75 %.
SOLUTION:

σ1   =	p d
4 t X Ƞ

t	=	2 X 1500	= 6.67 mm
4 X 150 X 0.75

CHANGE IN DIMENSIONS OF A THIN SPHERICAL SHELL DUE TO AN INTERNAL PRESSURE:

Strain, δd = pd	(1 – μ) d	4tE
Change in diameter, δd = pd (1 – μ) X d
4tE Volumetric strain, δV = 3 X pd (1 – μ)
	
V	4tE

Change in volume, δV  =  3 X pd  (1 – μ) X V
4tE

3.A spherical shell of internal diameter 0.9 m and of thickness 10 mm is subjected to an internal pressure of 1.4 N/mm2. Determine the increase in diameter and increase in volume. Take E = 2 X 105 N/mm2 and poisson’s ratio, μ = 1/3.

GIVEN DATA:

Internal diameter of spherical shell, d = 0.9 m = 900 mm Thickness, t = 10 mm
Internal pressure, p = 1.4 N/mm2 E = 2 X 105 N/mm2
Poisson’s ratio, μ = 1/3.

SOLUTION:

1. INCREASE IN DIAMETER,

Increase in diameter, δd = pd (1 – μ) X d
4tE

Increase in diameter, δd =	1.4 X 900	(1 – (1/3)) X 900
4 X 10 X 2 X 105

= 0.0945 mm.

2. INCREASE IN VOLUME,

Change in volume, δV =  3 X pd  (1 – μ) X V
4tE

Volume, V = πX d3/6 = πX 9003/6 = 381.7   mm3.

Change in volume, δV  = 3 X 1.4 X 900	(1 – (1/3)) X 381.7

4 X 10 X 2 X 105

= 12028.5 mm3.

THICK CYLINDER:

· The cylinder which	have Thickness is	more	than	1/20	of	its	diameter that Cylinder is called as thick Cylinder.
· If the ratio of thickness to internal diameter is more than 1/20, then cylindrical shell is known as thick cylinders.

STRESSES PRODUCED DUE TO INTERNAL FLUID PRESSURE:

· Radial pressure p (Compressive)
· Circumferential stress or Hoop stress σ1 (Tensile)
· Longitudinal stress σ2 (Tensile) Radial Pressure: px = b - a	(1)
x2
Hoop Stress: σx = b + a	(2)
x2

Above 2 equations are called Lame’s equations.

The constants ‘a’ and ‘b’ are obtained from boundary conditions.

1. At x = r1, px = p0 or the pressure of fluid inside the cylinder.
2. At x = r2, px = 0 or atmospheric pressure.
PROBLEMS:

1.Determine the maximum and minimum stress across the section of a pipe of 400 mm internal diameter and 100 mm thick, when the pipe contains a fluid at a pressure of 8 N/mm2. Also sketch the radial pressure distribution and hoop stress distribution across the section.

GIVEN DATA:

Internal diameter, d1 = 400 mm Internal radius, r1 = 400/2 = 200 mm
External diameter, d2 = 400 + 2 X 100 = 600 mm External radius, r2 = 600/2 = 300 mm
Fluid pressure, p0 = 8 N/mm2
SOLUTION:

1. MAXIMUM AND MINIMUM STRESS,

The radial pressure px = b - a	(1)

x2
Now apply the boundary conditions to the above equation. The boundary conditions are:
1. At x = r1 = 200 mm, px = p0 = 8 N/mm2 2. At x = r2 = 300 mm, px = 0.
Substituting these boundary conditions in equation (1), we get 8 =	b	- a =	b	-	a	(2)
 (
19
)2002	40000


0 =	b	- a =	b	-	a	(3)

3002	90000
Subtracting equation 3 from equation 2, we get 8 – 0 =	b	-	a	-	b	+	a
40000		90000 8	= 9b – 4b	=		5 b
360000	360000

b	= 360000 X 8	= 576000
5

Substituting this value in equation (3), we get 0 = 576000 – a
90000

a = 576000/90000 = 6.4

The values of ‘a’ and ‘b’ are substituted in the hoop stress.

Hoop Stress: σx = b + a = 576000 + 6.4
x2	x2
At x = 200 mm, σ200 = 576000 + 6.4 = 20.8 N/mm2
2002
At x = 300 mm, σ300 = 576000 + 6.4 = 12.8 N/mm2

3002

 (
20
)
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QUESTION BANK:
1. Distinguish thin and thick cylinder.
2. Name the stresses set up in a thin cylinder subjected to internal fluid pressure.
3. What are circumferential and longitudinal stresses?
4. What do you mean by Lame's equation?
5. Name the stresses set up in a thick cylinder subjected to internal fluid pressure.
6. A cylinder of internal diameter 2.5 m and of thickness 5 cm contains a gas. If the tensile stress in the material is not to exceed 80 N/mm2, find the internal pressure of the gas.
7. A vessel in the shape of a spherical shell of 1.2 m internal diameter and 12 mm shell thickness is subjected to pressure of 1.6 N/mm2. Find the stress induced in the material of the vessel.
8. A spherical vessel 1.5 m diameter is subjected to an internal pressure of 2 N/mm2. Find the thickness of the plate required if maximum stress is not to exceed 150 N/mm2 and joint efficiency is 75 %.
9. A cylinder pipe of diameter 2 m and thickness 2 cm is subjected to an internal fluid pressure of 1.5 N/mm2, find the longitudinal and circumferential stress developed in the pipe material.
10. A thin cylinder of internal diameter 2 m contains a fluid at an internal pressure of 3 N/mm2. Determine the maximum thickness of the cylinder if i)longitudinal stress is not to exceed 30 N/mm2 ii)circumferential stress is not to exceed 40 N/mm2.
11. A thin cylindrical shell of 120 cm diameter, 1.5 cm thick and 6 m long is subjected to internal fluid pressure of 2.5 N/mm2.If E = 2 X105 N/mm2 and poisson's ratio = 0.3, determine i) Change in diameter ii) change in length iii) change in volume.
12. 	Determine the thickness of metal necessary for a cylindrical shell of internal diameter 150 mm to withstand an internal pressure of 50 N/mm2. The maximum hoop stress in the section is not to exceeed 150 N/mm2.
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1
)
INTRODUCTION

Theories of failure are those theories which help us to determine the safe dimensions of a machine component when it is subjected to combined stresses due to various loads acting on it during its functionality.

IMPORTANT THEORIES OF FAILURE:

Maximum principal stress theory (Rankine's theory) Maximum principal strain theory (St. Venant's theory)
Maximum shear stress theory (Coulomb, Tresca and Guest's theory) Maximum strain energy theory (Haigh's theory)
Maximum shear strain energy theory or Distortion energy theory (Huber von Mises and Hencky's theory)

MAXIMUM PRINCIPAL STRESS THEORY (RANKINE'S THEORY)

According to this theory, the failure of a material will occur when the maximum principal tensile stress (σ1) in the complex system reaches the value of the maximum stress at the elastic limit in simple tension or the minimum principal stress (maximum principal compressive stress) reaches the value of the maximum stress at the elastic limit in simple compression.

Let in a complex three-dimensional stress system,

σ1 ,σ2 and σ3 = principal stresses at a point in three perpendicular directions. The stresses σ1 and σ2 are tensile and σ3 is compressive.
Also, σ1 is more than σ2
σt* = tensile stress at elastic limit in simple tension.
σc* = compressive stress at elastic limit in simple compression. σ1 > σt* in simple tension.
σ3 > σc*in simple compression.
This is the simplest and oldest theory of failure and is known as Rankine’s theory.

If the maximum principal stress σ1 is the design criterion, then maximum principal stress must not exceed the permissible stress σt for the given material.
Hence, σ1 = σt
Where, σt = permissible stress and is given by σt = σt* / factor of safety.
PROBLEMS:

1.The principal stresses at a point in an elastic material are 100 N/mm2 (tensile), 80 N/mm2 (tensile) and 50 N/mm2 (compressive). If the stress at the elastic limit in simple tension is 200 N/mm2 , determine whether the failure of material will occur according to maximum principal stress theory. If not, then determine the factor of safety.

GIVEN DATA:

σ1 = 100 N/mm2 σ2 = 80 N/mm2
σ3	= 50 N/mm2 = - 50 N/mm2 σt* = 200 N/mm2
SOLUTION:

1. TO DETERMINE WHETHER FAILURE OF MATERIAL WILL OCCUR OR NOT:

From the three given stresses, the maximum principal tensile stress is σ1 = 100 N/mm2 And the stress at elastic limit in simple tension is σt* = 200 N/mm2
 (
t
)As σ1 is less than σ *, the failure will not occur according to maximum principal stress theory.

2. FACTOR OF SAFETY:

Using equation, σ1 = σt	σt = 100 N/mm2 σt = σt* / factor of safety
Factor of safety = σt* / σt = 200/100 = 2.

 (
4
)MAXIMUM PRINCIPAL STRAIN THEORY (ST. VENANT'S THEORY)

According to this theory, the failure of a material will occur when the maximum principal strain reaches strain due to yield stress in simple tension or when the minimum principal strain (maximum compressive strain) reaches the strain due to yield stress in simple compression.

Yield stress is the maximum stress at elastic limit. Consider a three-dimensional stress system.
[image: ]



2.The principal stresses at a point in an elastic material are 200 N/mm2 (tensile), 100 N/mm2 (tensile) and 50 N/mm2 (compressive). If the stress at the elastic limit in simple tension is 200 N/mm2 , determine whether the failure of material will occur according to maximum principal strain theory. Take Poisson’s ratio = 0.3.

GIVEN DATA:

σ1 = 200 N/mm2 σ2 = 100 N/mm2
σ3	= 50 N/mm2 = - 50 N/mm2 σt* = 200 N/mm2
Poisson’s ratio = 0.3.

SOLUTION:

1.TO DETERMINE WHETHER FAILURE OF MATERIAL WILL OCCUR OR NOT:
[image: ]

 (
5
)3. Determine the diameter of a bolt which is subjected to an axial pull of 9 KN together with a transverse shear force of 4.5 KN using, i) Maximum principal stress theory and ii) maximum principal strain theory. Given the elastic limit in tension = 225 N/mm2 , factor of safety = 3 and Poisson’s ratio = 0.3.


GIVEN DATA:

Axial pull, P = 9 KN = 9000 N

Transverse shear force, F = 4.5 KN = 4500 N σt* = 225 N/mm2
Factor of safety = 3 Poisson’s ratio = 0.3. SOLUTION:
The permissible stress in tension is given by, σt = σt* / factor of safety = 225/3 = 75 N/mm2
The axial pull will produce tensile stress whereas transvers shear force will produce shear stress in the bolt.

Let us calculate these stresses.

Now, tensile stress, σ = P =	P	=	4 P
A	πd2/4	πd2

= 4 X 9000 = 11459 N/mm2
πd2	d2

Now, shear stress, τ =	F	=	4F	= 4 X 4500 = 5729.5 N/mm2

 	
πd2/4	πd2	πd2	d2

 (
10
)
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1.DIAMETER OF BOLT ACCORDING TO MAXIMUM PRINCIPAL STRESS THEORY:

Here diameter of the bolt is to be calculated. This becomes the case of design.
For the purpose of design, according to maximum principal stress theory, the maximum principal stress should not exceed the permissible stress σt in tension.
Here, the maximum principal stress is σ1
[image: ]
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MAXIMUM SHEAR STRESS THEORY (GUEST'S THEORY)

According to this theory, the failure of a material will occur when the maximum shear stress in a material reaches the value of maximum shear stress in simple tension at the elastic limit.

The maximum shear stress in the material is equal to half the difference between maximum and minimum principal stress.

If σ1 ,σ2 and σ3 are principal stresses at a point in a material for which σt* is the principal stress in simple tension at elastic limit, then

Maximum shear stress in the material = Half of difference of maximum and minimum principal stresses.

= 1	[σ1 - σ3] 2
In case of simple tension, at the elastic limit the principal stresses are σt*, 0, 0. [In simple tension, the stress is existing in one direction only]
· Maximum shear stress in simple tension at elastic limit = Half of difference of maximum and minimum principal stresses.

= 1	[σt* - 0] =	1	σt*
2	2

For the failure of material,
1	[σ1 - σ3] =	1		σt*	OR	[σ1 - σ3] > σt* 2			2
For actual design instead of σt*, the allowable stress σt in simple tension should be considered.
σt = σt* / factor of safety

Hence for design purpose, the following equation should be used. (σ1 - σ3 ) = σt
4. The principal stresses at a point in an elastic material are 200 N/mm2 (tensile), 100 N/mm2 (tensile) and 50 N/mm2 (compressive). If the stress at the elastic limit in simple tension is 200 N/mm2 , determine whether the failure of material will occur according to maximum shear stress theory.

GIVEN DATA:

σ1 = 200 N/mm2 σ2 = 100 N/mm2
σ3	= 50 N/mm2 = - 50 N/mm2 σt* = 200 N/mm2
SOLUTION:

Maximum shear stress in the material = Half of difference of maximum and minimum principal stresses.

= 1	[σ1 - σ3] = 1 [ 200 – (-50)]	= 250/2 = 125 N/mm2

2	2

Maximum shear stress in simple tension at elastic limit = Half of difference of maximum and minimum principal stresses.

=	1 x	σt* = 1  x 200 = 100 N/mm2
2	2

As maximum shear stress developed in the material is 125 N/mm2 is more than the maximum shear stress at the elastic limit in simple tension is 100 N/mm2 , hence failure will occur.

5. According to the theory of maximum shear stress, determine the diameter of a bolt which is subjected to an axial pull of 9 KN together with a transverse shear

force of 4.5 KN. Elastic limit in tension = 225 N/mm2 , factor of safety = 3 and Poisson’s ratio = 0.3.

GIVEN DATA:

Axial pull, P = 9 KN = 9000 N

Transverse shear force, F = 4.5 KN = 4500 N σt* = 225 N/mm2
Factor of safety = 3 Poisson’s ratio = 0.3. SOLUTION:
1.DIAMETER OF BOLT ACCORDING TO MAXIMUM PRINCIPAL STRESS THEORY:

 (
t
)Permissible simple stress in tension, σt = σ * /3 = 225/3 = 75 N/mm2

The axial pull will produce tensile stress whereas transvers shear force will produce shear stress in the bolt.

Let us calculate these stresses.

Now, tensile stress, σ = P	=	P	=	4 P
A	πd2/4	πd2

= 4 X 9000 =	11459	N/mm2
πd2	d2

Now, shear stress, τ =	F	=	4F	=	4 X 4500 = 5729.5	N/mm2
	
πd2/4	πd2	πd2	d2
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MAXIMUM STRAIN ENERGY THEORY (HAIGH'S THEORY)

According to this theory, the failure of a material will occur when the total strain energy per unit volume in the material reaches the strain energy per unit volume of the material at the elastic limit in simple tension.

Strain energy in a body is equal to work done by the load in straining the material and is equal to ½ X P X δL.
[image: ][image: ]
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6. The principal stresses at a point in an elastic material are 200 N/mm2 (tensile), 100 N/mm2 (tensile) and 50 N/mm2 (compressive). If the stress at the elastic limit in simple tension is 200 N/mm2 , determine whether the failure of material will occur according to maximum principal strain theory. Take Poisson’s ratio = 0.3.

GIVEN DATA:

σ1 = 200 N/mm2 σ2 = 100 N/mm2
σ3	= 50 N/mm2 = - 50 N/mm2 σt* = 200 N/mm2
Poisson’s ratio = 0.3.

SOLUTION:

1.TO DETERMINE WHETHER FAILURE OF MATERIAL WILL OCCUR OR NOT:

Total strain energy per unit volume in the material, 1	[σ1 + σ1 + σ1 – 2 ( σ1 σ2 + σ2 σ3 + σ3 σ1 ) ]
2E

= 1 [ 2002 + 1002 +(-50)2 – 2 x 0.3 {200 x 100 + 100 x (-50) + (- 50) x 200}] 2E
=		1	[49500] 2E
strain energy per unit volume of the material at the elastic limit in simple tension

1	X σt*2 2E

=		1 X 2002 = 40000 2E	2E
We find the total strain energy per unit volume in the material is more than the strain energy per unit volume at elastic limit in simple tension. Hence failure will occur.

7. According to maximum strain energy theory, determine the diameter of a bolt which is subjected to an axial pull of 9 KN together with a transverse shear force of 4.5 KN. Elastic limit in tension = 225 N/mm2 , factor of safety = 3 and Poisson’s ratio = 0.3.

GIVEN DATA:

Axial pull, P = 9 KN = 9000 N

Transverse shear force, F = 4.5 KN = 4500 N σt* = 225 N/mm2
Factor of safety = 3 Poisson’s ratio = 0.3. SOLUTION:
1. DIAMETER OF BOLT ACCORDING TO MAXIMUM STRAIN ENERGY THEORY:

 (
t
)Permissible simple stress in tension, σt = σ * /3 = 225/3 = 75 N/mm2

The axial pull will produce tensile stress whereas transvers shear force will produce shear stress in the bolt.

Let us calculate these stresses.

Now, tensile stress, σ = P =	P	=	4 P
 
A	πd2/4	πd2

= 4 X 9000 =	11459	N/mm2

 (
16
)πd2	d2


Now, shear stress, τ =	F	=	4F	=	4 X 4500 = 5729.5	N/mm2
πd2/4	πd2	πd2	d2


[image: ]



[image: ]

 (
22
)
MAXIMUM SHEAR STRAIN ENERGY THEORY (MISES-HENKY THEORY)

· According to this theory, the failure of a material will occur when the total shear strain energy per unit volume in the material reaches the value of shear strain energy per unit volume at the elastic limit in the simple tension.
· The total shear strain energy per unit volume due to principal stresses σ1 ,σ2 and σ3 in a stressed material is given as,
1	[ (σ1 – σ2 ) 2 + (σ2 – σ3 ) 2 + (σ3 - σ1 ) 2 ]

2C

The simple tension test is a uniaxial stress system which means the principal stresses are σ1 ,0,0.
At the elastic limit the tensile stress in simple tension is σt*

Hence at the elastic limit in simple tension test, the principal stresses are σt* ,0,0. The shear strain energy per unit volume at the elastic limit in simple tension will be.
1	[ (σt* – 0 ) 2 + (0 – 0 ) 2 + (0 - σt* ) 2 ]
12C

1	[ 2 X σt*2 ]
12C

For the failure of the material,

1	[ (σ1 – σ2 ) 2 + (σ2 – σ3 ) 2 + (σ3 - σ1 ) 2 ] >	1	[ 2 X σt*2 ]
12C	12C

(σ1 – σ2 ) 2 + (σ2 – σ3 ) 2 + (σ3 - σ1 ) 2 > 2 X σt*2

For actual design instead of σt*, the allowable stress σt in simple tension should be considered.

σt = σt* / factor of safety

Hence for design purpose, the following equation should be used. (σ1 – σ2 ) 2 + (σ2 – σ3 ) 2 + (σ3 - σ1 ) 2 = 2 X σt2
8. The principal stresses at a point in an elastic material are 200 N/mm2 (tensile), 100 N/mm2 (tensile) and 50 N/mm2 (compressive). If the stress at the elastic limit in simple tension is 200 N/mm2 , determine whether the failure of material will occur according to maximum shear strain energy theory. Take Poisson’s ratio = 0.3.

GIVEN DATA:

σ1 = 200 N/mm2 σ2 = 100 N/mm2
σ3	= 50 N/mm2 = - 50 N/mm2 σt* = 200 N/mm2
Poisson’s ratio = 0.3.

SOLUTION:

1.TO DETERMINE WHETHER FAILURE OF MATERIAL WILL OCCUR OR NOT:

The total shear strain energy per unit volume due to principal stresses σ1 ,σ2 and σ3 in a stressed material is given by,

1	[ (σ1 – σ2 ) 2 + (σ2 – σ3 ) 2 + (σ3 - σ1 ) 2 ]
12C

=	1	[ (200 – 100)2 + {100 – (-50)} 2 + {(-50) -200} 2] 12C
=		1	X 95000 12C

The shear strain energy per unit volume at the elastic limit in simple tension will be,

1	[ 2 X σt*2 ] = 1	[ 2 X 2002 ]  =	1	X	80000

12C	12C	12C

We find that total shear strain energy per unit volume due to principal stresses σ1 ,σ2 and σ3 are more than the shear strain energy per unit volume at the elastic limit in simple tension.

Hence failure will occur.

9. According to maximum shear strain energy theory, determine the diameter of a bolt which is subjected to an axial pull of 9 KN together with a transverse shear force of 4.5 KN. Elastic limit in tension = 225 N/mm2 , factor of safety = 3 and Poisson’s ratio = 0.3.

GIVEN DATA:

Axial pull, P = 9 KN = 9000 N

Transverse shear force, F = 4.5 KN = 4500 N σt* = 225 N/mm2
Factor of safety = 3 Poisson’s ratio = 0.3. SOLUTION:
1.DIAMETER OF BOLT ACCORDING TO MAXIMUM SHEAR STRAIN ENERGY THEORY:

 (
t
)Permissible simple stress in tension,σt = σ * /3 = 225/3 = 75 N/mm2

The axial pull will produce tensile stress whereas transvers shear force will produce shear stress in the bolt.

Let us calculate these stresses.

Now, tensile stress, σ = P =	P	=	4 P
A	πd2/4	πd2

= 4 X 9000 =	11459	N/mm2
πd2	d2

Now, shear stress, τ = F	=	4F	=	4 X 4500 = 5729.5 N/mm2
πd2/4	πd2	πd2	d2
[image: ]

In this problem, diameter is to be calculated according to the maximum shear strain energy theory.

Hence the following equation is to be used. (σ1 – σ2 ) 2 + (σ2 – σ3 ) 2 + (σ3 - σ1 ) 2 = 2 X σt2

[image: ]
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QUESTION BANK:
1. Name the important theories of failure.
2. Define: Maximum principal stress theory.
3. Define: Maximum principal strain theory.
4. Define: Maximum shear stress theory.
5. Define: Maximum strain energy theory.
6. Define: Maximum shear strain energy theory.
7. The principal stresses at a point in an elastic material are 22 N/mm2 tensile, 110 N/mm2 (tensile) and 55 N/mm2 (compressive). If the stress at the elastic limit in simple tension is 200 N/mm2, determine whether the failure of material will occur according to maximum principal stress theory. If not, then determine the factor of safety.
8. Determine the diameter of a bolt which is subjected to an axial pull of 9 kN together with a transverse shear force of 4.5 kN using Maximum principal strain theory. Given the elastic limit in tension = 225 N/mm2, factor of safety = 3 and Poisson’s ratio = 0.3.
9. At a section of mild steel shaft, the maximum torque is 8437.5 Nm and maximum bending moment is 5062.5Nm. The diameter of shaft is 90 mm and the stress at the elastic limit in simple tension for the material of the shaft is 220 N/mm2.Determine whether the failure of the material will occur or not according to maximum shear stress theory. If not, then find the factor of safety.
10. According to the theory of maximum shear stress, determine the diameter of a bolt which is subjected to an axial pull of 9 kN together with a transverse shear force of 4.5 kN. Elastic limit in tension is 225 N/mm2, factor of safety = 3 and poisson’s ratio = o.3.
11. The principal stresses at a point in an elastic material are 22 N/mm2 tensile, 110 N/mm2 (tensile) and 55 N/mm2 (compressive). If the stress at the elastic limit in simple tension is 220 N/mm2 and poisson's ratio = 0.3, determine whether the failure of material will occur or not according to maximum strain energy theory.
12. A cylindrical shell made of mild steel plate and 1.2 m in diameter is to be subjected to an internal pressure of 1.5 MN/m2. If the material yields at 200 MN/m2, calculate the thickness of the plate on the basis of the following three theories, assuming a factor of safety 3 in each case: (i) maximum principal stress theory, (ii) maximum shear stress theory, and (iii) maximum shear strain energy theory.
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Long Column :-

* When length of column is more as compared to its c/s
dimension, it is called long column.

Le/Knpin > 50
For mild steel A >80 is called long column.

Short Column:-

* When length of column is less as compared to its ¢/s
dimension, it is called Short column.

Le/Kpn <50
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FAILURE OF A COLUMN

The failure of a column takes place due to anyone of the following stresses
set up in the columns:

i Direct compressive stresses
ii. Buckling stresses
iil. Combined direct compressive and buckling stresses.

BUCKLING LOAD

The minimum axial load at which the column tends to have
lateral displacement or buckle is called buckling load. 4

ey |
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FAILURE OF A SHORT COLUMN

A short column of uniform cross sectional area A, subjected to an axial
compressive load P. The compressive stress induced is

given by i
e
S A
If the compressive load on the short column is gradually increased,
a stage will reach when the column will be on point of failure by

crushing. Let,
P, = Crushing load, o = Crushing stress
A= Area of cross-section

P
deg
Then, 7=,
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EULER’S THEORY OF BUCKLING OF COLUMN

ASSUMPTIONS:

% The column is initially perfectly straight and the load is applied
axially.

<+ The cross-section of the column is uniform throughout its length.

<+ The column material is perfectly elastic, homogenous and isotropic
and obeys Hooke’s law.

<+The length of the column is very large as compared to its lateral
dimension.

<“*The direct stress is very small as compared to the bending stress.
+ The column will fail by buckling alone.
+The self weight of column is negligible.
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Area of column, A=—[D>-(0.8D3

(D2 — 0.64D?] = % % 0.36D2 = 1 x 0.09D2

Moment of Inertia, 1=

Rla ®lawla

[D* - (0.8D)*] = 7& [D* - 0.4096D*]
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= T X 05904 x D* = 0.009225 x 7 x D*
, where £ is radius of gyration

4
,,=‘[Z: SOV AT 2 o 525
A nx0.09x D
G, . A

Now using equation (19.9), P = < )
1+a[£}
k

But7=A x i2

2
1250000 = 550 x 1t % 0.09 D .
el x( 2000
1600 ~( 0.32D
1250000 D? D?x D?
PB0%xn 008 = —s 5 Or 8038=
550 % 1t 2 0.09 “’2?2“‘ D? £ 24414

B03BD? + 8038 » 24414 = D* or D* — 8038D)% — 8038 x 24414 = o
D* - 8038 D? - 196239700 = 0.

A =7 x 0,090
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The above equation is a quadratic equation in D? The solution is

D2 8088+ /80382 + 4 x 1x 196239700

2

_ 8038 £ /646094 + 784958800 _ 8038 +29147

2 - 2
8038 + 29147

) (The other root is not possible)
= 18592.5 mm?

D = /185925 = 136.3 mm
- External diameter =136.3 mm. Ans.

Internal diameter \\ =08x1363=109 mm. Anc.
Bl . S aas .a o =
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Perry-Robertson Formula

The formula used for structural steelwork is the Perry-Robertson formula that
represented as the average end stress to cause yield in a strut.

= %[”}‘ield +(n+ I)“’L’]_\‘[%nyield +3(n+Voz| —oyaaor

where:
Gp = stress based on Perry-Robertson formula

e = Euler's stress

Gyieid = yield stress depending on the yield strength of material

W = constant depending on the material. For a britile material n =
0.015L'r,

fora ductile material n = 0.3 (L/100r)*
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COLUMNS AND STRUTS

Problem 19.22. A column of circular section is subjected. to a load of 120 kN. The load
isparallelto the axis but eccentric by an amount of 2.5 mm. The external and internal diameters
of columns are 60 mm and 50 mm respectively. If both the ends of the column are hinged and
column is 2.1 m long, then determine the maximum stress in the column, Take E = 200 GN/m?.

Sol. Given :

Load, P = 120 kN = 120 x 10° N

Eecentricity, e = 2.5 mm = 2,5 x 109 m

D =60 mm = 0.06 m, d = 50 mm = 0.05 m, [ = 2.1 m

Both ends are hinged, L, =/ = 2.1 m

Value of £ = 200 GN/m* = 200 x 109 N/m?

The maximum stress is given by equation (19.13) as

Pxexsec| Lo [P
P 2 V&I _
U,,IM=X*# (@)

where A = Area of section
=% ID*-a%= ] [0062~0.05%)

ERS

= % 0.0011-8639 x 10~ m?*
1 =Moment of inertia = % (04—

™ (0.064~0.05% mm*

64
% (1.296 x 105 - 0.625 x 10-5) = 0,0329 x 105
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7= Section modulus

R ﬁ’im.oe‘-uos‘]

Ry D
(&)

- 640,03

=1.0975 x 109 m?

e a1 120 10"
set |~ X7 | 75| 2 " {200 10°% 0.0320x10°°

= sec(1.4179 radians) (Here 14179 is in radians

=14179 x %0 =81.239)

0.03

= sec(81.239) = 6.566

Substituting these values in equation (i) above, we get
120x10°  (120%10%)%(25%10~") 6566

s ™ G639 107 10975 %107

— 138.9 x 106 + 179.48 x 10° N/m®
_318.38x 10°N/m? or 818.38N/mm® Ans,

_—

STRENGTH OF MATERIALS ) -
Problem 19.23. If the given column‘uf ?rqblem 1§é202 ﬁ;'fﬁ{gcgd toan Clcenpy, —
100 kN and maximum permissible stress is limited to , then determne "-k":v
mum eccentricity of the load. y
Sol. Given :
Data from problem 19.22
: 005m,l=21mL,=l=21m, an

D = 60 mm = 0.06 m, d = 50 mm =
E = 200 GN/m? = 200 x 10° N/m?, I = 0.
Z=1.0975 x 105 m?, A = 8.639 x 10~ m*

Eccentric load, P = 100 kN = 100 x 10°N

Max. stress, o, = 320 MN/m? = 820 x 10° N/m? .

Let e = Maximum eccentricity
P xexsec L. X B
2 EI

Using equation (19.13), we get
£
g

Z

0329 x 10> m*,

Opmax =

Z
Let us first find the value of sec [ 5 % J

sec(%x‘/zJ = sec Exﬁ%
EI 2 1200 % 10° x0.0329 100

180°
T

= sec [1.294 rads] = sec | 1.294 x
=sec(74.16°) = 3.665

A Rl glel s ol
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Substituting the known values in equation (i), we get

100x10° (100 10%) x e x 3.665
8639x10~ 1.0975 x 107°
=115.754 x 10° + 33394 ¢ x 105
320=115.754 + 33394 x e

320115754 =
33394 m=6.116 x 10° m =76.116 mm. A‘L

320 x 106 =

e=
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Futher

ds=Rdi

however,

ds = dx [usualy for smallcurvature]
Hence
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2Y Assuming tani =i
x

x = Rdi
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o R
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Consider a three dimensional Sress By=r=rrs
Principal strain in the direction of principal stress 0y 18,

0, Lo 10y
el:_,l_,z_li,i

E E E
= % [o, — 1oy, + )]

Principal strain in the direction of principal stress Gy is

&=7 [0y — ploy + G,)]
il
Strain due to yield stress in simple tension 2N yield stress in tension
A ey
=g %%
. . o : il
and strain due to yield stress in gimple compression St (op

where yield stress is the maximum stress at elastic limit.
According to this theory, the failure of the material will take place when
o
G
L ol

G*
> <
|ea| E
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ng the values of e; and e;, we get the conditions of failure as *

sub!ﬁ'v“ﬁ

1 1
(U [oy = H(Gy + Oyl 2 5 x o*
.(24.2)

e plo, + gy) 2 o

(i) %'ds -0y +02)] l 2 é x o,
- | [og = H(O) + o)l | 20.* (24.2(A))
For actual design (i.e., where some quantity is to be calculated), instead of * or c*, the
,mni”ibll‘ stress (o, or o) in simple tension or compression should be used where
I Gy .
= ..[24.2(B)
%= Safety factor L
| St 24.2(C
ud 9= Safety factor o hes
Hence for design purpose, the equations (24.2) and [24.2(A)] becomes as
o, - WOy + gy =0 m_ﬁl
[24.20

] | [0~ hioy + o)l | =9 ;
oy + O | = 14 be used for design purposes (where so
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Out of three principal stresses, the maximum principal tensile s_tress is 6,. Hence the
maximum principal strain will be in the direction of ¢,. Let this strain is e;. Hence maximuny
principal strain in the direction of o, will be,

i
&=z [0, — u(o, + oy)l

1

= 5 [200-0.3(100 + (- 50)) [ oy=—50]
i 185

= E[ZOO —30 + 15] = 5 i)

Strain due to stress at elastic limit in simple tension,
o, * 200
eSS TS i)

7 to maximum principal strain theory, the failure of a material occurs if the
al strain (e,) reaches the strain due to stress at elastic limit in simple tension.
', hence failure will not occur. Ans.
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Now let us calculate the maximum and minimum principal stresses ¢, and G,.
The principal stresses (maximum and minimum) in the bolt are given by

2
o (o3 9
o, and 0, = 2 + (EJ +12 [Refer to equation (3.16). Here 6, = 6, 6, = 0]

_ 11459  |(11459)° ¥ [ 57295 )2

25 d? W\ 2xd? d*

57295  [(57295) (57295)%
R )

57295 | 57295
- Ja y

57295 8103
- +

it d*

5729.5 8103 138325 N/mm?

[ i FIgEa g
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(@) Diameter of bolt according to maximum principal strain theory
The three principal stresses are :
" 13832.5

oy == N/mm?

—2373.5
%= 42
Here maximum principal stress is 0,.

N/mm? and ©3=0
Hence maximum strain will be in the direction of

;.

I
9

=|

Maximum strain = %(62 +0y)

0, — o, + 6y)l
13832.5 - 2373.6

-0. 0
F2 0. 3( & + H
13832.6 712.06]

&— 1

dﬁ e d2
14544.55 0

B~ &~ &~ &

=

da

X





image8.jpeg
Relationship





image121.jpeg
1
Maximum strain due to permissible stress in tension = z X G,

1 i
==X 75 (o ©,=T5)..(i)

For design purpose, (as here diameter is to be calculated), the maximum strain should
be equal to the strain due to permissible stress in tension.

Hence equating the two values given by equations (i) and (ii), we get
1 < 1454455 1

z 'd—2=Ex75

ﬁ‘ d= ﬁ% =13.92 mm. Ans.




image122.jpeg
*
The maximum and minimum principal stresses in the bolt are given by

1 2
01&nd02=§xci (%) i)

[Refer to equation (3.16). Here o, = 0, c, = 0]

Ty e
61=%+ (%) +1° and 02:%* [E) +1°

Hence the principal stresses in the bolt are :

2 2
°s.|[s o A [E] 2 and 0
2+‘[2] e e

Now apply the theory of maximum shear stress.
Maximum shear stress due to principal stresses

el He V6]

2
il G\ s [E] 2
=5 2x [E)ﬁr =12 +7T
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: [11459 Jz +[5729.5 )2 [ s 11459 s 57295]

2xd? d? d’ d?
& 8;(2)3 i)
Max. shear stress in simple tension
1 o, 175 .
=5 [o,~ 01 = 7’ S 37.5 N/mm? i)

Equating the two maximum shear stresses given by equations (2) and (z7), we get

8123 =375 or d= f% =14.70 mm. Ans.
7 375
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U = Strain energy
--;—xPxﬁt

=%X(OxA)x(¢)xL
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Strain energy per unit volume
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For a three dimensional stress system, the principal stresses acting at a p

and 6. The corresponding strains are ey, ¢, and e;, where e, = principal sts
of o,

C1_M

Now, ©=F "% (6, +0,)
o
Similarly, o= F-L @10

and ey= %’-% (0, + 0,)
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U=§Xclxel+5xo‘2xez+503xea
i o 1
=E<¥1X{El“%(az*Ga)}*g"zx[f—%(ca*‘ﬁﬂ]
1 O3
+ 203x E_E(U”-GZ)

1

=3E b Lot + 02 —21(0,0, + 0,0, + 0,0,)] ...(24.5)

The strain energy per unit volume corresponding to stress at elastic limit in simple
tension

b 4
0 o xet [where e* = strain due to ¢,*
op* [
:—l‘xc"‘xot‘ s E=—t_ore*=—t
3, A e E

= i ~(2486)
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For the failure of the material

ﬁ [0,2 + 0,2 + Gy — 2U(G,0, + G40 + G301)] = ?IE‘ x (o,
2 [6,2 + 0,2 + 0, — 21(0,0, + 005 + 0,01 = (6,4° (24.7)
For a two-dimensional stress system, o, = 0. Hence above equation becomes as

6,2 + 6,% — 2)1(0,0,) 2 (6,%)? .(24.8)
For actual design (i.e., when some quantity is to be calculated) in stead of 6,*, the
allowable stress (c,) in simple tension should be considered where

4:)2

6, = il
*~ Factor of safety
Hence for design, the following equation should be used
0,2 + 0,% — 2u(0; x 0,) = o? (249
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Now Ry= Ry

Consider  wection X at o
miven by

M, =Ry
(Plus sign i as B.M. for loft portion as x
5 in clackwise)

But BM. at any section is alwo given by equation (12.3) as

Py

Equating the two values of B.M., we got

@

Er

e
e

e

where €, in the comtant ¥ ntegration. And ite value

that at x = £, slope (42 ) = 0 maximum deflection is at the

T bosncry condition i that at = &, sope (2] =0 chs e

centre, hence slope at the contre will be zoro). Substituting this boundary condition in equa-

Gon (10, we get

+c

obtained from boundary conditions.

Substitating the value of C,
dy_ wa?
Eror a o
Tho above sauation 8 known tho siope aquation. We cas find the alope at any potnt on
e it damiaTeias of = e e At A e e R

LA VAT b obtained by substituting x = 0 in cquation (46).

i
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A I
dé
4\ V4
_[21667.25x107 | _ 4 (385
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4
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d‘
4
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4 =
11250
d = [4.08536 x 10%] /4 = (4.08536)"* x 10

—1.4217 x 10 = 14217 mm. Ans.
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s the stope ac 4 and in represented by 0. |

The slope at point B will be squal to 6, since the load is symmetrically applied.

Seioga s
. TeEr
aasion (1 ) e e e o

Lz

Defloction at any point ix obtained by integrating the slope equation (i), Hence inte-
i cauation (), we get

pefte

Er s

== s

< another constant of integration. At A, x = 0 and the deflection () in zero.

Cituting these valus in cqustion (), we get
Erxo-o-o0-c,

- c.=0
Substituting the valus of C, in equation (), we get
W

BT <y )

2 6

The above equation i= known as the deflection equation. We can find the deflection at

o poiet o e i by sabetituting the values of . The deflection i maximum i centre

z
andy =y,

o mare e = & - ot y, ropresanta he daflection at €. Then substicuting =

in cquation (0, we get

w LYy _ wr* L
= -5 (5) S (5
Wi wrd  WI? _3wL®
T 56
Swzr _ wrt

96 T as

wr*

Yo =" a8Er

(Negative sigm shows that doflection is downwards)

Wit
Downward deflection. ¥, = Yomy





image11.jpeg
i 1za
Sy
Consider a section X at n distance x from A
vy,

2,

Ryxx wkx E WL
2
But B.M. at any section is also given by saquation (12.2), as

The bending moment at this section is

o
a—gr Ly
7
Fauating the two valucs of M., we get
Er iy _w.n .ot
o 5
Interrating the nbive cquation, we et
e aAl e
r 2 e, @
where ) i & constant of ifegration.
Tatograting the above squation again, we get
B il = s
- e o
where €, i anather constant of intorration. Thus two constants of intration (e, G, and Cy)
e En(ainad from hownaary conditions. The bounaary conditons are
@ utx—0.y~0 and iyt - 1,y =0
Subsiituting first boundary condition i.e., = = 0,5 - 0 in equation (1), we Fet
0=0 0i040, or G20
Substituting the second houndary contition fo. atx = L.y
w.r 2w s
@ e e
w.zs

ay _w.z
o

Substituting the value of C; in squations () and (i, we get

sauntion (0, we et

(€, i ulrwady zerc)

iy




image12.jpeg
i etops (= the vy
e wan fna the =tope o orgy

e cias R

e o i

o o find the defloction (o,
e

ehe aistero
8 Ay poin on the b by subskitating the Aoy
T o i) i ksowen ap deflecior L G urent

Bauntion (i) is lenown as slope &

el (2

Stope at the Supports

Tet 0, - Slope at support A

-
nd 0= Stop at mupwort 3= (52,
Avia 0 ma) 2 o)
eiotin hone velses i saruatioa Gl v £
o
i o e
srioy = 4E xo -0 2L
wer e
Totallng

s
1215
2 the anti-clocy,

(Nogative sign m 1t at A makes an angle with AR

diroction)

215

By symmetry,
Masimum Defrection

The: maximum dofloction is at the centre of the beam £e., at point C, where x

Yo = deflction i C swhich i also mamum defleston. Substituting > = v. andx - %
cquntion (o), we st
Sreslen g e
1= (2) —er(3) (5
0Lt WLt W' swrs
26 384 s 84
= G+ w.L = W = Total loat)
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WL = 9 x5 =45 kN = 46000 N

Total load,
Bonding strass, £ =7 Nmme
Contral deflection,  ve - 1 em = 10 mm
Value or FZ 1210 Nmm
Lot 5 = Width of beam is mm
ana @ = Depth af bonm in mm

Mo, 7 =2
Uings equation (12.14), we got

w. o
2
o 45000 = 50007
1%10% x(

The maximum b
tributed load is given by,

ssing the bending equation as

45000 = 5000° % 12
15 10% %10

@

— 578.906 = 107 mm*
ding moment for a simply supported beam carrying a uniformly dis

Now
M _r
Ty
e sm128000 7 (- perey-2)
bt =] 2
iz 2
28125000 %42 _ 14
o Za 3
tion (i), we ot

Dividing equation () by ca

535,906 x 10 5.

24107142.55

264.58 mm.

Substituting this value of % in equution (1), we get

b = 364 58)2

2410714255
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i per insiiols banedingt stross s 4 Mimm® and cerntral defleceion o not

1if e ma

Take the vatue of 1 = 1.2 % 10 Nimm?®
ol Given

Lonith. Lo m = 6000 mm
Bending atros, £~ 8 N/mm?
Contral dofloction,  ye = 10«

Value of 1.2 % 108 N/mm®
Lot Total lond

o = Dopth of buam

The muximum bonding moment for a simply supported beam carrying a uniformby dis-

e A )
wrr_wor
pen 2 o el
s B e
e i 5 el s
ML
I ¥
pos_mnr
ey (drz)
: o
Easactng o two weltsow o BRI ST
Wi

_ i6xsr 1281 o
Lexd Lrd 4
Now using cquation (12.14), we get.

w

2 ('ycxlom-nﬂwzlm)

L=d
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2 ot n Sty Suprparted Heam with an Fooenteie Soias |
Dreection ot ot
s The reactions at A s

—
Enm D
i 127
The bending moment ot any seciion betwwova A and € 2E & distance ¥ from A s siven by,
P

The above cquation of B.M. holds good for the values of « between 0 and ‘a”. The BM. at
any section between O and 5 at » distance * from A is given by,

e )
The above cquation of B.M. holds good for all values of x between x — a and x = b.
The BM. for all scctions of the beam can be expressed in a single equation written as

M=l P we-—w @

Stop at the dotted line for any point in section AC. But for any point in section CB, add
the exproseion beyond the dotted line also.

The B.M. at any section is also given by equation (12.3) as

e

ey

P
Hence equating (1) and (1), we got
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re €, is & constant of integration.

e his constant of integration should be written afler the
e AT Vi Bracketa are 40 be nsesyated o o conore, Fromen v Tatesation oF b wii

pe 252 and not T —ax
Tntegrating equation (iv) once aunin, we get
Wb xt W a®
By - come e o) @
S oG = o

\where G, is snothor constant of intexration. This constant fn writtan after Cyx. The integration

e @R willbe (=2 This type of integration is justified as the constant of integrations

wpd Cp ave valia for all values of x

The values of C, and C, aro obtained from houndary conditions. The two houndary
conditions are

() Atz =0,5=0ana

G ALx=L.y -0

(1) ALA, x~ 0 and y = 0. Substituting these valuos in equation () upte dotted line only,
we gt

o-0+0sc,
im0
(D AL B, x = I nnd y = 0. Substituting these values in cquation (), we get

wo v W
GO o B L
B s eGin s o 3
€y~ 0. Flore complete Eq. () is to be taken)
S Wb : "
Bl Loa-b
w w1t wb
cxz oo Wi e
s Y - Vb wp
Wb ya e i
= T o wn
Substituting the value of C, in aquation (), we get
dy _W.bx* [ Wb o 4o Wix — a)?
Bl her Gl ol B e
W DV s e o cwin>
e
Fauation (uié) wives the slope at any point in the beam. Slope ia maximurm at A or 1. To
find the Slope At A. SibaLTute & = b i the Whove equation HpEs dotted Tine as poInt A lios in AC
Wb o Wb ol e (v raa=ou)
i mroy = Wl ao WO a &
W
— P g

W
_ Wb ga g (as given before)
W=~ opry E* D S
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in equation (), we ot

X w
T o
Koauntion (ui0) gives the dufloction at amy point in the beum. o fnd the deflection
nder he ondt, st ate . o i eqation (D e consier the equation upte dotted ing
(Bs point C Ties i AC). Hanes, we #ot
W w.n w.n .
o= WoEl e e PR
o 6z o e * 6L :
= b e o
A R - Learsm
i R 2 v pz
D8 (ot b3 ek — ot -5
Woab o Wa?.6?
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- yoo Wat bt (earme as befire
> ST -
verte. While saing bty s MoCLLR, vha natise  ja ta be takien 5 (16 lagt poction of the basm
O e ottt earrin o poink
e i et the tond and

FProblem 12.8. A beam of lensth & m te simply supported
Lol of 40 KN af @ distance of 4 7 from e loft support. Find che
Iriaimie eflecion. ALeo calorlate thi pOint ar WAL Ml
BEOL of beam — 753 % 107 mm aned B = 2 % 10 Nimm®.

Sol. Given
& m = 6000

o freceton takes place. Given

Length, z
Foint land, W Z 40 kN — 40,000 N
Distance of point load from left support, @ = 4 m = 4000 mm
2=Z a6 1=2m="2000mm
Let 5, = Deflectinn under the load
Maximum deflection

W.at. 62
Cem

140000 = 4000 » 2000
~ 522 10° = 755 = 107 % 6000

Using cauntion

.

5.7 mm.  Ane
A Bucarrs of Lersth 6 m is simply supported at its ends and carries two

Problem 12.
erint Tierein o 48 KN srict 40 KNt diatamce of L m and 3 m respectively [rom the left support

Drimed ¢
() deftection wnder each Toad.

Cii> maximisemn deflection, and.
(iii) e perint at whick miaximum deflection occurs.
Givirs B = 2 % L0% Nimm® el T = 85 x 10% ™.
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Sot. Given

1 - 55 x 10° mm® {2 = 2 x 10° NAnm?
vt caleulate the reactions 72, nnd £,
i moments about A, we et
T, %6 -4 x 1+ 40 x 3 — 168
16
£y =288 _ssiay

£, = Totallond — £2,, = (45 + 40) — 28 = 60 kN

e

rig 128

Consider the section X in the last part of the beam (..,
from thet 1oft SUPPOTT A- The 13M. At this section 1o

T length DB) at a distance x
iven by,

mraip ey

et —ase-1 | 40—

- sox —ase -1 406 — 3>
Tategrating the sbove equation. we get

EraXoSO= oy —Gale=DI ok 32
—s0xre o, | zaee 206x 22 @
Intesrating the above equation ngain, we Kot
By - 29 Lcxac, 2aex = D? =20G=
ry = 20 =+ Oy H =
oo oy | mge e | 20O O wan>

To find the values of C, and O, use two boundary condif
@atx=0,y=0 and @ atx

s The boundary conditions are:

e b

s o i S 0 o 6 b e

L Lot e i e e e iy
e

3 b N et e At s St s O e O S gt

——— R

o uebio cin e s P ae

R T e

~ 2160 + 6C, — 1000 — 150 = 980 + 6C,

na

o
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. o T T  equation G, we Ket
Now aubasivusiog she vatuss of Cu and G 15 : S
o Bl = 1057~ 10D 0 e G his ie obtained by sabntitunin, |l
v bion (5D e i Frat dotiod T Gan (e point € liss soss
ey, 1012 16353 X1 5
e 0 - 163.33 = - 158.83 KNm
ot 10 Nt ¢
1333 110 D 0w e
TT RS D a0 et
e
e S iseaor
= T
_0.010 mm. Ana.
(Negutive sigm shows that deflectio
(b) Deflection under
P2

10 dunwnwards).
ccond toscd ie. at point I
AHiom (i10) e the oond dotied line (1 the point

“Ihis i= obtu

ned by substituti

e -
T3 lios in the second Part of f ™
t P of the e
0 39 168,83 % 3 — 83— 17
270 489.99 64

263,99 kN»
812,99 = 103 Nmm?

26399102 _ g7 mm. Ana.
T 10° < 55 % 107
(66) Mairmiim Deftection. The deflection is likely to be muximum ut a section botween o
Zero upto the

second do

and 1. Tor maximum deflection, % should be zoro. Hencs squate the equation @) squsit
s

PSP B

2022

o

16333 — 240t + 1 — 20)
G + a8

o
18735

o

The above equation is a quadratic equation. Hence its solution is

Coo=em
_ 481 a8® + 4x6=187.33
SISV L AXGRINTES _ k7
jow substituti (Neglocting — ve roo)
v o substituting x = 2.57 m in cauation () wpto the second dotted e, we gof m.
Ely,,. =10 x 2.87° - 162.33 x 2.87 _ 8(2. i
236,39 — 46876 - 51 (2,87 — 1)
e

284.67 kKNm? = _ 284,67 x 1012
— 28467 102

Nmm?
2510° w85 <107 ~ = 16:745 mm.

Ans
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Fig. 12.19 (@) shows a
cntre of Fhe Do o ot petnt
S eirien] loading, honee mons
ST Ee (he dofloction is maximms e e

15 Zoro ak the

Now using Mohrs theorom for Slope, we met
A — Aren of 1LM. dingram between Aand C

Stope at.
E1
But area of B M. dingram hotween A and
Aven of triangle ACD
LT WL _ w2
= = e 16
w
. SlopeatAoro, 5
o N i
Now using Mohr's theorem for deflection, we get from equation (12.17) aa
Ax

%= wr
Area of B'M. Diugram between A and €

where A
w2

1
Distance of C.G. of ares A from A
o s
— 3
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Now c=mg Mobr's theorem for slope. we =t
 Arvaof B0, diagram betwen
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Sy Ve e hown in Fig. 147
B s e =
v

@

®

.M. Diagam

©

Fig. 141

Let R, = Reaction at A for conjugate beam
Ry* = Reaction at B for conjugate beam

Total Ioad on the conjugate beam (See Fig. 14.1 (¢)]

= Area of the load diagram

it o dyp o WL
,ﬂxABxC‘D =EXLX—

4Bl
L
" BET
Reaction at each support for the conjugate beam will be half of the total load
Re=Rp= L W2 Wi
8EI 1651

o 9= Slope at A for the given beam ;

3, = deflection at ¢
Then according to conjugate beam mey

<

for the given beam,

0, = Shear force at A for the conjugate beam
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=Ry* (+ S.F. at A for conjugate beam = R,*)
_wrt
16E1

Yo =B.M. at C for the conjugate beam [See Fig. 14.1 (c)]

=R*x 5 — Load corresponding to AC*D*
« Distance of C.G. of AC*D* from C

_we 54[1 L, WL] lekl

16EI'2 \2 2 4EI) \3 2

wr}  wr _swr'-wr'
=32EI 96EI  96EI
o W
=
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Problem 14.1.A simply supported bear of lenth & a point lood of 5 kN at &

stance of .1 from the lef end. If & =3 x 104 Nimm? and [ = 10° mn, determine the slope at
{he left support and deflection under tha point load using conjugate beam method

Sol. Given :

Length,

Point load,

Distance AC,

Distance BC, am

Value of E =2 x 10° Nfmm? =2 x 10° x 10° Nim?

10° x 107 KN/ = 2 x 10° kN/m*

Value of =110 mm* = 10

Let R, = Reaction at A
and R, = Reaction at B.

Taking moments about A, we get

Ryx5=5x3

5: 3 sk
and Total load ~ Ry =53 =2 kN

The  BM.atA

BM.atB
BM. atC=R, x3=2x3=6kNm

Now B.M. diagram is drawn as shown in Fig. 14.3 ().

Now construct the conjugate beam as shown in Fig. 14.3 (c). The vertical load at G o5
conjugate beam

B.M.at 6 kNm
EI EI
Now calculate the reaction at A* and B* for conjugate beam
Let R, =Reaction atA® for conjugate beam
Ry = Reaction at B* for conjugate beam.

Taking moments about A%, we get
Ry* x5 = Loud on A*C"D* x distance of C.C. of A*C*D* from A*

+ Load on B*C*D* x Distance of C.G. of BC*D* from A*

A5 8 (2 ](l‘zi]( 1 j
=[2xSxEI]xL3x3 +(gxaxgr)x(3+5x2
2l
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©

e, Conjogate Beam o
Fig 143
— Total load (ie., load A*B*D*) ~ Ry*
G e
:[EXE‘EI] E
i e 1
"El E EI

6

d
lope at A for the given beam i.e., [ 'i: ) atA
¢ = Deflection at C for the given beam

Then according to conjugate beam method,

© = Shear force at A* for conjugate beam = R,*
7 7

Ye=BM. at C* for conjugate beam
:R;‘ *3~Load A*C*D* x Distance of .G, of A¥C*D* frun’

oeg)





image32.jpeg
e ey

Problem 14.2. A simply supported beam of length 4 m carries a point load of 3 kN at o
Jistanee of 1 m from each end.If = 2 x 10° Nimm? and I = 10* mm* for the bearm, then using
Canjugate beam method determine ; (i) slope at each end and under each load (ii)deflection
ider each load and at the centre.

Sol. Given

Length,

Value of

mm? = 2 x 10° x 10° N/m*
=2 % 10° x 10" kN/m? = 2 x 10 kN/m*
109 it = 298 ot 104 s

10"

Value of

As the load on the beam is symmetrical as shown in Fig. 14.4 (a), the reactions R and
1 be equal to 3 kN
Now B.M. at A and B are zoro

lz w l: w
c o o

o sin o
.
2 .
;
£ /ﬂ/’ |
e i |
2 =
{m—tf— tm—
s Conjugate beam
Fig. 144

BM atC=R,x1=3x1=3kNm
BM. atD=Ryx1=3x1=3kNm
Now B.M, diagram can be drawn as shown in Fig. 14.4 (5).
Now by dividing the B.M. at any section by EI, we can construct the conjugate beam |
own in Fig, 14.4 (c). The loading are shown on the conjugate beam.
Let R,* = Reaction at A* for the conjugate beam and
R = Reaction at B* for conjugate beam
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e loading on the conjfte beam
Byt -n =

1 jArea of trapezoidal A
T2

[(grFes AT poge]
B

71[(2«4))‘
=2

+BF'E")

2
under each load

(i) Stope at each end and.

0, = Slope at A for the given beam i atA

Let
0, = Slope at B for the given beam

0= Slope at C for the given beam and
6, = Slope at D for the given beam

Then according to conjugate beam method,
= Shear force at A* for conjugate beam = R,*

_45 45
= 51 3770° So = 0000226 rad. Ans.
.45
05 =Ry" = 77 =0.000225 rad. Ans.

6, = Shear force at C* for conjugate beam
=R,*~Total load A*C*D*

= 2%10 % 10 = 000015 rad. Ans.
0.00015 rad. Ans,

P e
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ever is a boam whose one end is fixed and other end is free. In this chapter we
whall discuss the methods of finding slope and deflection for the cantilevers when they are
nubjected to various types of loading. The important methods are (/) Double integration method
(i) Macanulny's moethod and (/) Moment-area-method. These methods have also been used for
finding deflections and slope of the simply supported beams.

OAD

A cantilever AB of length L fixed at the point A and free at the point B and carrying a
point load at the freo end B is shown in Fig. 13.1. AB shows the position of cantilever before
any load is appl

*d whereas AB’ shows the position of the cantilever after loading.

[« < -

A R v

Fig. 13.1

Consider a section X, at a distance x from the fixed end A. The B.M. at this section is
given by,

M, =—W(@L-x) (Minus sign due to hogging)
But B.M. at any section is also given by equation (12.3) as
a2
M=FE1 =%

Equating the two values of B.M., we get

2
EISY - W& =—WL+Wx
Integrating the above equation, we get

W

Elﬂ=_WLz+

dx +Ch )
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Integrating again, we get
x
Ely — — WL 5+ = e+ O
Ty wr 5 > 3 2

where C, and C, are constant of integrations. Their values are obtained from boundary condi.

= A2

0.5 =0GDx=0, ==
ed end, deflection and slopes are zero]

[At the fix
(i) By substituting x 3 = O in equation (i), we get
0 =0 +01+0+C, i Ca=0
(ii) By substituting x = O, (dti — 0 in equation (i), we get
Ol= 0+ O+ G, 0 (G =10
of C, in equation (), we get
Wax?

— WLx + —3
¢25)

tions, which are : (i) at x

Substituting the value

=—w (1,.‘— -
We can find the slope at any point on the

Equation (i7i) is known as slope equation. :
antilevor by aubstitating the value of =. The slope and deflection arolRaStRie at the free
cnd. These can be determined by substituting x = Z in these equations.

Substituting the values of C, and C; in equation (if), we get
(- Cy =

EIy =
Equation (¢0) is known as deffection equation.
o
Let 6, — slope at the free end B i.c.. (—y at B = 0, and
¥, = Deflection at the free end 5

Z in equation (iii), we get

(@) Substituting 6, for _,_ and x
2 2
Ere, —W(L.L*L? D
wr?
On == w1 - C13T),
Neogative sign shows that tangent at B makes an angle in the anticlockwise direction
with AB
wr?
--(13.14)

s = oxr
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DEFILECTION OF CANTILEVERS

> Substituting 5, for 5 and ~x 3
@ e X B e e e R o 5D e aat
Ely, = —w [L. > s o
= 2 ) -—w (- -

wz?

Py -

A cantilever AB of length Z fixed at poi
W at a distance ‘e’ from the fixed end A 1o ot &

=

3 nd free at point B and carrying a point load
- is shown in Fig. 13.2.

Fig. 13.2

Let O, = Slope at point C i.c., ﬂ) at C

Yo = Deflection at point C
»p = Deflection at point 2
The portion AC of the cantilever may be taken as similar to a cantilever in Art. 13.1
(i.e., load at the free end).

Wa? =
. or =+ 22— lIn equation (13.1 A) change Z to al
3
and o= T2 [In equation (13.2 A) change Z to al

The beam will bend only between A and C, but from C to B it will remain straight since
B.M. between C and B is zero.
Since the portion CZ5 of the cantilever is straight. therefore
Slope at C = slope at B

Wa?
o S8 B e Sc1a.3>
4 Lo T8 e my <
Now from Fig. 13.2, we have
g = Yo + O — @D
WV Wal gy -(13.4)

= ‘sEr ' orL
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2,
M=Er &Y
d‘z

the two values of B.M., we get
d’y _ w
EI o L-xp

g the above equation, we get

wL-2°
3

1+Cy
()

L=2" (_1)4+Cx+C,

Wb+ Cppt C, <)
4 o obtained from boundary condi-
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bstituting x = 0, y = 0 in equation (i7), we o

4
0=-gr L-0F+C, x0+0,=- 2L 10,

wL*
G- o1

d o , A
~2 _ () in equation (i), we get
dx

substituting x =0 and





image39.jpeg
Stibstituti
tuting the values of C, and €, in equations (i) and (i), we get

dy _w ’ i
B G =20- _Wé‘ i)
T
and By e (g WL W Aiv)
2% 6 2k

) Equation (iii) is known as slope equation and equation (iv) as deflection equation. From
ese equations the slope and deflection can be obtained at any sections, To find the slope and
deflection at point B, the value of x = L is substituted in these equations.

Let Slope at the free end B ice., (%J atB

5 = Deflection at the free end B.
From equation (iif), we get slope at B as

3 a
0 e Wl
Bl =g L-Lf-—g=="5
3 2
ik ( W=Total load = w.L) .(135)
B="GEI __ 6EIL
From equation (iv), we get the deflection at B as

w wl? wkt
Elyy=- 55 L-Df =g xL+ 57

=8B (= W=wL)
Y8="8EI = BEI
. Downward deflection at B,
wt WL o

Y8=gEI 8EI
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BRI aie
253600
16.384 KN/m. Ans.

ILEVER WITH A UNIFO
THE FIXED END

A santilever AB of length L fixed at the point A and free at the point B and
 unifermly

distributed load of io/m length for  distance ‘o’ from the fixed end) is shows
in Fig. 134

‘The beam wil bend only ety

BM between C and Bis zero. The
portion C'8 is straight.

RMLY DISTRI

een A nad C, but from C ta B it will remain straight since
defected shape ofthe cantilever is shawn by AC'B! in whidh
Let 8;=Slope at €,

e, (2] ate

Deflection at point C, and
Deflection at point B,





image41.jpeg
e ——

STRENGTI op

MATERIALS
» LO UF
point B due Lo UBTIRL

£ C + slope

The upward deflection of F

the portion AC = upward deflection ©f )3
—a
; 4

W

CcB

= a

R =
Lol 7
= —an7 :'; given by h"
~. Net downward deflection of the free en -
- o A= :
wrt Bl =Gy Ay
Y5 = BEI sEI e

deflection O

e and of 10

FProblem 13.5. Determine the slvpbuwd load

3 m which is carryin, i Ly distri
g a uniformly

fixed end. A

Take I = 105 mm* and E = 2 x 107 N/mm=.

Sol. Given :
Z = 3 m = 3000 mm

fthe free end of a cantileve,
e/ over a length of 2 .

of
=2

Length
4 10000
SLOC =10
D.d1, o = 10 1N/ = 10000 N/m = =560 LV/mm N/mm
Length of u.d.l. from fixed end, @ = 2 m = 2000 mm-
Value of 7 = 10 mm* i
Value of E = 2 x 10° N/mm? |
Let 6,, = Slope of the free end and
3, = Deflection at the free end.
(&) Using equation (13.7), we have
z 3
o _ wa® __ 10x2000° __ _ 4 00066. Ans.
B = 6EI ~ 6x2>x10°x10
(iZ) Using equation (13.8), we get
wa?* oinas
D= e i =
10 < 2000* 10 < 2000?
1 3000 —
= E=2=10° <107 ' 6x2x10°x 108 2000)

Sol. Given :

Length, I = 3 m = 3000 mm

T.di., w = 10 kN/m = 10000 N/m =
Length of u.d.l. from free end, @ = 2 m = 2000 mm
Value of 7 = 10% mm*

Value of E = 2 x 10° N/mm?

1+ 0.67 = 1.67 mm. Ans.

Problem 13.6. A cantilever of length 3 m carries a uniformly distributed load of
10 RN /m over a length of 2 m from the free end. If I = 10° mm* and E = 2 < 10° N/mm? ; find
: (D) slope at the free end, and (ii) deflection at the free end.

10000
1000

N/mm = 10 N/mm
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and 4

s res

D Ime W CAITE

(>

Lezx )
>p = Deflection at the free end.

(i) Using equation (13.9), we get

Let 0, = Slope at the free end i.e. ., @t 22 and

o, - WL w(L —a)*
# = ermr Cyorg
10 = 3000% 10¢3000
6 <2< 10% =< 10”7 6 =2 = 10° = 10

0.00225 — 0.000083 = 0.002167 rad. Ans.
(i) Using equation (13.10), we get

vy = WL [l —ar* | ol —?
#= srr Evorg G s
- 10 < 3000* _ [ 10000 — 20005* | 10¢3000 — 2000® _ 500
82> 10° < 107 B =2 = 10° = 10° = 6 =2 = 10° = 10°
5.0625 — [0.0625 + 0.1667] — 4.8333 mm. Ans.

Problem 13.7. A cantilever of length 3 m carries two point loads of 2 kN at the [ree end
RIN at a distance of 1 m from the free end. Find the deflection at the free end.
Take I2 = 2 = 10° N/rmm? and I = 10 rmm”.

Sol. Given :

Length. Z. = 3 m = 3000 mm

Load at free end, W, = 2 kN = 2000 N

Load at a distance one m from free end,

4 kN = 4000 N

2 m = 2000 mm

2 > 10° N/mm?

102 mm*

Deflection at the free end due to load 2 kN alone

Distance AC,
Value of
Value of

Tet
Deflection at the free end due to load 4 kN alone.
) = r
A < ls
— 1 m
£ am

Fig. 13.6
Downward deflection due to load 2 kN alone at the free end is given by equation (13.2 A)

wz? 2000 = 30002
2= ‘3ET B=<=2>=10° < 10°
Downward deflection at the free end due to load 4 kN (i.e.. 4000 N) alone at a distance

— 0.9 mm.

2 m from fixed end is given by (13.4) as  ses
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RENGTH OF MATERIALS

Wa?  Wa® -

= + .
Y2 = 3Er 2EI 2000
b 4000 > 3000 —
4000 x 2000° _ _2OBZT05T 0w ¢ 2000
S 5 < 10
Spazelos L0 S0

= 0.54 + 0.40
<= Total deflection at the free end
=¥, +Y2
0?9 + 0.94 = 1.84 M.

e
Problem 18.8. A cantilever of lensth Z 7 S
2.5 RN/m run for a length of 1.25 m from the fixed end S
end. Find the deflection at the free end if th =i
deep and E = 1 x 10 N/mm?=.
Sol. Given :

Ans.

s a wniformly distribus,
o a point load of 1 m:‘: Loag
tangular 12 cm wide aruzth‘hz

243

e se

Leneth, 2 m = 2000 mm
U.a.., L . =i ~1000 N/
2551000 14/ ,m = 2.5 N/mm
= 1000

i
i
i

Point load at free end, W = 1 kN = 1000 N
Distance AC, 1.25 m = 1250 mm

Width, 1o en

gRSDLhy o = 24 cm ;
ba® _ 12 x24°

inis e o a1 :
13824 em* — 13824 < 10% mm* = 1.3824 < 10% mm+

fValusof 1 =< 10* N/mm? )

Let . = Deflection at the free end due to point load 1 kN alop

52 Z Deflection at the free end due to u.d.l. on length 4c.

20m 1k
F
7 - B

Fig. 13.7

() Now the downward deflection at the free end due to point load of 1 kN (or 100
the free end is given by equation (13.2 A) as
wr? 1000 < 2000?
Y1= BET T 3x<10" x< 13824 x< 10°
(i) The downward deflection at the free end due to uniformly distributed
2.5 N/mm on a length of 1.25 m (or 1250 mm) is given by equation (13.8) as

Zoat o . ot

o Y=< SET T eEr

= 1.929 mm.

L — )
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DEFLECTION OF CANTILEVERS

2.5 = 1250 S 2.5=1250% (3000 — 1250)
8 < 10* < 1.3824 = 10" 6 = 10+ =< 13824 < 107
= 0.5519 + 0.4415 — 0.9934
. Total deflection at the free end due to point load and u.d.1.
>y +¥s = 1.929 + 0.9934 — 2.9224 mm. Ans.

Problem 13.9. A cantilever of length 2 rm carries a wniformly distributed load 2 kD/7t
or a length of 1 m from the free end. and a point load of 1 kIN at the free end. Find the stope
deflection at the free end if E = 2.1 =< 10% N/mm? and I = 6.667 = 107 mrn?.

Sol. Given : (See Fig. 13.8)

and

Tlfeen. e
v w0 = 2 wre/m = 221000 g 2 ry/mm
Length BC a = 1 m 1000 mm

Foins load, W 21 i = 1000 N

Value of = 2.1 > 10% N/mm?

vas o 7= Glaay =107 mma.

~d cw_ﬂﬂ‘,-l‘am
o T

Fig 13.8

(i) Slope at the free end

Let ©, — Slope at the free end due to point load of 1 kN zZe.. 1000 N
6. = Slope at the free end due to u.d.l. on length BC.

The slope at the free end due to a point load of 1000 N at & is given by equation (13.1 A) as

wzr?
= 2F57

;B

1000 = 20002
2 =<2.1= 10° = 6.667 = 107
The slope at the free end due to u.d.l. of 2 kN/m over a length of 1 m from the free end is
by equation (13.9) as

©0.0001428 rad.

wIP (L — ad? A
o, = 2L == (o 05— 6, here)
= 2 > 20002 = 2 > (2000 — 1000>*
€ =2.1x 10° < 6.667 < 107 6 =2.1= 10° = 6.667 =< 107

— 0.0001904 — 0.000238 — 0.0001666 rad.
. Total slope at the free end

©, + 6, — 0.0001428 + 0.0001666 — 0.0003094 rad. Amns.
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STRENGTH OF MATERIALS

int load of 1000 N
: o ¢ the free end froe end due to poin
;:[Deﬂ otion a 3, = Deflection at :::B ""‘ end due to u.d.l. on length BC.
E e free

= Deflection a Sisgh o
yy = Deflection at .
The deflection at the free end due to point 10ad 0 1000 TS L ”"%.

e o ey
%1=3Rr ”
1000 x 2000 _ - 0.1904 mm.
= 3x21x 10° x6667x10"
3x21x10" x 6.667 % =
m
The deflection at the free end due to u.d.L. of 2 N/mm over a length m%

end is given by equation (13.10) as >

wl! [wi-0)*  wL-a xu]
SEI | SEI 6EI

2x2000° _[ 22000 -1000)*
T 8x21x10° x6667x 107 | 8x2.1x 10° x 6,667 % 107

¥,

__2(2000— 1000)° x 1000 |
T 6x21x10° 6667107

=0.2857 - [0.01785 + 0.0238] = 0.244 mm
Total deflection at the free end

+¥,=0.1904 + 0,244 = 0.4344 mm, Ans.

2(2000 - 1000)* x 1000 ]

=9,
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compress|
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(b) RESISTANCE DEFORMATION DIA.

Work done on the bar = Area of the load -

deformation diagramm

=E><P><SI
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Work Stored in the

diagram

to gradual load.
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Strain Energ

gy due to gradual |
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> When the load is applied suddenly the value of the load
is P throughout the deformation.

» But, Resistance R increase from O to R

Work done on the bar =Px 8l
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Work stored in the bar

lly applied
of the same
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Problem 4.8. The maximum stress produced by @ pull in a bar of length 1 1 8
n in Fig. 4.3. Calculate the

150 N/mm?®. The area of cross-sections and length are show

strain energy stored in the bar if E = 2 x 10° N/mm?.
P T ¥ T
s 200 mm* 100 mm" 200 mm” =5
G l Bl ic l D
b, 475 mm Ll somm [ 475 mm »{
Fig. 4.3
Sol. Given :
Length of bar, L =1m=1000 mm
Max. stress, o =150 N/mm”
Part AB : Length, L, =475 mm
Area, A, =200 mm?
Part BC : Length, L, =50 mm
Area, A, =100 mm?
Part CD : Length, L, =475 mm
Area, Ay =200 mm?
E =2 x10° N/mm*
P Al wll P ie nof known Rut stress is

Value of
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B axu\.l - & = a4 X AV N 1IN

In this problem, maximum stress is given. Axial pull P is not known. But stress is
equal to load/area. As load (or axial pull) for the bar is same, hence stress will be maximum,
when area will be minimum. Part BC is having less area and hence stress in part BC will be
maximum. As parts AB and CD are having same areas, hence stresses in them will be equal.

Let G, = Stress in part BC = 150 N/mm*
o, = Stress in part AB or in part CD
Now load = Stress x Area

load = 0, XA, = 0, x A,
o = S2dy _ 150100

A 200
Now strain energy stored in part AB,

or
= 75 N/mm?
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__ T 5000
= 2x2x10

— 1335.938 N-mm.
in energy stored in part BC,
2

yz=§é—xV1

150°

s
= 2x2x10° S

_150°
2x2%10°

Energy stored in part CD,

%100 x 50 = 281.25 N-mm

2

o
U= 5 Yy = 1305938 Nmm (1 V=V, 05 =0
-, Total strain energy stored,

U=U,+U,+U,=1335.938 + 281 ;
= 2058126 N-mm. Ans, 25 +1335.938 N
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e N T =
long is made up of two parts, 3 metre of its length has

Problem 4.6. A tension bar 5 m

1 cross-sectional area of 10 em?® while the remaining 2 metre has a cross-sectional area of

20 em?. An axial load of 80 kN is gradually applied. Find the total strain energy produced in
the bar and compare this value with that obtained in a uniform bar of the same length and

‘having the same volume when under the same load. Take E = 2 x 10° Nimm®.

Sol. Given :

Total length of bar, L = 5m = 5000 mm

Length of Ist part, L, = 3m = 3000 mm

Areaof lstpart, A, = 10 em? = 10 x 100 mm? = 1000 mm?
Volume of 1t part,

Vi =4, x L, = 1000 x 3000 = 3 x 10° mm*
2m = 2000 mm
20 em?= 20 x 100 mm? = 2000 mm?

Length of 2nd part, L,
Area of 2nd part,

>
]

+ Volume of 2nd part,V,, = 2000 x 2000 = 4 x 105 mm?®
Axial gradual load, P = 80 kN = 80 x 1000 = 80000 N
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Y AND IMPACT LOADUYG

E = 210 Nimm?.

e AL
A Jopen Nimms
g, = P _ 80000

A~ 2000 = 40 Nm?

oo 80t
UHST Ry 3 x 109 = 48000 N-mm = 48 Nem.

26 2x2x10"
Strain enorgy in 2nd part,
i e
i = Vi g * 4000000 = 16000 Nom = 16 N+

. Total strain energy produced in the bar,
U = Uy +Uy=48+16=64N-m. Ans.
Strain energy stored in a uniform bar
Volume of uniform bar,V’ = V, + V, = 3000000 + 4000000 = 7000000 mim*
‘Length of uniform bar, L = 5 m = 5000 mm

Let Area of uniform bar.
Then AxL or 7000000 =A x 5000
7000000 .
bS A= 5000 1400 mm’
P 80000
Stress in uniform bar, A 6000 = 57,143 N/mm*
. Strain energy stored in the uniform bar,
o 57140
TR AL L)
U= 35"V = aad
~ 57148 Nemm = 57.143 Nem
Strain energy in the given bar__ 8 _1as Ans

s : o " B0
Strain energy in theuniformbar B0 5 g pangs verticolly, sub-
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ollar

hl !
Load P is dropped through a height T
ol

h, before it commences to load the
bar. y
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Work done
=P(h
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» When §lis very small as compered to h , then

Work done = P x h

2 xAx1=Pxh
2B
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Problem 4.9, A weig

ot e o

ht of 10 kN falls by 30 mm on a collar rigidly attached to a vertical

bar 4 m long and 1000 mm?® in section. Find the instantaneous expansion of the bar. Take
E =210 GPa. Derive the formula you use.

Sol. Given :
Falling weight,
Falling height,
Length of bar,
Area of bar,
Value of

Let

PR

P
h
L
A
E

= 10 kN = 10,000 N
= 30 mm
= 4 m = 4000 mm
= 1000 mm?
= 210 GPa = 210 x 10° N/m?
(G =Giga = 10° and Pa = Pagca] = 1 N/m?)

210x10° N b

10® mm”
210 x 103 N/mm? = 2.1 x 105 N/mm?2
Instantaneous elongation due to falling weight

Instantaneous stress produced due to falling wej T

1m=1000mmandm2=10°mm2)

I
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Using equation (4.7), we get
2EAh
o (l»« 1+ PxL

Stress _ © 8L _©
= or

&
|

Now

” Strain [§] 574 NE
L
o 187.7 x 4000
8 = —xL=—""———=8575mm. Ans

E 2.1x10°
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Problem 4.10. A load of 100 N falls through a height of 2 cm onto a collar rigidly

attached to the lower end of a vertical bar 1.5 m, long and of 1.5 em? cross-sectional area. The

upl !
Determine :

per end of the vertical bar is fixed.

(i) maximum instantaneous stress induced in the vertical bar,
(i) maximum instantaneous elongation, and
(iii) strain energy stored in the vertical rod.

Take E =2 x 10° NImm?.

Sol. Given :

Impact load, P = 100N
Height through which load falls,
h = 2cm=20mm

Length of bar, 'L
Area of bar, A=

.. Volume, \'4

Modulus of elasticity, B

Let c

8L

U

(i)Using equation (4.7),

o

"

1.5 m = 1500 mm
1.5 cm? = 1.5 x 100 mm? = 150 mm?

= A x L =150 x 1500 = 225000 mm?

2 x 10° N/mm?
Maximum instantaneous stress induced in the vertical bar,

= Maximum elongation, and

n

]

Strain energy stored.

P, 1+2AEh]=100 11 1, 2x150x2 5107 <20
A P.L 150 100 x 1500

_ig.g (1+ {1+ 8000) = 60.23 N/mm?. Ans.
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(ii)Using equation (4.6),
8L

G 60.23 x 1500
—xL=—"""""—
E 2x10°

(7ii)Strain energy is given by,

U

2 2
[ v 60.23

2B~ 2x2x10°
2.045 N-m. Ans.

=0.452 mm. Ans.

x 225000 = 2045 N-mm
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Problem 4.11. 7' i 2
B it throught he:lehltnaxzmum' instantaneous extension, produced by an unknown fall-
ing ght of 4 cm in a vertical bar of length 3 m and of cross-sectional area

2 js 2.1 mm.

Determine :
(i) the instantaneous stress induced in the vertical bar, and

(ii) the value of unknown weight. Take E = 2 x 10° N/mm?.

sem

Sol. Given :

Instantaneous extension, 3L = 2.1 mm
L =3 m = 3000 mm

Length of bar,
Area of bar, A =5 cm? = 500 mm?
Volume of bar, V = 500 x 3000 = 1500000 mm?®
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Height through which weight falls, & = 4 cm = 40 mm

Modulus of elasticity,

Let o

P
We know E

- Instantaneous Stress

P(h + 8L)

P(40 + 2.1)

2 x 10° N/mm?
Instantaneous stress produced, and

= Unknown weight.
= S"ef“ or Stress = B x Strain
Strain
sL
= E x Instantaneous strain = £ x S
= 2x10°x 33'010 N/mm? = 140 Nomm?,  Ans.
Equating the work done by the falling weight to the strain energy stored, we get
“Z
Team il
= MO 1500000 = 73500
2x2x10
D TSN AT

12

421
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i » 4ol o jon (4. 0/ o s
tnined by using eq““‘:':gh, of 10 mm on @ collar rigidly
S ction. If the maximum

Note. The value of P can also be ob e
Problem 4.12. An unknown weight fal 2 in se :
i oy cm long and SZ?,,';':zmss and magnitude of the

attached to the lower end of a vertical bar 50‘0
extension of the rod is to be 2 mm, what xszthe correspon
unknown weight ? Take E = 2.0 x 10° Nimm?®.

Sol. Given :
Height through which the weight falls, 4 = 10 mm

Length of the bar, L = 500 cm = 5000 mm
Area of the bar, A = 600 mm?

Maximum extension, 8L = 2 mm
= 2.0 x 10° N/mm?

Young’s modulus, E =
Let o = Instantaneous stress produced in the bar, and
P = Weight falling on the collar.
We know i3 o ]
Strain
Stress = E x Strain =E x x i --&)
& L

Substituting the known values, we get

0 = 2.0x105x

Value of weight [alling on the collar
Using equation (4.7),

o - f[u AER
A P.L

5000 = 80 N/mm?, Ang,
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SOl L1+ 2x600x20x105x10
600 P x 5000
48000
00 1 480000
48;’:00 b 430000

Squaring both sides,
(48000 )2 L1 2X48000 _, . 480000

=1+

\ P P
2304220000 = 96200 = 450080 (cancelling 1 from both sides)
2304000000 _ 480000 _ 96000 _ 576000
P? D, P P
w — 576000 [ca.ncelling L from both sides}
P
2304000000
- 22— _4000N=4kN. An
P = 576000 x =

S o RIS PN s, e 1 s
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Problem 4.13. A bar St
ar 12 mm diameter gets stretched by 3 mm under a steady load of

V. What stre ]
:7:73& i‘”y mmugh‘:fi:‘s’;’a",i‘:ez? g:t’:iucid in the same bar by a weight of 800 N, which falls
. Tuhe B~ 2.0 % 100 §em onto a rigid collarattached at it end ? The bar is initially

Sol. Given :
Dia. of bar, d = 12/mm
-+ Area of bar, A = 7 (27 =131 mm?
Increase in length, 8L = 3 mm
Steady load, W = 8000 N
Falling weight, P = 800N
Vertical distance, h = 8 cm =80 mm
Young’s modulus, E = 2.0 x 10° N/mm?
Let L = Length of the bar, and
G = Stress produced by the falling weight.
With steady load
(Steady load)
Stress Area
pettes oy oS -
We know S L
L
8000

2.0 x 10°= [3) 1131

L
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Now using equation (4.7),

o

90x10° x1131X3 _ g4g2.5 mm
5000

we get

0

"

P 2AEh
;[”‘ﬁ*,m‘]

1131 80 x 84825

7.0734(1 + 1+53333 ) = 7.0734 x 24.1155
170.578 N/'mm?, Ans,

5
800 [1+ [ 2x1181x20x10 xsoJ - JS
&

4




image74.jpeg
Problem 4.14. A rod 12.5 mm in diameter is stretched 3.2 mm under a steady lood
of 10 AN. What stress would be produced in the bar by a weight of 700 N, fulling through
75 mm before commencing to stretch, the rod being initially unstressed ? The value of E may
be taken as 2.1 x 10° Nimm?.

T e

Sol Given :
Dia_ of rod, d = 125 mm
- Area of rod, A =%x12.52=122.72mm7
Increase in length, 6L = 32mm
Steady load, W = 10 kN = 10,000 N
Falling load, P = 700N
Falling height, h = 75mm
Young’s modulus, E = 2.1 x 10° N/mm?
Let L = Length of the rod,
o = Stress produced by the falling weight.
Stress
We know s
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Steady Baﬂ)
( ~ Area

(5
&)

3 ( 10,000\ (L
12272 32

2.1 % 10% =
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P 2.1x10° x 122,72 x 3.2
10,000 “BeIeT =

Now using equation (4.7), we get

c E 1+ 1+ Z
A PxL

700 2x12272 x 21 x10° x 75
1+,1+

122.72 700 x 8246.7

153.74 N/mm?. Ans.
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ProblemtE A vertical round steel rod 1.82 metre long is securely held at its upper

it oan slide Fresly G eh 1 AEE iz By et ‘provided at the lower
en the weight falls from a height of 30 mm above the stop the

ed in the rod is estimated to be 157 Njmm?. Determine the stress in the rod if the

applied gradually and also the minimum stress if the load had fallen from &

maximunm

mm.

E

2.1 x 10° Nimm?.

Sol. Given :
1gth of rod, L =182 m =182 x 1000 = 1820 mm
~ht through which load falls, h =30 mm

{aximum stress induced in the rod, o = 157 N/mm?

lodulus of elasticity, E =21 10° N/mm®

o, = Stress induced in the rod if the load is applied gradually and
G, = Maximum stress if the load had fallen from a height of 47.5 mm.
Sirain energy stored in the rod when load falls through a height of 30 mm,

2
T e
b7

2x%21x10°
— 0.05868 x V N-m
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The extension of the rod is given by equation (4.6)

= %xL

= i>< 1820 =1
21%10° = 1.36 mm

Total distance through which load falls
= h +8L =30+ 1.36 =31.36 mm
- Work done by the falling load = Load x Total distance
= P x 31.36
Equating the work done by the falling load to the strain energy stored, we get
P x31.36 = 0.05868 x V
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P _ 005868
V ~s13g = 0001871
P
AL = 0001871 G V=aD)
P
A = 0001871 x L = 0.001871 x 1820 = 3.4
15t Case. If the load had been applied gradually, the stress induced is given by,
Load P
o = i
Area 4

= 3.4 N/mm®. Ans,
2nd Case. If the load had fallen from a height of 47.5 mm,
Let 0, = Maximum stress induced.
Using equation (4.7), we get
P 24ER
=14+ f1+
A" Exz

2x21x10° x 475
34 e

B ety

a4(1+|T7531831)

196.64 N/mm®. Ans. - oy
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Problem 4.19. A cage weighing 60 kN is attached to the end o).’a steel wire rope. It

down a mine shaft with a constant velocity of 1 mls. What is the maximum streg,
Produced in the rope when its supporting drum is suddenly jammed ? The‘ﬁae length of
Tope at the moment of Jjamming is 15 m, its net cross-sectional area is 25 em® and,
=2 x 10° N/mm?. The self-weight of the wire rope may be neglected.

Sol. Given :

Weight, W =60 kN = 60,000 N

Velocity, V=1m/s

Free length, L =15 m = 15,000 mm

Area, A =25 cm? = 25 x 100 mm?

Value of E =2 x 10° N/mm?

K.E. of the cage = % mv2= %[%J 2
= Elx (sg’g‘lmJ x 12 N-m = _sg;(;o N-m
_ 30000 x 1000 Norien
s 9.81

This energy is to be absorbed (or stored) by the rope.

Let 6 = Maximum stress produced in the rope when its e
jammed.
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L —————

 {he maximum energy stored

2

c 2

= o XAxL= ZXZ"W % 2500 x 15000 N-mm  .(ii)
gt K.E. of the cage = Energy stored in the rope
300001000 o®
9.81 i o 2—_x 10° x 2500 x 15000
, _ 30000x 1000 x 2 x 2 x 10°
0% = T 9.81x2500 x 15000

5
30000 x 1000 x2%2x10° _ 100 61 N/mm?2.
9.81x 2500 x 15000
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> If tis the uniform shed
stress produce in the
material by external
forces applied within
elastic limit, the energ
Stored due to shear
Loading is given by,

Where, t = shear stress
G = Modulus of rigidity
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Problem 4.20. The shear stre
mine the local strain energy per unit vo
C = 8 x 10% Nimm?®.

Sol. Given :

Shear stress, © = 50 N/mm?

Modulus of rigidity, C =8 x 10* N/mm?

Using equation (4.9),

ss in a material at @ point is given as 50 Nimm?, Detyy.
lume stored in the material due to shear stress, Tgj,

2 2
Strain energy = % x Volume = ;)%010—4 x Volume
% %

=0.015625 x Volume
Strain energy per unit volume
JL0E

Nolbie =0.015625 N/mm?. Ans.
P




image84.jpeg
Total strain energy in the shaft due to torsion,

2CR? = 32
2 e
gl . - x (2R "
2CR® ~ 32
2 2 )
=1 n 3R = .nR%1
aor® 32 % T 1C
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Total strain energy in the hollow shaft due to torsion
Let D = Outer dia. of shaft
d = Inner dia. of shaft
<J = Polar moment of inertia of hollow shaft

o ppess
32 D

Substituting the value of J in equation (i), we get
Total strain energy in the hollow shaft due to torsion,

T T pe g
Vo sl
S B O [+ ==
" QJ 32
3
XA T e gt )
2C.D* 32
T T DR d D+ )
4CD* 4 e,
P Vx@DEra) [ Vis 3y Wi H]
" 4CD

..{16.21)

o e A

T pr+d)xV
4CD* .
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Problem 16.28. Determine the maximum strain energy store
diameter 10 cm and of length 1.25 m, if the maximum allowable shear s
Take C = 8 x 10* N/mm?>.

Sol. Given :

Dia. of shaft, D =10 cm

b
Area of shaft, T 102 = 78.54 cm? = 7854 mm*

d in a solid shaft of
tress is 50 Nimm?.





image87.jpeg
1=125m=125cm

Length of shaft,
78,54 x 125 = 981

Volume of shaft, V= Axl=

Maximum allowable shear stress,
1 = 50 N/mm?®

Modulus of rigidity, C=8x 10* N/mm?
Let U = Shear strain energy stored in the shaft.
Using equation (16.20), we get
o 50°
Us—xV=—-——
4 " T axex10f
=76699 N-mm. Ans.

7.5 cm® = 9817.5 x 10° mm?

(shear stress is maximum on the surface of the s

9817.5 x 10°
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Problem 16.29. The external and internal diam.etet
20 cm. Determine the maximum Strain energy stored in

= N-mm. ADS:
=700%9 rs of a hollow shaft are 40cmag

he hollow shaft if the mazimuy

2 ole shea streas is 50N/ mm? and length o the shaft is 5 m- Take C=8x 10t Ninat,

Sol. Given :
External dia., D
Internal dia, d

— 40 cm = 400 mm
=20 cm = 200 mm

vea of cross-section, A = 7 (40°—20%) = 842.47 em? = 94247 mm?

Maximum allowable shear stress i.e. shear stress on the surface of the shaft),

Length of shaft,

=50 N/mm*®
[=5m =500 cm

Volume of hollow shaft,

V= A x | = 942.47 x 500 = 471235 cm® = 471235 x 10° mn’

Modulus of rigidity, C =8 x 10¢ N/mm?*
Let U = Strain energy stored
Using equation (16.21), we have

2
U=

(D*+d?) x V

50°
= T8 107 x 4002 * (4007 + 200%) x 471285 x 10°
= 4601900 N-mm =
0 N-mm = 4601.9 Nom.  Anc.

4CD*




image89.jpeg
1125%10° x60
3 r:wﬂmr«n:nssm»—
Bat we know, =l—‘6 x3xD?
=
or ’ﬂm=§xtxlw
o .. 7159000 16

xx10°% =365 N/mm?*
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Using equation (16.20) for strain energy,

U= x Volume of shaft
40

. )
= “3:—5]0; x Volume of shaft |
> x

365" ® - \
= T 10" X X 100°x 4000 ( Volume::xﬂ’xl‘ '

= 130793 N-mm. Ans.
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internal diameter 10 em, is subjected to pure torgy

Prol .32, low shaft o) 4
A Sebuss & i s};::la?‘;rliegsﬁq e outer surface of the shaft. If the sirain gy

2 :
stored in the hollow shaft is given by ’;E « V, determine the external diameter of the shf,
Sol. Given :
Internal dia., d=10cm
Maximum shear stress =1
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2
Strain energy stored, U= ;—C xV where V = Volume

Let D = External diameter of the hollow shaft.

Using equation (16.21) for the strain energy in hollow shaft
2

T
o 2)
2CD? (D? + d?) x

Equating the two values of strain energy, we get
2 2
T T
D2 +d))xV=—oxV
3C

)

2
[Cance\ling % % V fromboth sides}

D2+d2_l
4p* 3
3D? + 3d% = 4D?
342 = 4D* - 3D%=D?
D? D&
He 5o E-«/E_msz

dD —1.732 x d = 1.732 x 10 = 17.32 em. Ans.




