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Castigliano’s Theorems:
The theorem of least work derives from what is known as Castigliano’s second theorem. So, let’s first state the two theorems of Carlo Alberto Castigliano (1847-1884) who was an Italian railroad engineer. In 1879, Castigliano published two theorems.

Castigliano’s first theorem
The first partial derivative of the total internal energy (strain energy) in a structure with respect to any particular deflection component at a point is equal to the force applied at that point and in the direction corresponding to that deflection component.

This first theorem is applicable to linearly or nonlinearly elastic structures in which the temperature is constant and the supports are unyielding.
Castigliano’s second theorem
The first partial derivative of the total internal energy in a structure with respect to the force applied at any point is equal to the deflection at the point of application of that force in the direction of its line of action.

The second theorem of Castigliano is applicable to linearly elastic (Hookean material) structures with constant temperature and unyielding supports.

Note that in the above statements, force may mean point force or couple (moment) and displacement may mean translation or angular rotation. Proofs of Castigliano’s theorems are given at the end of this document.

Without further due, here is the theorem of least work, a.k.a. Castigliano’s theorem of least work:

The redundant reaction components of a statically indeterminate structure are such that they make the internal work (strain energy) a minimum.
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FIXED BEAMS
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FIXED BEAMS
· A beam whose both ends are ﬁxed is known as a ﬁxed beam. Fixed beam is also called as built-in or encaster beam.
· Incase of ﬁxed beam both its ends are rigidly ﬁxed and the slope and deﬂection at the ﬁxed ends are zero

Advantages of ﬁxed beams
(i) For the same loading, the maximum deﬂection of a ﬁxed beam is less than that of a simply supported beam.
(ii) For the same loading, the ﬁxed beam is subjected to lesser maximum bending moment.
(iii) The slope at both ends of a ﬁxed beam is zero.
(iv) The beam is more stable and stronger.
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(i)

(ii)

(iii)

(iv)

Disadvantages of a ﬁxed beam
Large stresses are set up by temperature changes.
Special care has to be taken in aligning supports accurately at the same level.
Large stresses are set if a little sinking of one support takes place.
Frequent ﬂuctuations in loading render the degree of ﬁxity at the ends very uncertain
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Continuous Beams
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Introduction:
Beams are made continuous over the supports to increase structural integrity.
A continuous beam provides an alternate load path in the case of failure at a section.
In regions with high seismic risk, continuous beams and frames are preferred in buildings and bridges.
A continuous beam is a statically indeterminate structure.
•
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The advantages of a continuous beam as compared to a simply supported beam are as follows

1) For the same span and section, vertical load capacity is more.
2) Mid span deﬂection is less.
3) The depth at a section can be less than a simply supported beam for the same span. Else, for the same depth the span can be more than a simply supported beam.
⇒ The continuous beam is economical in material.
4) There is redundancy in load path.
⇒ Possibility of formation of hinges in case of an extreme event.
5) Requires less number of anchorages of tendons.
6) For bridges, the number of deck joints and bearings are reduced.
[image: ]⇒ Reduced maintenance

There are of course several disadvantages of a continuous beam as compared to a simply supported beam.
1) Diﬃcult analysis and design procedures.
2) Diﬃculties in construction, especially for precast members.
3) Increased frictional loss due to changes of curvature in the tendon proﬁle.
4) Increased shortening of beam, leading to lateral force on the supporting columns.
5) Secondary stresses develop due to time dependent eﬀects like creep and shrinkage, settlement of support and variation of temperature.
6) The concurrence of maximum moment and shear near the supports needs proper detailing of reinforcement.
7) [image: ]Reversal of moments due to seismic force requires proper analysis and design.
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UNIT-IV
SLOPE DEFLECTION METHOD
Continuous beams and rigid frames (with and without sway) – Symmetry and antisymmetry – Simplification for hinged end – Support displacements


Introduction:
· This method was first proposed by Prof. George A. Maney in 1915.
· It is ideally suited to the analysis of continuous beams and rigid jointed frames.
· Basic unknowns like slopes and deflections of joints are found out.
· Moments at the ends of a member is first written down in terms of unknown slopes and deflections of end joints.
· Considering the joint equilibrium conditions, a set of equations are formed and solutions of these simultaneous equations gives unknown slopes and deflections.
· Then end moments of individual members are determined.
· It involves solutions of simultaneous equations; a problem with more than three unknowns is considered a difficult problem for hand calculations. Hence this method was sidelined by moment distribution method with the help of computers; solutions for any number of simultaneous equations can be obtained early.
· The development of this method in the matrix form is “Stiffness Matrix Method” (it is commonly used for the analysis of large structures with the help of computers.
Assumptions made in slope-deflection method
· All joints are rigid.
· The rotations of joints are treated as unknowns.
· Between each pair of the supports the beam section is constant.
· The joint in structure may rotate or deflect as a whole, but the angles between the members meeting at that joint remain the same.
· Distortions due to axial deformations are neglected.
· Shear deformations are neglected.
Sign Conventions:
Moments:
· Clockwise moments	=	(+)ive
· Anti-clockwise moments	=	(-)ive

Rotations:
· Clockwise rotations	=	(+)ive
· Anti-clockwise rotations	=	(-)ive
Settlements:
· Right side support is below left side support	=	(+)ive
· Left side support is below right side support	=	(-)ive
Applications of Slope Deflection Equations:
· Rigid jointed structures can be analyzed.
· Continuous Beams
· Frames without side sway (Non-Sway)
· Frames with side sway (Sway)
[image: ]The beam shown in Fig. is to be analyzed by slope-deflection method. What are the unknowns and, to determine them, what are the conditions used?
Unknowns: ƟA, ƟB, ƟC
Equilibrium equations used: (i) MAB = 0	(ii) MBA + MBC = 0	(iii) MCB = 0
[image: ][image: ]Write down the slope deflection equation for a fixed end support.






[image: ][image: ]Write down the equilibrium equations for the frame shown in Fig.
Limitations of slope deflection method
· It is not easy to account for varying member sections
· It becomes very cumbersome when the unknown displacements are large in number.

Why slope-deflection method is called a ‘displacement method’?
· In slope-deflection method, displacements (like slopes and displacements) are treated as unknowns and hence the method is a „displacement method‟.
Degrees of freedom
· In a structure, the numbers of independent joint displacements that the structure can undergoes are known as degrees of freedom.
Write the fixed end moments for a beam carrying a central clockwise moment.
[image: ][image: ]
Problems:
1. [image: ]Analyse the continuous beam given in figure by slope deflection method and draw the B.M.D&S.F.D.

Step 1: Fixed end moments
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Step 2: Slope deflection equation
MAB	=	MFAB+2EI/L (2θA+θB)
MAB	=	-13.33+EIθA + 0.5EIθB	1

 (
BA
)MBA	=	MF

+2EI/L (2θ +θ )

 (
B
) (
A
)MBA	=	13.33+0.5EIθA + EI θB	2
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B
C
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M
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θ
B
--------3
M
CB
=
2.88+0.4EI
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B
--------4
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θ
A
 
+ 0.5EI
 
θ
B
=
13.33
--------5
M
BA
 
+
 
M
BC
=
0
)Apply equilibrium conditions MAB	=	0
13.33 + 0.5EI θA +EI θB - 4.32 + 0.8EI θB	=	0
0.5EI θA +1.8EI θB	=	-9.01	6
Solve eqn 5 & 6, we get


	EIθA
	=
	18.39

	EIθB
	=
	-10.11


[image: ]This values sub in eqn 1 to 4

	MAB
MBA
	=
=
	0 KNM
12.67 KNM

	MBC
	=
	-12.67 KNM

	MCB
	=
	-1.16 KNM


Step 3: Find the Reactions Span AB
	RA
	=
	16.83 KN

	RB1
	=
	23.17 KN

	RB2
	=
	6.312 KN

	RC
	=
	-0.312 KN






2.  (
𝑤
)Analyze the frame given in figure by slope deflection method and draw the B.M.D & S.F.D.











Step 1: fixed end moments
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5
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)MFAB MFBA MFBC MFCB MFCD MFDC
Step 2: Slope deflection equation MAB=MFAB+2EI/L(2θA+θB) MAB=-5 +0.5EIθB	1

 (
BA
)MBA	=	MF

+2EI/L (2θ +θ )

 (
B
) (
A
)MBA	=	5+EIθB	2
 (
BC
B
C
)MBC	=	MF	+2EI/L (2θ +θ )
MBC	=	-3.33+2EIθB + EIθC	3
 (
CB
C
B
)MCB	=	MF	+2EI/L (2θ +θ )
MCB	=	3.33+2EIθC +EIθB	4
 (
CD
C
D
)MCD	=	MF	+2EI/L (2θ +θ )
MCD	=	-5+EIθC	5
 (
DC
D
C
)MDC	=	MF	+2EI/L (2θ +θ )
MDC	=	5+0.5EIθC	6
Apply equilibrium conditions MBA+MBC	=	0
	5+EIθB-3.33+2EIθB +EIθC
MCB+MCD	=	0
	=
	0
	----------7

	3.33+2EIθC +EIθB-5+EIθC
	=
	0
	---------8


[image: ]Solve eqn 7 & 8 we get

	EIθB
	=
	-0.835

	EIθC
	=
	0.835


Sub this values eqn 1 to 6

	MAB
	=
	-5.42 KNM

	MBA
	=
	4.17 KNM

	MBC
	=
	-4.17 KNM

	MCB
	=
	4.17 KNM

	MCD
	=
	-4.17 KNM

	MDC
	=
	5.42 KNM


Step 3: find reactions Span AB:
	RA
	=
	5.31 KN

	RB1
	=
	4.69 KN


Span BC:

	RB2
	=
	10 KN

	RC1
	=
	10 KN



Span CD:

	RC2
	=
	4.69 KN

	RD
	=
	5.31 KN



3. [image: ]Draw the SFD&BMD for th continuous beam shown in fig. Take E=2×105 N/mm2,I=3×106 mm4 .The support B sinks by 30 mm. Using slope deflection method.
Step 1: fixed end moments
 (
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2
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=
-
 
10×4
2
/12
=
-13.33 KNM
=
WL
2
/12
=
10×4
2
/12
=
-13.33 KNM
=
-
 
Wab
2
/L
2
=
-50×2×3
2
/5
2
=
-36
 
KNM
=
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2
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2
=
50×2
2
×3/5
2
=
24
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Step 2: Slope deflection equation
MAB	=	MFAB + 2EI/L (2θA+θB) – 6EI∆/l2
MAB	=	EIθB - 20	1
MBA	=	MFBA + 2EI/L (2θB+θA) – 6EI∆/l2
MBA	=	EIθB + 6.58	2
MBC	=	MFBC + 2EI/L (2θB+θC) + 6EI∆/l2
MBC	=	0.8EIθB -31.68	3
MCB	=	MFCB + 2EI/L (2θC+θB) + 6EI∆/l2
MCB	=	28.32 + 0.4EIθB	4
Applying equilibrium conditions
MBA + MBC	=	0
EIθB + 6.58 + 0.8EIθB - 31.68 =	0
EIθB	=	13.94
This values sub in eqn 1 to 4

	MAB
MBA
	=
=
	-13.03 KNM
20.52 KNM

	MBC
	=
	-20.52 KNM

	MCB
	=
	33.89KNM



[image: ]Step 3: Find the reactions
Span AB

	RA
	=
	18.13 KN

	RB1
	=
	21.87 KN


Span BC

	RB2
	=
	27.33 KN

	RC
	=
	22.67 KN
















4) [image: ]Analyze continuous beam ABCD by slope deflection method and then draw bending moment and SF diagram. Take EI constant.








Solution: FEM


FAB 


Wab2
L2


  100 4  22 
62



- 44.44



KN M

FBA  

Wa 2b L2
wL2

  100 42  2 
62
20  52

 88.88

KNM

FBC  
FCB  

12
wL2
12

 	
12
  20  52   
12

- 41.67

 41.67

KNM

KNM

FCD  201.5 

- 30

KN M

Slope deflection equations:



M	F	 2EI 2    44.44  1 EI


- - - - - - - --  1

AB	AB	L	A	B	3	B

M	F	 2EI 2    88.89  2 EI


- - - - - - - --  2

BA	BA	L	B	A	3	B

M	F	 2EI 2    41.67  4 EI  2 EI


- - - - - - - -  3

BC	BC	L	B	C	5	B	5	C

M	F	 2EI 2    41.67  4 EI  2 EI


- - - - - - - -  4

CB	CB	L	C	B	5	C	5	B
MCD  30 KNM


Now, M	M

 88.89  2 EI 41.67  4 EI  2 EI


BA	BC
:
3 
B	5	B	5	C

 47.22  22 EI  2 EI  0
	

- - - - - - - -  5

15	B	5	C


And, M	M

 41.67  4 EI  2 EI



30

CB	CD

5	C	5	B

 11.67  2 EI  4 EI


       6

5	B	5	C


EIB  32.67 EIC  1.75

Rotation@ Rotation @

B anticlockwise B clockwise

MAB

MBA

 44.44  1  32.67  61.00
2
 88.89  2  32.67  67.11
3

KNM

KNM

M	 41.67  4  32.67   2 1.75  67.11
	

KNM

BC	5	5

M	 41.67  4 1.75 2  32.67  30.00
	

KNM

CB

MCD  30

5	5
KNM


[image: ]

Reactions: Consider free body diagram of beam AB, BC and CD as shown
[image: ]

[image: ][image: ]



Span AB


RB 6  100 4  67.11 61

RB  67.69 KN
RA  100 RB  32.31 KN


Span BC


R 5  20  5  5  30  67.11
C	2

RC  42.58   KN
RB  20  5 RB  57.42   KN


Maximum Bending Moments:
 (

)Max  133.33  61  67.11 61 4  68.26 KN	
M
	6	
SpanBC: where SF=0, consider SF equation with C as reference

SX  42.58  20x  0

x  42.58  2.13
20


m

2.132


Mmax  42.58 2.13  20 	2

 30  15.26

KN M


5) [image: ]Analyse the portal frame shown in figure and also drawn bending moment and shear force diagram

Solution: FEM
W ab2	W cd2
FBC 	1		2	
L2	L2
 80  2  42  80  4  22 


62
Wa 2b

62
W c2d

- 106.67

KNM

FCB  	L2

	2	 106.67
L2

KNM


Slope deflection equations:



M	F	 2EI 2    0  2EI 0    1 EI


- - - - - - - -  1

AB	AB	L	A	B	4	B	2	B

M	F

 2EI 2    0  2EI 2 0  EI


- - - - - --  2

BA	BA	L	B	A	4	B	B
M	F	 2EI 2  

BC	BC	L	B	C

 106.67  2E2I (2 


)  106.67  4 EI  2 EI


- - - - - -  3

6	B	C
M	F	 2EI 2  


3	B	3	C

CB	CB	L	C	B

 106.67  2E2I (2  )  106.67  4 EI

· 
2 EI


- - - - - -  4

6	C	B
M	F	 2EI 2  


3	C	3	B

CD	CD	L	C	D

 0  2EI (2 0)  EI


- - - - - --  5

4	C	C

M	F	 2EI 2  

DC	DC	L	D	C

 0  2EI (0  )  1 EI


- - - - - --  6

4	C	2	C


Now M	M

 106.67  7 EI  2 EI  0
	

- - - - - --  (7)

BA	BC

3	B	3	C



 746.69  49 EI



 14 EI



 0


 213.34 

3
4 EI



B	3	C
 14 EI  0




 subtracts


3	B	3	C	

- 960.03  45 EI  0


3	B
EI   960.03  3   64



Clockwise

B	45
Using equation (7)

EI

  3  106.67  7 EI 



C	2 	3	B 

 - 3  106.67  7 	   64

	


Anticlo ckwise

 (

) (

)2 	3	64
 Final moments are



MAB

  64  32
2


KNM

MBA  64

KNM

M	 106.67  4 64  2  64   64
	

KNM

BC	3	3

M	 106.67  4 ( 64)  2 64   64
	

KNM

CB

MCD   64

3	3
KNM

MDC  

1 64  -32
2

KNM

[image: ]
Consider free body diagrams of beam and columns as shown



By symmetrical we can write

RA  RB  60
RD  RC  80

 MB  0

KNM KNM

HA  4  64  32
 HA  24 KN



Apply


 MC  0
HA  4  64  32

 HD  24 KN

6 )Analyse the portal frame and then draw the bending moment diagram
[image: ]


Solution:

Assume sway to right.
Here A  0,D  0,B  0,D  0


FEMS:


FBC 

FCB  


Wab2


L2
Wa 2b L2


  80  5  32
82
  80  52  3
82


 56.25

 93.75



KNM KNM

Slope deflection equations



M	F

 2EI  2



  3 


AB	AB

L 	A	B	L 

 (

) (

) 0  2EI 0   3   1 EI  3 EI



- - - - - - - -  1

 (

) (

)4 	B	4 	2	B	8

M	F

 2EI  2 



 3 


BA	BA

L 	B	A	L 

 (

) (

) 0  2EI  2 0  3   EI  3 EI



- - - - - - - -  2

 (

) (

)4 	B	4 	B	8

M	F	 2EI 2  

BC	BC	L	B	C

 56.25  2EI 2 


  56.25  1 EI  1 EI


- - - - - - - --  3

8	B	C
M	F	 2EI 2  


2	B	4	C

CB	CB	L	C	B

 93.75  2EI 2    93.75  1 EI  1 EI


- - - - - - - --  4

8	C	B	2	C	4	B


M	F

 2EI  2



  3 


CD	CD

L 	C	D	L 

 (

) (

) 0  2EI  2 0  3   EI  3 EI



- - - - - - - --  5

 (

) (

)4 	C	4 	C	8

M	F

 2EI  2 



 3 


DC	DC

L 	D	C	L 

 (

) (

) 0  2EI 0   3   1 EI  3 EI



- - - - - - - --  6

 (

) (

)4 	C	4 	2	C	8

MBA MBC  0 MCB MCD  0
HA HD  PH  0
· 
  Jo int conditions

- - -  Shear condition

i. e,

MAB MBA  MCD MDC    0

4	4
	MAB MBA MCD MDC  0
Now, M	M	 EI  3 EI  56.25  1 EI  1 EI  0
		
BA	BC	B	8	2	B	4	C

 56.25  3 EI  1 EI  3 EI  0
		

       7

2	B	4	C	8

And, M	M

 93.75  1 EI  1 EI EI  3 EI  0
		

CB	CD

2	C	4	B	C	8

 93.75  1 EI  3 EI  3 EI  0
		

       8

4	B	2	C	8

And, M	M	M

M	 1 EI  3 EI  EI  3 EI  EI  3 EI


AB	BA	CD

DC	2	B	8	B	8	C	8


 3 EI



· 3 EI

· 
1 EI
2	C
 3 EI  0

· 
3 EI 8`
       9

2	B	2	C	2

From (9)

EI  EIB EIC

Substitute in

(7) &

(8)



Eqn(7)


 56.25  3 EI  1 EI  3 EI EI



  0

2	B	4	C	8	B	C

 56.25  9 EI  1 EI  0
	

  - - - - - --  10


Eqn(8)

8	B	8	C

 93.75  1 EI


 3 EI  3 EI EI


  0

4	B	2	C	8	B	C
 93.75  1 EI  9 EI  0
	


- - - - - - - - - -  11

8	B	8	C

Solving equations (10) & (11) we get EIB  41.25


By Equation (10)
EI


 8  56.25  9 EI 



C		8	B 
 (

) 8  56.25  9	  78.75

	8 41.25


Hence

EI  EIB EIC  41.25  78.75  37.5



EIB  41.25,

EIC  78.75,

EI  37.5

M	 1 41.25  3  37.5  34.69 KNM
	
AB	2	8

MBA
M

 41.25  3  37.5  55.31KNM 8
 56.25  1 41.25  1  78.75  55.31KNM
	

BC	2	4
M	 93.75  1  78.75  1 41.75  64.69 KNM
	
CB	2	4

MCD

 78.75  3  37.5  64.69 KNM
8

M	 1  78.75  3  37.5  25.31KNM
	
DC	2	8

[image: ]

Reactions


SpanBC:
RB

 55.31 64.69  80  3  28.83 KN
8

 RC  80  RB  51.17

Column CD:
H  64.69  25.31  22.5
D	4




[image: ]

7) Frame ABCD is subjected to a horizontal force of 20 KN at joint C as shown in figure. Analyse and draw bending moment diagram.
[image: ]
Solution:

Frame is Symmetrical and unsymmetrical loaded hence there is a sway. Assume sway towards right
FEM
FAB  FBA  FBC  FCB  FCD  FDC  0

Slope deflection equations are

M	F

 2EI  2



  3 


AB	AB

L 	A	B	L 

 (

) (

) (

) (

) 2EI   3 

3  B	3 

 2 EI  2 EI


- - - - - - - --  1

3	B	3

M	F

 2EI  2 



 3 


BA	BA

L 	B	A	L 

 (

) (

) (

) (

) 2EI  2  3 

3 	B	3 

 4 EI  2 EI


       2

3	B	3

M	 F	 2EI 2  

BC	BC	L	B	C
 2EI 2  

4	B	C

 EIB 0.5 EIC

- - - - - - - -  3

MCB

FCB

 2EI 2
L	C

B 

 2EI 2
4	C

B 

 EIC 0.5 EIB

- - - - - - - -  4

M	F

 2EI  2



  3 


CD	CD
L 
	C	D	L 

 (

) (

) 2EI 2  3

3 	C

3 

 4 EI
3	C
· 
2 EI
3

       5

M	F

 2EI 2 



 3



DC	DC

L 	D

C	L 

 2 EI   3

3	 c

3 




I.
I I.

 2 EI
3	C

MBA MBC  0 MCB MCD  0
· 
2 EI
3

- - - - - - - --  6

III.

i. e,

HA HD 20  0
MAB MBA  MCD MDC  20  0

3	3
MAB MBA MCD MDC 60  0
Now M	M	 4 EI  2 EI  EI 0.5EI

BA	BC	3	B	3	B	C

 7 EI 0.5EI  2 EI  0
	

       7

3	B	C	3

and M	M	 EI

0.5EI  4 EI  2 EI


CB	CD	C

B	3	C	3

 0.5EI  7 EI  2 EI  0
	

       8

B	3	C	3


and M

M	M

M	60  2 EI


 2 EI  4 EI


 2 EI  4 EI


AB	BA	CD	DC

3	B	3

3	B	3	3	C

 2 EI  2 EI  2 EI  60
		
3	3	C	3




EIB  8.18, EIC  8.18, EI  34.77

 2EIB

2EIC

 8 EI  60  0        9
3


M	 2  8.18 2  34.77  17.73 KNM
	
AB	3	3
M	 4  8.18 2  34.77  12.27 KNM
	
BA	3	3

MBC  0  8.18  0.5  8.18  12.27 MCB  0.5  8.18 8.18  12.27

KNM KNM

M	 4  8.18 2  34.77  12.27 KNM
	
CD	3	3
M	 2  8.18 2  34.77  17.73 KNM
	
DC	3	3

[image: ]


Reactions: Consider the free body diagram of the members

[image: ]

Member AB:
H  17.73  12.27  10 KN
A	3
MemberBC:
R  12.27  12.27  6.135 KN
C	4

RB  RC  6.135 KN
Member CD:

- ve

sign indicates direction of

RB   downwards

H  17.73 12.27  10 KN
D	3

- ve

sign indicates the direction of

HD is left to right


[image: ]

UNIT-V
MOMENT DISTRIBUTION METHOD

Distribution and carryover of moments – Stiffness and carry over factors – Analysis of continuous beams – Plane rigid frames with and without sway – Neylor‟s simplification.
Hardy Cross (1885-1959)
· [image: ]Moment Distribution is an iterative method of solving an
indeterminate Structure.
· Moment distribution method was first introduced by Hardy Cross in 1932.
· Moment distribution is suitable for analysis of all types of indeterminate beams and rigid frames.
· It is also called a ‘relaxation method’ and it consists of successive approximations using a series of cycles, each converging towards final result.
· It is comparatively easier than slope deflection method. It involves solving number of simultaneous equations with several unknowns, but in this method does not involve any simultaneous equations.
· It is very easily remembered and extremely useful for checking computer output of
highly indeterminate structures.
· It is widely used in the analysis of all types of indeterminate beams and rigid frames.
· The moment-distribution method was very popular among engineers.
· It is very simple and is being used even today for preliminary analysis of small structures.
· The primary concept used in this methods are,
· Fixed End Moments
· Relative or Beam Stiffness or Stiffness factor
· Distribution factor
· Carry over moment or Carry over factor

Basic Concepts
· In moment-distribution method, counterclockwise beam end moments are taken as positive.
· The counterclockwise beam end moments produce clockwise moments on the joint.
· Note the sign convention:
[image: ]Anti-clockwise is positive	[image: ] Clockwise is negative

Assumptions in moment distribution method
· All the members of the structures are assumed to be fixed and fixed end moments due to external loads are obtained.
· All the hinged joints are released by applying an equal and opposite moment.
· The joints are allowed to deflect (rotate) one after the other by releasing them successively.
· The unbalanced moment at the joint is shared by the members connected at the joint when it is released.
· [image: ]The unbalanced moment at a joint is distributed in to the two spans with their distribution factor.

· Hardy cross method makes use of the ability of various structural members at a joint to sustain moments in proportional to their relative stiffness.
Fixed End Moments
· All members of a given frame are initially assumed fixed at both ends.
· The loads acting on these fixed beams produce fixed end moments at the ends.
· FEM are the moments exerted by the supports on the beam ends.
· [image: ]These (non-existent) moments keep the rotations at the ends of each member zero.

[image: ]
Relative or Beam Stiffness or Stiffness factor
· When a structural member of uniform section is subjected to a moment at one end, then the moment required so as to rotate that end to produce unit slope is called the stiffness of the member.
· Stiffness is the member of force required to produce unit deflection.
· It is also the moment required to produce unit rotation at a specified joint in a beam or a structure. It can be extended to denote the torque needed to produce unit twist.
· It is the moment required to rotate the end while acting on it through a unit rotation, without translation of the far end being
· Beam is hinged or simply supported at both ends k	=	3 EI / L
· Beam is hinged or simply supported at one end and fixed at other end k	=	4 EI / L
· Stiffness of members in continuous beams and rigid frames
· Stiffness of all intermediate members	k = 4 EI / L
· Stiffness of edge members,
· If edge support is fixed	k = 4 EI / L
· If edge support is hinged or roller	k = 3 EI / L

	· Where,
	E
	=
	Young‟s modulus of the beam material

	
	I
	=
	Moment of inertia of the beam

	
	L
	=
	Beam‟s span length



Distribution factor
· When several members meet at a joint and a moment is applied at the joint to produce rotation without translation of the members, the moment is distributed among all the members meeting at that joint proportionate to their stiffness.
· Distribution factor = Relative stiffness / Sum of relative stiffness at the joint
· If there is 3 members,
Distribution factors = k1 / (k1+k2+k3), k2/ (k1+k2+k3), k3/ (k1+k2+k3)
Carry over moment
· Carry over moment: It is defined as the moment induced at the fixed end of the beam by the action of a moment applied at the other end, which is hinged.
· Carry over moment is the same nature of the applied moment.
Carry over factor (C.O):
· A moment applied at the hinged end B “carries over” to the fixed end „ A‟,
a moment equal to half the amount of applied moment and of the same rotational sense. C.O =0.5
Problem:
1. Find the distribution factor for the given beam.


A	L	B	L	C	L	D


	Joint
	Member
	Relative stiffness
	Sum of Relative stiffness
	Distribution factor

	A
	AB
	4EI / L
	4EI / L
	(4EI / L) / (4EI / L) = 1

	B
	BA
BC
	3EI /L
4EI / L
	3EI /L +  4EI / L = 7EI / L
	(3EI / L) / (7EI / L )= 3/7
(4EI / L) / (7EI / L) = 4/7

	C
	CB
CD
	4EI / L
4EI / L
	4EI / L +  4EI / L =8EI / L
	(4EI / L) / (8EI / L) =4/8
(4EI / L) / (8EI / L)= 4/8

	D
	DC
	4EI / L
	4EI / L
	(4EI / L)/ (4EI / L) = 1



2.  (
(3I)
(I)
A
L
B
L
)Find the distribution factor for the given beam.

[image: ]	 C

	Joint
	Member
	Relative stiffness
	Sum of Relative stiffness
	Distribution factor

	A
	AB
	4E (3I ) / L
	12EI / L
	(12EI / L) / (12EI / L) = 1

	B
	BA
BC
	4E( 3I) /L
4EI / L
	12EI /L + 4EI / L = 16EI / L
	(12EI / L) / (16EI / L )= 3/4
(4EI / L) / (16EI / L) = 1/4

	C
	CB
	4EI / L
	4EI / L
	(4EI / L) / (4EI / L) =1



3.  (
A
B
C
D
L
)Find the distribution factor for the given beam.

	Joint
	Member
	Relative stiffness
	Sum of Relative
	Distribution factor

	
B
	BA BC
	0 (no support)
3EI / L
	
3EI / L
	0
(3EI / L ) / ( 3EI / L) =1

	C
	CB
CD
	3EI / L
4EI / L
	3EI /L + 4EI / L
= 7EI / L
	(3EI / L) / (7EI / L )= 3 / 7
(4EI / L) / (7EI / L) = 4 / 7

	D
	DC
	4EI / L
	4EI / L
	(4EI / L) / (4EI / L) =1



Flexural Rigidity of Beams:
· The product of young‟s modulus (E) and moment of inertia (I) is called Flexural Rigidity (EI) of Beams. The unit is N.mm2.
Constant strength beam:
· If the flexural Rigidity (EI) is constant over the uniform section, it is called Constant strength beam.
Sway:
· Sway is the lateral movement of joints in a portal frame due to the unsymmetrical dimensions, loads, moments of inertia, end conditions, etc.
What are the situations where in sway will occur in portal frames?
· Eccentric or unsymmetrical loading
· Unsymmetrical geometry
· Different end conditions of the columns
· Non-uniform section of the members
· Unsymmetrical settlement of supports
· A combination of the above
What are symmetric and antisymmetric quantities in structural behaviour?
· When a symmetrical structure is loaded with symmetrical loading, the bending moment and deflected shape will be symmetrical about the same axis.
· Bending moment and deflection are symmetrical quantities
Steps involved in Moment Distribution Method:
1. Calculate fixed end moments due to applied loads following the same sign convention and procedure, which was adopted in the slope-deflection method.
2. Calculate relative stiffness.
3. Determine the distribution factors for various members framing into a particular joint.

4. Distribute the net fixed end moments at the joints to various members by multiplying the net moment by their respective distribution factors in the first cycle.
5. In the second and subsequent cycles, carry-over moments from the far ends of the same member (carry-over moment will be half of the distributed moment).
6. Consider this carry-over moment as a fixed end moment and determine the balancing moment. This procedure is repeated from second cycle onwards till convergence
Advantages of Fixed Ends or Fixed Supports
1. Slope at the ends is zero.
2. Fixed beams are stiffer, stronger and more stable than SSB.
3. In case of fixed beams, fixed end moments will reduce the BM in each section.
4. The maximum defection is reduced.
Problem:
1. [image: ]Analyse the frame given in figure by moment distribution method and draw the B.M.D & S.F.D


Step: 1 - Fixed end moment
 (
=
-WL
2
/12
=
-
 
10×4
2
/12
=
-13.33 KNM
=
WL
2
/12
=
10×4
2
/12
=
-13.33 KNM
=
-
 
Wab
2
/L
2
=
-50×2×3
2
/5
2
=
-36
 
KNM
=
Wa
2
b/L
2
=
50×2
2
×3/5
2
=
24
 
KNM
)MFAB
 (
M
)F
BA
 (
M
)F
BC
 (
M
)F
CB
Step: 2 - Stiffness

	KAB
	=
	KBA
	=
	4EI/L
	=
	EI

	KBC
	=
	KCB
	=
	3EI/L
	=
	0.6EI


Step: 3 - Distribution factor Joint B
DF	=	K	/(K	+K	)	=	0.63
BA	BA	BA	BC
DF	=	K	/(K	+K	)	=	0.37
BC	BC	BA	BC
Step: 4 - Moment distribution

	MEMBER
	AB
	B
	CB

	
	
	BA
	BC
	

	DF
	0
	0.67
	0.33
	0

	FEM
	-13.33
	+13.33
	-36
	+24

	BALANCING
	0
	0
	0
	-24

	CF
	0
	0
	-12
	0

	M
	-13.33
	+13.33
	-48
	0

	BALANCING
	0
	21.84
	12.83
	0

	CF
	10.92
	0
	0
	0

	M-FINAL
	-2.4
	35.17
	-35.17
	0




[image: ]Step: 5 - Reactions Span AB:
	RA
	=
	11.81 KN

	RB1
	=
	28.19 KN


Span BC:

	RB2
	=
	37.03 KN

	RC
	=
	12.97 KN











2. [image: ]Analyse the frame given in figure by moment distribution method and draw the B.M.D&S.F.D






Step: 1 - Fixed end moment
 (
=
=
=
-WL
2
/12
 
WL
2
/12
- WL/8
=
=
=
- 10×4
2
/12
 
10×4
2
/12
-25×4/8
=
=
=
-13.33
 
KNM
-13.33
 
KNM
-12.5 KNM
=
WL/8
=
25×4/8
=
12.5 KNM
=
0
=
0
)MFAB
 (
M
)F
BA
 (
M
)F
BC
 (
M
)F
CB
 (
M
)F
BD
 (
M
)F
DB

Step: 2 - Stiffness

	KAB
	=
	KBA
	=
	4EI/L
	=
	EI

	KBC
	=
	KCB
	=
	3EI/L
	=
	0.75EI

	KBD
	=
	KDB
	=
	4EI/L
	=
	EI


Step: 3 - Distribution factor Joint B

DF	=	K	/ (K	+K	+K

)	=	0.36

BA	BA	BA	BC	BD

DF	=	K	/ (K

+K	+K

)	=	0.28

BC	BC	BA	BC	BD

DF	=	K	/ (K	+K	+K


)	=	0.36

BD	BD	BA	BC	BD

Step: 4 - Moment distribution

	MEMBER
	AB
	B
	DB
	CB

	
	
	BA
	BC
	BD
	
	

	DF
	0
	0.36
	0.28
	0.36
	0
	

	FEM
	-13.33
	+13.33
	-12.5
	0
	0
	+12.5

	CF
	0
	0
	-6.25
	0
	0
	-12.5

	M(initial)
	-13.33
	+13.33
	-18.75
	0
	0
	0

	BALANCING
	0
	+1.95
	1.52
	1.95
	0
	0

	MF
	0.98
	0
	0
	0
	0.98
	0

	M-FINAL
	-12.35
	15.28
	-17.23
	1.95
	0.98
	0



[image: ]Step: 5 - Find reactions: Span AB:
	RA
	=
	19.27 KN

	RB1
Span BC:
	=
	20.73 KN

	RB2
	=
	16.32 KN

	RC
	=
	8.68 KN

	Span BD:
	
	

	RB3
	=
	-0.73 KN

	RD
	=
	0.73 KN



3. The continuous beam ABCD, subjected to the given loads, as shown in Figure below. Assume that only rotation of joints occurs at B, C and D, and that no support displacements occur at B, C and D. Due to the applied loads in spans AB, BC and CD, rotations occur at B, C and D using moment distribution method.
150KN
[image: ]



Step: 1 - Fixed end moments
wl 2
M AB  M BA   12  


(15)(8)2
12



 80 kN.m

M	 M

  wl   (150)(6)  112.5 kN.m
	

BC	CB

8	8
wl 2	(10)(8)2

MCD  M DC   12  	12

 53.333 kN.m

Step: 2 - Stiffness Factors (Unmodified Stiffness)


K AB

KBC


 KBA

 KCB

 4EI
L
 4EI
L

 (4)(EI )  0.5EI 8
 (4)(EI )  0.667EI 6

K	  4EI   4 EI

	

 0.5EI

CD	 8 	8


KDC

 4EI
8


 0.5EI

Step: 3 - Distribution Factors


DFAB


KBA

KBA
· K




wall

	0.5EI
0.5   (wall stiffness )

 0.0

DFBA

DF

	KBA
KBA  KBC
 (
K
)	KBC

		0.5EI 0.5EI  0.667EI
	0.667EI

 0.4284

 0.5716

BC
BA
· 
KBC


0.5EI  0.667EI

DFCB

DF

	KCB
KCB  KCD
 (
K
)	KCD

		0.667EI 0.667EI  0.500EI
	0.500EI

 0.5716

 0.4284

CD
CB
· 
KCD


0.667EI  0.500EI

DFDC

 KDC
K

 1.00

DC

Step: 4 - Moment Distribution

	Joint
	A
	B
	C
	D

	Member
	AB
	BA
	BC
	CB
	CD
	DC

	DF
	0
	0.4284
	0.5716
	0.64
	0.36
	1

	FEM
	-80
	80
	-112.50
	112.50
	-53.33
	53.33

	
	
	
	
	
	
	

	Ist Distribution
	
	13.923
	18.577
	-37.87
	-21.3
	-53.33

	Carry over Moment
	6.962
	
	-18.93
	9.289
	-26.67
	-10.65

	
	
	
	
	
	
	

	2nd Distribution
	
	8.111
	10.823
	11.122
	6.256
	10.65

	Carry over Moment
	4.056
	
	5.561
	5.412
	5.325
	3.128

	
	
	
	
	
	
	

	3rd Distribution
	
	-2.382
	-3.179
	-6.872
	-3.865
	-3.128

	Carry over Moment
	-1.191
	
	-3.436
	-1.59
	-1.564
	-1.933

	
	
	
	
	
	
	

	4th Distribution
	
	1.472
	1.964
	2.019
	1.135
	1.933

	Carry over Moment
	0.736
	
	1.01
	0.982
	0.967
	0.568

	
	
	
	
	
	
	

	5th Distribution
	
	-0.433
	-0.577
	-1.247
	-0.702
	-0.568

	Carry over Moment
	
	
	
	
	
	

	M-FINAL
	-69.44
	100.69
	-100.7
	-93.748
	93.75
	0



Step: 5 - Computation of Shear Forces
[image: ]

[image: ]

[image: ]5. Analyse the beam as shown in figure by moment distribution method and draw the BMD. Assume EI is constant

Step: 1 - Fixed end moments
 (
BA
)MFAB =	0 MF	=	0
 (
BC
) (
CB
) (
CD
) (
DC
)MF	=	-WL2/12	=	- 20×122/12	=	-240 KNM MF	=	WL2/12	=	- 20×122/12	=	240 KNM MF	=	- WL/8	=	-250×8/8	=	-250 KNM MF	=	WL/8	=	250×8/8	=	250 KNM
Step:2 - Distribution factor

	Joint
	Member
	Relative Stiffness (K)
	ΣK
	D.F = (K / ΣK)

	B
	BA
	I / L = (I /12)
	I / 6
	0.50

	
	BC
	I / L = (I /12)
	
	0.50

	C
	CB
	I / L = (I /12)
	5I / 24
	0.40

	
	CD
	I / L = (I /8)
	
	0.60



[image: ]Step:3 – Moment Distribution




5. [image: ]Analyze the continuous beam as shown in fig by moment distribution method and draw BMD & SFD





Step: 1 - Fixed end moments
[image: ]

Step:2 - Distribution factor
[image: ]

Step: 3 - Moment Distribution
[image: ]
Step: 4 – BMD & SFD
[image: ][image: ]


[image: ]

6. [image: ]Analyze the continues beam as shown in figure by moment distribution method and draw the
B.M. diagrams




Support B sinks by 10mm, and take E = 2 x 105 N/mm², I = 1.2 x 10-4 m4
Step: 1 - Fixed end moments
[image: ][image: ][image: ][image: ]



Step:2 - Distribution factor
[image: ]

Step: 3 - Moment Distribution



[image: ]Step: 4 – BMD

[image: ]6. Analysis the frame shown in figure by moment distribution method and draw BMD. Assume EI is constant













Step: 1 - Fixed end moments
[image: ]


Step:2 - Distribution factor
[image: ]

Step: 3 - Moment Distribution
[image: ]
Step: 4 – BMD
[image: ]

8. [image: ]Analyze the frame shown in figure by moment distribution method and draw BMD and SFD














[image: ]Step: 1 - Fixed end moments
Step:2 - Distribution factor
[image: ]
Step: 3 - Moment Distribution
[image: ]

[image: ]

[image: ]
[image: ][image: ]



Moment distribution method for frames with side sway:
· Frames that are non symmetrical with reference to material property or geometry (different lengths and I values of column) or support condition or subjected to nonsymmetrical loading have a tendency to side sway.











9. Analyze the frame shown in figure by moment distribution method. Assume EI is constant.
[image: ]
Non Sway Analysis:
· First consider the frame held from side sway as shown in figure.
Step: 1 - Fixed end moments
[image: ]
Step:2 - Distribution factor
[image: ]

Step: 3 - Moment Distribution
[image: ]

[image: ]FBD of columns:

By seeing of the FBD of columns
R = 1.73 – 0.82
(Using ΣFx = 0 for entire frame) = 0.91 KN (←) Now apply
R = 0.91 kN acting opposite as shown in figure
for the sway analysis.




ii) Sway analysis:
· For this we will assume a force R is applied at C causing the frame to deflect ‟ as shown
[image: ]in figure

[image: ]

Moment distribution table for sway analysis:


[image: ]FBD of columns:
[image: ]

· Hence R‟ = 56KN creates the sway moments shown in above moment distribution table. Corresponding moments caused by R = 0.91KN can be determined by proportion.
· [image: ]Thus final moments are calculated by adding non sway moments and sway moments calculated for R = 0.91KN, as shown below
BMD:
[image: ]

Moment distribution method for frames with side sway:
1. Analysis the rigid frame shown in figure by moment distribution method and draw BMD
[image: ]
i) Non Sway Analysis:
First consider the frame held from side sway as shown in figure 2
FEM calculation:
[image: ]

Distribution Factor:
[image: ]

Moment distribution for non sway analysis:
[image: ]
FBD of columns:
· [image: ]FBD of columns AB & CD for non-sway analysis is shown in figure

[image: ]
· Now apply R = 5.34KN acting opposite as shown in figure for sway analysis

ii) Sway analysis:
· [image: ]For this we will assume a force R is applied at C causing the frame to deflect  as shown in figure.










[image: ]

[image: ]Moment distribution table for sway analysis:

FBD of columns AB & CD for sway analysis moments is shown in fig.
[image: ][image: ][image: ]



UNIT-III ARCHES
Arches as structural forms – Examples of arch structures – Types of arches – Analysis of three hinged, two hinged and fixed arches, parabolic and circular arches – Settlement and temperature effects.
Introduction:
· Mainly three types of arches are used in practice: three-hinged, two-hinged and hingeless arches.
· In 19th century, three-hinged arches were commonly used for the long span structures.
· Then development in structural analysis, for long span structures starting from late nineteenth century engineers adopted two-hinged and hingeless arches.
· Two-hinged arch is the statically indeterminate structure to degree one.
· Usually, the horizontal reaction is treated as the redundant and is evaluated by the method of least work.
Arch:
· An arch is a curved beam or structure in vertical plane and subjected to transverse loads which act on the convex side of the curve and re-sights the external loads by virtue of thrust.
· It is subjected to three restraining forces i.e.,
· Thrust
· Shear force
· Bending Moment
What is an arch? Explain.
· An arch is defined as a curved girder, having convexity upwards and supported at its ends.
· The supports must effectively arrest displacements in the vertical and horizontal directions.
· Only then there will be arch action.
What is a linear arch?
· [image: ]If an arch is to take loads, say W1, W2, and W3 (fig) and a Vector diagram and funicular polygon are plotted as shown, the funicular polygon is known as the linear arch or theoretical arch.

· The polar distance „ot‟ represents the horizontal thrust.
· The links AC, CD, DE, and EB will be under compression and there will be no bending moment.
· If an arch of this shape ACDEB is provided, there will be no bending moment.
· For a given set of vertical loads W1, W2…..etc., we can have any number of linear arches depending on where we choose „O‟ or how much horizontal thrust (or) we choose to introduce.
State Eddy’s theorem.
· Eddy‟s theorem states that “The bending moment at any section of an arch is proportional to the vertical intercept between the linear arch (or theoretical arch) and the centre line of the actual arch.”
· BMx = Ordinate O2O3 x scale factor
[image: ]
What is the degree of static indeterminacy of a three hinged parabolic arch?
· For a three hinged parabolic arch, the degree of static indeterminancy is zero.
· It is statically determinate.
Explain with the aid of a sketch, the normal thrust and radial shear in an arch rib.
[image: ]
· Let us take a section X of an arch. (fig (a) ).
· Let q be the inclination of the tangent at X.
· If H is the horizontal thrust and V the vertical shear at X, from the free body of the RHS of the arch, it is clear that V and H will have normal and radial components given by,
N	=	H cosƟ + V sinƟ R	=	V cosƟ - H sinƟ

Difference between the basic action of an arch and a suspension cable
· An arch is essentially a compression member which can also take bending moments and shears.
· Bending moments and shears will be absent if the arch is parabolic and the loading uniformly distributed.
· A cable can take only tension. A suspension bridge will therefore have a cable and a stiffening girder.
· The girder will take the bending moment and shears in the bridge and the cable, only tension.
· Because of the thrusts in the cables and arches, the bending moments are considerably reduced.
· If the load on the girder is uniform, the bridge will have only cable tension and no bending moment on the girder.
Distinguish between two hinged and three hinged arches

	Sl. No
	Two hinged arches
	Three hinged arches

	1
	Statically indeterminate to first
degree
	Statically determinate

	2
	Might develop temperature
stresses
	Increase in temperature causes increase in
Central rise. No stresses.

	
3
	
Structurally more efficient
	Easy to analyse.
But in costruction, the central hinge may involve additional expenditure.

	4
	Will develop stresses due to
sinking of supports
	Since this is determinate, no stresses due
to support sinking.


Types of Arches
a). According to the support conditions (structural behaviour arches) or hinges
i. Three hinged arch
· Hinged at the supports and the crown
·  (
Hinged
 
at
 
the
crown
Rise
Springing
Hinged
 
at
 
the
Support
)A 3-hinged arch is a statically determinate structure.







ii. Two hinged arch
· Hinged only at the support
· It is an indeterminate structure of degree of indeterminacy equal to 1



Rise
Rib of the arch

Span


Hinges at the support
iii. Single hinged arch
iv. Fixed arch (or) hingeless arch
· The supports are fixed
· It is a statically indeterminate structure.
· The degree of indeterminancy is 3
b) , According to their shapes
v. Circular or curved or segmental arch
vi. Parabolic arch
vii. Elliptical arch
viii. Polygonal arch
c) , According to their basis of materials
i. Steel arches,
ii. Reinforced concrete arches,
iii. Masonry arches (Brick or Stone) etc.,
d) , According to their space between the loaded area and the rib arches
i. [image: ]Open arch
ii. Closed arch (solid arch).
Three Hinged Arch
· Three hinged arch is statically determinate.
· Third hinge at crown and the other two hinges at each abutments
· [image: ]Mostly used for long span bridges
Analysis of three Hinged Parabolic Arch
· Bending moment at the crown hinge is zero
· Arch have two reaction at support (One horizontal & one vertical)
· Need for four equation to solve and find the unknown reaction.

· We can use three static equilibrium conditions and in addition to that the B.M. at the crown hinge is equal to zero.
 (
Crown
Rise
Springing
Hinged
 
at
 
the
Support
)

For Symmetric Parabolic Arch:
1. Rise:
[image: ]
Where,
yc	=	r	=	Radius (or) Rise of arch L	=	Length of Arch or Span
2. Internal forces (Fx, Fy & Mz)
a. Normal Thrust (Nx)
Nx	=	Vx SinƟ + H CosƟ
b. Radial Shear (Rx)
Rx	=	Vx SinƟ - H CosƟ
c. Slope of arch (Ɵ)
θ	=	tan-1 [(4h/L2) (L – 2x)
d. Resultant (R)
RA	=	√(VA2 + HA2)

	Where,
	

	Fx or Rx
	=
	shear force in the arch

	Fy or Nx
	=
	thrust in the arch

	θ
	=
	Slope of arch axis at P.

	V
	=
	Shear at P

	C
	=
	Thrust at P

	M
	=
	Bending moment at P



1. [image: ]A three hinged parabolic arch of 20 m span and 4 m central rise as shown in figure carries a point load of 40 kN at 4 m horizontally from left support. Compute BM, SF and AF at load point. Also determine maximum positive and negative bending moments in the arch
 (
and
 
plot
 
the
 
bending
 
moment
 
diagram.
)

[image: ]B.M.D

Analysis of two-hinged arch
· A typical two-hinged arch is having four unknown reactions, but there are only three equations of equilibrium available.
· Hence, the degree of statically indeterminacy is one for two-hinged arch.
[image: ][image: ]

Rib-shortening in the case of arches.
· In a two hinged arch, the normal thrust which is a compressive force along the axis of the arch will shorten the rib of the arch.
· This in turn will release part of the horizontal thrust.
· Normally, this effect is not considered in the analysis (in the case of two hinged arches).
· Depending upon the importance of the work we can either take into account or omit the effect of rib shortening.
· This will be done by considering (or omitting) strain energy due to axial compression along with the strain energy due to bending in evaluating H.

[image: ]Strain energy due to bending (Ub)


	Where,
	

	M
	=
	Bending moment

	E
	=
	Young’s modulus of the arch material

	I
	=
	Moment of inertia of the arch cross section

	s
	=
	Length of the centreline of the arch


Strain energy due to axial compression (Ua)


[image: ]Where,
M	=	Bending moment
N	=	Axial compression.
A	=	Cross sectional area of the arch
E	=	Young’s modulus of the arch material
s	=	Length of the centreline of the arch
[image: ]Total strain energy of the arch


Symmetrical two hinged arch
· Consider a symmetrical two-hinged arch as shown in figure.
[image: ]
· Let „C‟ at crown be the origin of co-ordinate axes.
· Now, replace hinge at ‘B’ with a roller support.
· Then we get a simply supported curved beam figure as shown in below.
[image: ]

· Since the curved beam is free to move horizontally, it will do so as shown by dotted lines.
· Let Mo and No be the bending moment and axial force at any cross section of the simply supported curved beam.
· [image: ]Since, in the original arch structure, there is no horizontal displacement, now apply a horizontal force „H’ as shown in figure.








· [image: ]The horizontal force „H’ should be of such magnitude, that the displacement at „B’ must vanish.









	Bending moment at any cross section of the arch
	M
	=
	Mo – H (h-y)

	The axial compressive force at any cross section
	N
	=
	No + H cosƟ


Where,
θ	the angle made by the tangent at D with horizontal
Substituting the value of M and N in the equation
[image: ][image: ]

Temperature effect
· Consider an unloaded two-hinged arch of span L.
· When the arch undergoes a uniform temperature change of T °C, then its span would increase by α L T if it were allowed to expand freely.
· α is the co-efficient of thermal expansion of the arch material.

· [image: ]Since the arch is restrained from the horizontal movement, a horizontal force is induced at the support as the temperature is increased.









Analysis of 3-hinged arches
· It is the process of determining external reactions at the support and internal quantities such as normal thrust, shear and bending moment at any section in the arch.
Procedure to find reactions at the supports
· Sketch the arch with the loads and reactions at the support.

· Apply equilibrium conditions namely

 Fx  0,

Fy   0

and M 0

· Apply the condition that BM about the hinge at the crown is zero (Moment of all the forces either to the left or to the right of the crown).
· Solve for unknown quantities.
1. [image: ]Find the BM,RS,NT catch 4m from left hand side,2m from right hand side of the three hinged parabolic arch shown in fig.






Step1: Find VA, VB, HA, HB
Take M @ B   =	0

	VA×12+HA×0-10×16(6/2+6)-20×4+20×2
VA	=	55 KN
	=
	0

	Take M @ A   =	0
-VB×12+HB×0+20×0+20×8+ (10×62/2)
	
=
	
0

	VB	=	45 KN
	
	


HA (LHS)
VA×6-(HA×4)- (10×62/2)=0
HA	=	37.5 KN

HB (RHS)
-VB×6+HB×4-20×4+20×2	=	0
HB	=	37.5 KN
(i) BM, RS, NT (4m from LHS)

	YD

YD
Bending moment
	=
=
=
	4r/L2(Lx-x2)
4×4/122(12×4-42)
3.56 m

	M@D
	=
	(VA×4)-(HA×3.56)-(10×42/2)

	MD
Normal thrust
	=
	6.5 KNm

	
	NT
	=
	VxSinθ + HCosθ

	
	Vx
	=
	VA-(10×4)

	
	
	=
	55-40

	
	
	=
	15 KN

	
	θ
	=
	4r/L2 (L-2x)

	
	
	=
	25.46

	
	NT
	=
	15×cos 25.46-37.5×sin 25.46

	
	
	=
	40.3 KN

	Radial shear
	
	
	

	
	RS
	=
	Vxcosθ - Hsinθ

	
	
	=
	15×cos 25.46 – 37.5 × sin 25.46

	
	
	=
	2.58 KN

	(ii) BM, RS, NT (2m from RHS)

	YE
	=
	2.22 m

	VX
	=
	25 KN

	Bending moment
	
	

	M@E
	=
	(-VB×2) + HB×2.22

	M@E
	=
	-6.75KNm

	Normal thrust

	NT
	=
	VxSinθ + HCosθ

	Vx
	=
	VB-20

	
	=
	45-20

	
	=
	25 KN

	θ
	=
	4r/L2 (L-2x)	=	50.92



	NT
	=
	25×cos 55.92-37.5×sin 55.92

	
	=
	43KN

	Radial shear
	
	

	RS
	=
=
	Vx cosθ - Hsinθ
25×cos 55.92 – 37.5 × sin 55.92

	
	=
	-13.33 KN




2. [image: ]Three hinged circular arch, a find support reaction, BM, RS, NT at 4m from L.H.S and 5m from R.H.S.

Solution: Find VA, VB, HA, HB

	Take M @ B
	=
	0

	VA×20-50×18-75×16
	=
	0

	VA
	=
	105 KN

	Take M @ A=0
	
	

	VB
	=
	20 KN

	HA(LHS)
	
	

	VA×10-(HA×6)- (50×8) - (75×6)	=	0

	HA
	=
	33.33 KN

	HB (RHS)
	
	

	HB
	=
	33.33 KN

	Find YD
r (2R-r)
	

=
	
L2/4

	L
	=
	20m,	r	=	6m

	6(2R-r)
	=
	202/4

	R
	=
	11.33 m


R2	=	x′2+(R-r+YD)2	x′=6m
11.332	=	62+(11-6+ YD)2
9.61	=	5.33+ YD
YD=4.28 m
θ	=	sin-1(x′/R)
=	sin-1(6/11.33)
=	31.98̊

(i) BM, RS, NT (4m from LHS)
Bending moment

	M@D
	=
	(VA×4)-(50×2)-(HA×YD)

	
	=
	117.35 KNm

	Normal thrust
	
	

	NT
	=
	VxSinθ + HCosθ

	Vx
	=
	VA-(75+50)

	
	=
	20 KN

	NT
	=
	20Sin31.98 + 33.33Cos31.98

	
	=
	17.98 KN

	Radial shear
	
	

	RS
	=
	Vx cosθ – H sinθ

	
	=
	20×cos 31.98 – 33.33× sin31.98

	
	=
	- 34.61 KN

	(ii) BM,RS,NT(6m from RHS)

	x′
	=
	5 m

	θ
	=
	26.18

	Bending moment
	
	

	YE
	=
	4.83

	M@E
	=
	(VB×5)+(HB×YE)

	
	=
	(20×5) + (33.33×4.83)

	
	=
	60.98 KNm

	Normal thrust
	
	

	NT
	=
	Vx Sinθ + H Cosθ

	Vx
	=
	20 KN

	NT
	=
	20 Sin26.18 + 33.33 Cos26.18

	
	=
	38.73 KN

	Radial shear
	
	

	RS
	=
	Vx cosθ – H sinθ

	
	=
	20×cos 26.18 – 33.33× sin26.18

	
	=
	- 3 KN



3. [image: ]A two hinged parabolic arch of span 15m and a point load of 20 KN at a distance of 4m from L.H.S. Find the BM, RS, NT 4m from L.H.S and 3m from R.H.S. since r = 5m.
Solution: Find VA,VB

	Take
	M@B	=
	0

	
	VA×15-20×11 =
	0

	
	VA	=
	14.67 KN

	Take
	M@A =
	0

	
	-VB×15+20×4 =
	0

	
	VB	=
	5.3 KN

	H
	=
	0∫l (μ y dx)/(18r2L/15)

	μ1
	=
	14.67 x1

	μ2
	=
	-5.33x2+80


Substitute the μ2,μ1 values to above equation and we get H	=	11.8 KN
(i) BM,RS,NT(4m from LHS)
Bending moment

	YD
M@D
	=
=
	3.9 m
(VA×4)-(20×0)-(HA×YD)

	
	=
	12.62 KNm

	Normal thrust
	
	

	NT
	=
	VxSinθ + HCosθ

	Vx
	=
	VA- 20

	
	=
	-5.33 KN

	θ
	=
	35.65

	NT
Radial shear
	=
	-5.33Sin35.65 + 11.81Cos35.65	=	6.5 KN

	RS
	=
	Vx cosθ – H sinθ

	
	=
	-5.33×cos 35.65 – 11.81× sin35.65

	
	=
	- 11.2 KN

	(ii) BM, RS, NT (5m from RHS)

	x
	=
	5 m

	θ
	=
	28.65


Bending moment
YE	=	3.75
M@E =	0

Normal thrust

	NT
	=
	VxSinθ + HCosθ

	Vx
	=
	25 KN

	NT
	=
	25Sin28.65+50Cos28.65

	
	=
	55.87 KN

	Radial shear
RS
	
=
	
Vxcosθ - Hsinθ	=	25×cos 28.65 – 50× sin28.65

	
	=
	- 2.04 KN




4. A 3-hinged arch has a span of 30m and a rise of 10m. The arch carries UDL of 0.6 kN/m on the left half of the span. It also carries 2 concentrated loads of 1.6 kN and 1 kN at 5 m and 10 m from the ‘rt’ end. Determine the reactions at the support. (sketch not given).

0.6 kN/m
C

1 kN 1.6 kN






 (
5
 
m
5
 
m
h
 
=
 
10m
)HB = 4.275	A	B	HB = 4.275



 Fx    0

VA = 7.35

L = 30m

VB = 4.25

 (
A
B
)H	 H  0

 (
B
) (
A
)H	 H


------ (1)

To find vertical reaction.

 Fy

 0
VA  VB  0.6 x15 11.6
 11.6




 	(2)

MA

 0
 VB  x 30  1.6 x 25 1x 20  (0.6 x15) 7.5  0 V B 4.25 kN
VA  4.25  11.6 AA  7.35 kN

To find horizontal reaction.
M  (
C
) 0
 (
B
) (
B
)1x5 1.6x10  4.25x15  H x10  0 H	 4.275kN

HA

MC  0

 4.275kN
OR

7.375x15  HA x10  (0.6x15)7.5 HA  4.275kN
HB   4.275kN
 (
R
B
)To find total reaction


 (
R
A

A
)VA = 7.35 kN

VB = 4.25 kN





A

R A 



HA = 4.275 kN

 (
H
A
2
 

 
V
 
2
A
)

A	HB = 4.275 kN


 (
4.275
2
 

 
7.35
2
)

 8.5kN

1  VA 	0


A  tan

	  59 .82
 HA 


 (
H
 
2
 

 
V
 
2
 

 
6.02kN
B
B
)R B  

1 VB 


B  tan

	  44.83
 HB 

5. A 3-hinged parabolic arch of span 50m and rise 15m carries a load of 10kN at quarter span as shown in figure. Calculate total reaction at the hinges.
 (
10
 
kN
C
15
 
m
H
A
A
B
H
B
V
A
12.5
 
m
50
 
m
V
B
)


 Fx

 0
 (
B
) (
A
)H	 H

To find vertical reaction:
 Fy  0
VA VB  10





------ (1)

MA    0

 VB x 50  10 x12.5  0
VB  2.5 kN
To find Horizontal reaction
MC  0



VA  7.5 kN

 (
B
) (
B
)V  25 H 15  0

To find total reaction.


 (
R
A

A
)VA = 7.5


 (
R
B
)VB = 4.25




A	HA = 4.17


HB = 4.17

HB  4.17 kN  HA

 (
4.17
2
 

 
7.5
2
)R A 
R A  8.581kN

1  VA 	0


A  tan

	  60 .92
 HA 


 (
H
A
2
 

 
V
 
2
B
)R B 

R B  4.861kN
1  VB 	0


B  tan

	  30 .94
 HB 



































Problem: Determine the reaction components at supports A and B for 3-hinged arch shown in fig.


10 kN/m

C



2.5 m

180 kN



HA A VA



10 m






2 .4 m


B HB





8 m	6 m
VB

To find Horizontal reaction

 Fx

 0
 (
A
B
)H	 H  0

 (
B
) (
A
)H	 H


------ (1)


To find vertical reaction.

 Fy

 0
 (
B
) (
A
)V  V
 (
B
) (
A
)V  V


 180  10 x10
 280




 	(2)




MA

 0
 VB x24  HB x 2.4  180 x18  10 x 10 x



5  0



2.4HB  24VB

  3740

------ (3)



HB 10VB
MC  0

 1558.33

 180 x 8  VB x14  HB x 4.9  0


HB x 4.9 VB 14  1440

------ (4)


 HB  2.857VB  293.87
Adding 2 and 3
 10VB  2.857VB  1558.33  293.87

VB 177kN VA  103kN
HB 10 x177  1558.33 HB  211.67kN  HA

A symmetrical 3-hinged parabolic arch has a span of 20m. It carries UDL of intensity 10 kNm over the entire span and 2 point loads of 40 kN each at 2m and 5m from left support. Compute the reactions. Also find BM, radial shear and normal thrust at a section 4m from left end take central rise as 4m.

40 kN

40 kN

10 kN/m



 (
M
)  (
C
4
 
m
)



 Fx   0
HA




· HB  0

2 m	3m

20 m






 	(1)

HA  HB
 Fy   0
VA  VB  40  40 10 x 20  0 VA  VB  280






 	(2)

MA   0
 (
B
) 40 x 2  40 x 5  (10 x 20)10  V


x 20  0


 (
B
) (
A
)V 114 kN V 166 kN

Mc  0
 (10 x10) 5  HB x 4 114 x10  0

HB  160 kN

HA 160 kN

VERTICAL



10 kN/m

40 kN


64.35

NORMAL

M
160 kN

 = 25.64
HORIZONTAL







BM at M





160 kN





 (
4
)
2 m
166 kN

y = 2.56
86 kN
 (
m
)REDIAL

= - 160 x 2.56
+ 166 x 4 – 40 x 2
- (10 x 4)2
= + 94.4 kNm

y  4hx L  x L2
 4 x 4 x 4 20  4
202
y  2.56m

tan 4h
L2
4 x 4

L  2x

=		20  2 x 4 202
  250.64
Normal thrust	=	N	=	+ 160 Cos 25.64 + 86 Cos 64.36

	
	=
	181.46 kN
	

	S
	=
	160 Sin 25.64
	- 86 x Sin 64.36

	S
	=
	- 8.29 kN
	



1) [image: ][image: ][image: ]A parabolic two hinged arch has a span of 40 m and a rise of 5 m. a concentrated load 10 kN acts at 15 m from the left support. The second moment of area varies as the secant of the inclination of the arch axis. Calculate the horizontal thrust and reactions at the hinge. Also calculate maximum bending moment at the section.




[image: ]

[image: ][image: ][image: ][image: ]



[image: ]

2. A two hinged parabolic arch of span 25 m and rise 5 m carries an udl of 38 kN/m covering a distance of 10 m from left end. Find the horizontal thrust, the reactions at the hinges and the maximum negative moment.








3. A parabolic two hinged arch of span 60 m and central rise of 6 m is subjected to a crown load of 40 kN. Allowing rib shortening and temperature rise of 20o C, determine horizontal thrust, H. IC = 6x105 cm4, AC = 1000 cm2, E = 1x104 MPa,
α = 11x10-6/o C, I = IC sec θ.
[image: ]





[image: ]
[image: ][image: ]


[image: ]
[image: ]



What is a linear arch?
[image: ]If an arch is to take loads, say W1, W2, and W3 (fig) and a Vector diagram and funicular polygon are plotted as shown, the funicular polygon is known as the linear arch or theoretical arch.
· The polar distance „ot‟ represents the horizontal thrust.
· The links AC, CD, DE, and EB will be under compression and there will be no bending moment.
· If an arch of this shape ACDEB is provided, there will be no bending moment.
· For a given set of vertical loads W1, W2…..etc., we can have any number of linear arches depending on where we choose „O‟ or how much horizontal thrust (or) we choose to introduce.

State Eddy’s theorem.
· Eddy‟s theorem states that “The bending moment at any section of an arch is proportional to the
vertical intercept between the linear arch (or theoretical arch) and the centre line of the actual arch.”
· BMx = Ordinate O2O3 x scale factor
[image: ]
Distinguish between two hinged and three hinged arches
[image: ]

Rib-shortening in the case of arches.
· In a two hinged arch, the normal thrust which is a compressive force along the axis of the arch will shorten the rib of the arch.
· This in turn will release part of the horizontal thrust.
· Normally, this effect is not considered in the analysis (in the case of two hinged arches).
· Depending upon the importance of the work we can either take into account or omit the effect of rib shortening.
· This will be done by considering (or omitting) strain energy due to axial compression along with the strain energy due to bending in evaluating H.
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image95.jpeg
ExampLE 24.5. A fixed beam AB of span 6 m is carrying a uniformly distributed load of
4kN/m over the left half of the span. Find the fixing moments and support reactions.

SoLuTion. Given: Span (1) =6 m ; Uniformly distributed load () =4 KN/m and loaded portion
(ty=3m.
Fixing moments

Let M, = Fixing moment at A and,

M, = Fixing moment at B.
First of all, consider the beam AB on a simply supported. Taking moments about A,
Ryx6 = 4x3x15=18
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and moment of ¥ -diagram area about A (by splitting up the trapezium into two triangles) as shown in
Fig. 24.6 (a),

s,
B
I

7 (MAx6x6)+MEx9 %2X6
2%

273
6M, + 12M, = 6(M, + 2M)
We know that 4% =—aF
6(M, +2M,) = —945
%5
My +2My = —=g> =-1575 i)

Solving equations (i) and (ii),
-825KN-m  Ans.
-375KN-m  Ans.
Now complete the bending moment diagram as shown in Fig. 24.6 (b).
Support reactions
Let R, = Reaction at A, and
Ry

Reaction at B.




image97.jpeg
Equating the clockwise moments and anticlockwise moments about A,
Rpx6+825 = (4x3x15)+375=2175

25825 _555kN s,

and R, = 4x3-225=975kN  Ans.

EXAMPLE 24.6. A beam AB of uniform section and 6 m span s built-in at the ends. A uni-
Jformly distributed load of 3 kN/m runs over the left half of the span and there s in addition a
concentrated load of 4 kN at right quarter as shown in Fig. 24.7.

4
;JKN/m @
3m———— f—15m—sf
6m
Fig. 24.7

Determine the fixing moments at the ends, and the reactions. Sketch neatly the bending mo-
ment and shearing force diagram marking thereon salient values.

SoLuTion: Given: Span (/)= 6 m ; Uniformly distributed load on AC () = 3 kN/m ; Loaded
portion (/) =3 m and concentrated load at D (W) =4 kN.

Fixing moments at the ends
Let M,

= Fixing moment at A and
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Moment of p-diagram area about A (by splitting up the diagram into AC and CB),

3
a3 = J'(sf—zf)du%xsxzxzt
H
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Fig. 24.8
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First of all, consider the beam AB as a simply supported. Taking moments about A,
Ryx6 = 3X3X15)+@x45)=315

Ry 3'7'5 525KN
and R, = 3x3+4)-525=7I5kN

‘We know that the i-diagram will be parabolic from A to C, trapezoidal from C to D and triangu-
lar from D to B as shown in Fig. 24.8(b). The bending moment at D (treating the beam at a simply
supported),

M, = 525%1.5=7.875kN-m
and Mg = 525%3-4x1.5=9.75kN-m

‘The bending moment at any section X in AC. at a distance x from A (treating the beam as a simply
supported),

My = 7.75%3;% =775 1.5¢

Area of pdiagram from A to B,

a

)

+(lx7.x75xl 5)
2

3
J'(7.75x —15¢%) dv+ (%(9.75 +7.879)x1.
3
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and area of p-diagram,

™, +M,,)><g =3 (M, +My)

We know that a=-a
3(M,+M,) = 405
or M+ M, = —135

Moment of p-diagram area about A (by splitting up the diagram into AC, CD and DB),

s
ax = [a1ss l.Sr’)hf(%x?Jle.Sx&S)
s

><7.875><l.5x4)+(%x7.375x1.5x5}

15T

Sx

- 7875
4 }D+

_[115x®’ _15x0)*
g 3 2

7}+7B.75 =181

and moment of diagram area about A (by splitting up the trapezium into two triangles),
o 6.6 6..2x6
05 = (o 8x) {225
6M, + 12M, = 6 (M, +2M,)
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‘We know that dF =-a%
6 (M, +2My) = —118.1
or M+2M, = ,% 19.7 i)
Solving equations (i) and (i), we get
M, =-73kN-m  and  M,=—62kN-m
Now complete the bending moment diagram as shown in Fig. 24.8 (b).
Shearing force diagram
Let Ry = Reactionat A and

Ry = Reaction at B.
‘Equating the clockwise moments and anticlockwise moments about A,

Rgx6+73 = Bx3X15)+(@x45)+62=377
Ry = 21273 _so7kn
G
and Ry = Bx3+4)-507=793 kN

Now complete the shear force diagram as shown in Fig. 24.8 (c).
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24.8. Fixing Moments of a Fixed Beam Carrying a Gradually

Varying Load from Zero at One End to w per unit length at

the Other

Consider a beam AB fixed at A and B and carrying a gradually varying load from zero at A tow

per unit length at B as shown in Fig. 24.9 (a).
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Let I = Span of the beam,
M, = Fixing moment at A and
My = Fixing moment at B.

First of all, consider the beam AB as a simply supported and taking moments about A,

Ryxl = wxgx2 =20

By =
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and R~ =5

‘We know that the p-diagram will be parabolic from A to B. The bending moment at any section
X, at a distance x from A (treating the beam as a simply supported),

Areaof p-diagram,  a
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and area of diagram, d

We know that d
é(MA+Mﬂ) =
wl®
or My+ My = — 5
Moment of p-diagram area about A,
ax =

_ow(l L) W
Ly 3 45

and moment of diagram about A (by,splitting w the mapezium into two triangles),
A L ol
a{:MAxix +Mpx 2 3

f
= G2y
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Example 3.11 A simply supported beam of span L, carries a concentrated load P at a distance
a from left hand side support as shown in Figure 3.22. Using castigliano’s theorem determine the
deflection under the load. Assume uniform flexural rigidity.

A lP B
f !

a 'l'C b

Figure 3.22 Example 3.11

Solution Reaction at 4,

Pb
Ry= —
i &
and Reaction at B,
Pa
B 5
iy X7

Table 3.9 Calculation table for Example 3.11

Portion AC CB
Origin 4 B
Limit 0-a 0-h
M £, Fa,
L L
Flexural Rigidity El El

Therefore, Shear Energy of the beam

2 2

b

« 2 2
U= f 2l x| x ! dx + I Y x| % ! dx
s\ L 2E1 L 2EI
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Example 3.12 Determine the vertical deflection at the free end and rotation at 4 in the

overhanging beam shown in Figure 3.23(a). Assume constant E/. Use Castigliano’s method.

l}kN
f% - LT~ Y

1kN

Figure 3.23(a) Example 3.12

Solution (1) Deflection at C: Taking 3 kN force as p,

Rgx6=Px8
4

Re=i2pT
= 9
P
B==

AT 3 L

1
‘% T%I’

Figure 3.23(b) Reaction if 3 kN load is taken as ?

Bending moment expressions are noted, in the tabular form.

Table 3.10 Calculation table for Example 3.12

Portion AB BC
Origin A c
Limit 0-2

M e -
Flexural Rigidity Er





image255.jpeg
6
Rr%o xw:skN.RA:l—a X40=32KN

Mc=0,4H=32x 1040 x 6= 80, H=20 kN
0<x<dm

4

My=32x-20 2 (20-%)=16x+ 2
2 5

4x16

X=4.My=16x4+ =768 kNm

4m<x<20m

M, =3

x 4
X (20-%)-40 (x—4)= 160- 245+ 2
20 55 (20-9)-40 (x—4) = 16024+ =

x =4, Mc=76.8 kNm (check)

=10. M, = 160240 + 80 =0

20 KNm.

15, M= 16024 x 154 £ x

20, My =0 (ok)




image256.jpeg
RA

4m|

40KN

C

20m




image257.jpeg
\ | 76-8kNm

M

4m 6m Sm 5m





image258.jpeg
}‘ L/i2 ’!‘ L/2 Pl





image259.jpeg




image260.jpeg




image261.png




image262.jpeg




image263.jpeg




image264.jpeg




image22.jpeg
2
U'I;ME,dr

2 2 2

:j‘Pr A +J'Pz)rzdY
0

9
[ [F’”I
+
o L OEl

PZ
181:‘1{ 3

4P 4 P

El 3 El

5.333p?
EI
dU _10.667P
T H
Substituting P = 3 kN, we get

A= 32
El




image265.jpeg




image266.jpeg




image267.jpeg
cosBds

(h—y dr+J'




image268.png
(3,5
l o7 ds

Jde
.‘[_v s




image269.jpeg




image270.png
RN 20N
o0 ¥





image271.png
o




image272.png




image273.png




image274.png




image23.jpeg
6y 2
Poatibn | AR g c
-—
a‘TT(Ij?n A (<2
Umnmit o

e

fn] >

Tt Sran Gregy U= J[C

)n»rj&é'g ok +J@44»

e fleor-Tovin s

6=j 0% Ldx

o]
6
oz | o)

- & R )

24__,[_!.-{—4?_(_"6_7:
er Lo 5
L 4 36\
2% (%3

. B




image275.png




image276.png




image277.png




image278.png




image279.png




image280.png




image281.png




image282.png




image283.png




image284.png




image24.jpeg
Calcudak
wWake  dhe contw) deflecern § 8(0[.’0 ak ends qf S¢F c“'"'[‘i‘)uﬁt 9 pot

®

AN
X Hlet(‘)t‘n O\er the Cohole Spon-
Y
9

ol
-S‘/ Conkan|  de] lectPab
A / 8
S| S}
wst¥
%a ‘ﬁ_j/——l P RE” 2—
2—
oty
e 0 Lpmmet™ %”Rﬂ’ 2
2

(]
@Mﬁ,&j mw‘r—dr Ceedprnx—x 2(}9/———1*{’)1 ‘—'ﬁg

Tots] Lt Enor‘ju’ Shred = /J/ A

u;/gj [Gwi/*f}.( e ,,_J..Arz
f’[(mﬂ’)’_’/_‘jdx

ef g
o2 w@zJ c »%‘W*C*“"@ ‘
e oF ° Mo
wxw’”/g;f>Ax
2

- ==

ey =00 2
e e) s
’@[T&J g@
e uﬂ_‘wﬂ‘f
&5 -5)
A,’_ﬁ/‘,”’/




image285.png




image286.png




image287.png




image288.png




image289.png




image290.jpeg
step i Veytial Reactions -

Exze
Vp+Vg = IO

Taxing moment about 4,
—Vpx4o +(1ox15) =0




image291.jpeg
VA = lo-378

Step 2: Hovizontal Thrust (1):-

fpwdd'u
# = X AR
j Y2 dx
o
5 40
Bz [ ydx *fuz‘id’*
=] 15

Ny UD+Aol )

foy’d';c
o

Dy




image292.jpeg
where, w,

W

Beam banding raoment 0 Ax.
Mz = Beam bendin? moment o XB,
i) Denowinatoy : -
g = Ade  ll-0 = I(X5[4oy—7li)

4> (409
9= o.5x-o0-0l25x>

brer Fioan
Q

4o 2
= [ (o-5x-oon2s %2
%,




image293.jpeg
4o
J" [0,,517_,, AT R L 0- o125 APt
° 4o
0-2571”5_‘_ 1sbxia x5 _ o.u(zsw’*j
:3 2 4

N

"

°

"

{(5333&3 + 31948 - §000) — o]




image294.jpeg
i) Numevator (1) -

15
NYL) = j“,ydi
0

hexe, W, = g Ky = b25% =628%

s
Nyl = J basx {0-5% - o-o12sx>) dx
>

= js(,a-usxl» 0. 078x%) dx

°
15

® 2.2 %% _ 0.078%%

= =5 "% =

0
_ [( 2515-63 - %7-)3)-0]




image25.jpeg
T $ond astakn at-d, apply dewmy moment ak- 4! ®
% »@Amwﬁ_ﬁj&
LS £ R
Tvze D B ARz 194 0
BEv=o 5 —gﬁl—t;&l&-kmro frowes @

=194~ Ry
Eﬁl/ 7‘ s~ WA
E&" w_‘ 2 R
-]
@B Eﬂ-.rﬁ— e 51(%
5
Wit 24753 %&%%*

e
&Mg FMoment _Ceefon x-x =T 'X-é“ (/-'f'/

<?"°‘”‘/ Sugpor ®" , 3
U/%%«r%w
(4

:x+‘g’2'





image295.jpeg
©
Vi l2) = f{lso— 355 (050 0125 ) dx

15

o
= fén— 1:875° 32 — 1-875 %% 3 0. D4yx3) dx

=
40
= f 6591 ~ 3-75%*+ 0047 % dx
5
= [721_ 37593, o.mp,t;]‘”’
z =3 =

I3
= [(eoooa ~ R0000 + 20080) — ( 8i437.5 — 421575 + 5141,,&’)]




image296.png
Cop s M) A M)
>r

= (252&45 +5266.4
528.2) )




image297.jpeg
Step 3: Readtions at A and g :-

v,2
TN & 25)1+(/1, 70
e =
B W =0 B ()"





image298.jpeg
i) Numeyatoy [z) e

Nyl2) = f Alvdx
5

here,
My = Vyxx, - Jo (2-15)

= 6:25% — 0% HISD

150 - 3:75%

W

M,




image299.jpeg
step 4 1 Marimur Bem{v‘nﬁ Moment :~

My = Vax15 = Hxy

biews, Y= ey (len) = EXE x 15 (40-15)

12 (-4072
Ma = (625 %15 - (14.76x 4-b8)

M= 24+ 67 Knmo




image300.jpeg
38 kNjro





image301.jpeg
Step!: Vertical Reactions:-

zv=o
Vp tVp = 38xi0 = 380
Takiog ‘moment  about A,

—Vax 25 + 38x0)" o
2

Ve = 7bkn

Vy = 380-74




image302.jpeg
step 2 ¢ Hovizontal thust (H):-

n
e 6(@1,‘,1 + M yalx

o

g o= A nmn)rig—sjﬁbsx»f)

Yy = ogx - o0-0327%




image303.jpeg
) Denpmivater :-

Dr = fs e - P
Y dx —f(a-ex~a.o3212)alx
4 o

25
= [ f-sir>+ lozxisxt- 0-051%3 )y
o
e 25
B [a-ét,;ﬁ Y L S s
3 = =
= [(3333.33 + 19928 — Mem“)—a]

Dy 34

°

5|





image304.jpeg
1) Nuwmeyator (1) i~ { loaded portion)

Ky = vyxw = 3ga%? o4 - 190
=

lo 10
M) = [ ydx= [ (304x-1922) x (08 -0-0326) el
o 0

to

= j‘ é43.27(1 ~ A 728 %3 /5413.,,0-.50@19 dx
o

1 ‘

fé#zmr“— 24:93 %%+ 0.608 %4 Yelx

)

"

W

i
[3434 x3_ 24:93%% _0.60315j °

3 S =
°

E:Sloéé'ln = 62325 + 12b0) ~ O]

Nl 30901+ 67





image26.jpeg
5 e end O
PW0b) Determine e werhe) & (AD'Y\(ZU"JJ sligp9ocement @l dhe Qe @ @

e cpm(?ﬂlm‘a,g Ligst Aoeoven

n $he g?rr‘u“. fJare €I0 % l(\} Wemad,
20¢N|m &30M ™

«'?‘FML (it duwmy ‘%m“'%ap
worseal lord @t 0 "L,ﬁ;‘::f’w.k D!

AL 2k

o Umn('
W ofdion o7 9gn
uM T @a | - (4Pt R S
AEEEEs
Ze . |
. 1 D 0-2-

2" % dumm‘l 0“’""‘ Ce=

P40 SV 1{_ M@dl*fo‘
edgin Envygy U? 2es

QF
¥ tup ogo s e +i_,*’”_‘£123!

,ru

(55 ¢
5_0734 CP s ﬁ)
2%(2@01-}'/;0 t &Z(-(P o
(.’
So ¥ LT A
= i 2qory A 25E 2 (%

= ZR40 +,S’;— S, .

¥ (32 €2 ULMDU/
(2. (3
= (2%l N«vwn = 12 = 0.052m
b1~ 1240 TRt - 120" e A’: 2

mﬁm B M e nr e




image305.jpeg
Bo= o Nl N (a)
Dr
= (3090/. 67+ 37429.53)

H = 198-03 kn





image306.jpeg
Step 3: Resultant Reactions .

gy = JVA1+R‘~ 5 (304)1*(,%.03)1
L o (76)* +(1ag 0"





image307.jpeg
i11) Nuweyator (23~
AL G
My = Vgald=x) =76 (25-%) = 1900 -7bx
25 ’
Nyl2) = J’p;yd'x
to

25
= [Uiavo-26x) (6:8%-0-032%) do
o




image308.jpeg
25

= [(1520%- bo-gu™ - bougx*42.43x3)dx
o

= [I520%2 _ 121.6%3 243 Ak 28
= T3 7
3

= [(475@0 ~633333.33 4 23730458 )

~(76000 — 40533.33 4 6075)]
= 7897135 = 454). 67

Nr(D= 37429 68




image309.jpeg
hexe,
d= %ﬁ aldL=x)
4x5
@s)”

4 = 395m.

i

X 18:75 x be25

My = (76x A-:S}—(qu.naxgv;)




image310.jpeg
Step 4 : Matimur, Bending Moment ;..

The  wasimum mgqt';v@ b.zmﬁpg mowment octuys ot
ﬁg,ht nf he. spap .
=YL= 8y25 2 1895w o 4.
1% = 25-)895 = 6-25m from 5.
BM = Vg x 6:25 - Hxy,




image311.jpeg




image312.jpeg
Hovizotal Hmut, = 4§, +Hy

hew, ), - hovizontal Hwt underthe load
Hy = hovizortal Pt due to temperatue vise
- AT ET

=
Jy*ds
°

oo JHydx
fy’d)t




image313.jpeg
Stepi .

Vot = 4o
Taring  moment about 4,

“Vgx bo +(40x30) =0

[% = 20kw

Va = 40 -20





image314.jpeg
Step2: Hovizontal Hhvust (M)~

30 b0
u, = Jugdx Jrayde 4 fpayeln
=ia o
yidx 3
/ Fyae
H, = NalD) ¢ Nela) °
v

i) Denominator:-

6o
Dr = fy‘d-;
b4




image27.jpeg
Hoglgowt)  defleeron—

e s

}:ﬂ%n mgm lonS¥ [ Yourent
T ac | @ o-¢ | —[ @G0 +240+ 1)
ge c o — (25457
cp il D 0-2- ot
Stioin ey U= J F oo o) e J @g—rﬁz! 5/>
2€% Yy

*
o+4SoX
0= D& j F:CQ(:r'l)—\‘l‘f J (}'@Ax'rjd(w“s’?jdi

D
° (2«
'
‘{’J e el
(=]
ﬁ\,)o?ﬁ&v*t q = T4
N = SWWTJ ‘zb??’id.t +0
on - &g (24

>
: o
LF(‘(’% ~Rpox 'Hoau( ~Sot _32?: s
t | ez

J (480 /[(fofxrs‘n'ﬂa % Bo'x” i

(22

o
£Lp?o’1«—l‘eo/——$0"ﬂ + E’,r; n:z r

:'é:; [Cp%aw —lgwr{—&:r_é,‘rj g 'é%{?l)

& = _ 2260 &40
- é}@ﬁw 2o 'TJ + G2

. —Bo_bfo _ 2FIH 293
&% "~ gg =
[me‘f

RECZ

D4

A2 2ellmm

{A = 0.6031 M
. on





image315.jpeg
here,
- 4
4= JZ‘ x(=2) = X (jx-n2)
(™

= 24
g LY





image316.png
20 % ~40X 41200




image317.png
H, = (200 -20%

6o
Ve(2) = _f {1200-20%) (04X — 00067 X°) Ax
%

bo
=[laox - 8047 9% 4 01343 ) ol
20




image318.png
bo
= 5 (480% - [6-04 X* + 0,134 X3) dlx

30




image319.jpeg
bo
Dr = [ (o4x- oovsrxt) dx
F

so

= [ (o-t6x%y bodgrsS xto 0-005423) dx
o

3
= [”"” 4 4uEneSxS
—— % _0.oosyxb
oroesyx

2 T

13

2
5 [( 1520 4 696729 - 17494) 5]

Dy= 99j.29





image320.jpeg
)

Numesgtor (1) ;-
30

20
M = iy =fze 0043 008 )
.

. o
J‘(g 7%= 03453 Jax
o

30
(ﬂz ~ o.!;lml')
3 b 4

- [‘( 72000 ~ 27135 )~ 0]




image321.jpeg
i Numerator(2) -
- [
Ny (3) = J‘M; o dx

30




image322.jpeg
bo

= [43012 _lbopxd D_,g“gj
= 3 7
30

= [( 8b4ooo — [)54880 +43kIb0 )

- (216000 - 14430 + 2*”35)]

Wyl #Ng(2)
P A e L g
Dy

= (4& 865 + 44505)
99).24




image323.png
:





image324.jpeg
Sep3: Intweased Worizontal thoust ;-

Lo TET
Hy j‘
[ y2as
°
heve,
L= tom
Xz Uyot jop
T = 20
£ = Ixiotmpa - 110N
T = I, ceco

= s -
Te = 63007 (4 621053678 004 b

"

Y (1x-x)
77

g
dy
y:{Vx = ’jzl["“)




image28.jpeg
7 Vst L0911 M CUNO, i ¥ enn CAR A
‘ (']m‘&j S Feade heo , edononn
Ega . il V e e JGJJR -é,"fbth
J d 8 GJ tte beoun Loooled 0% 8&hoton {a #{7 e
OJ dhe o J . @

lgﬂl—?z’/_o“ __:l

e
C%e*ﬁ%e—*—ff

P Pe "
ZTUeo =) By tR.+P=0 —O

M=o
09 pluek) + g tm

&L= =t —p(2td)

E@: -—ﬁ_,ﬂ"___f’l e
. zE T“g—

Rﬁc —(
fpm e & )= (%*%E) 4

MQOJ\’\/
Oqu’\ Then ,_/B\,L-J— ot
A :9(5’&14M 9:4'A”+£J o
A om

200 - =k
28
v fombn CB, w0 bl me Lo €
ek = (AR





image325.jpeg
= Ax6 (60- 209))

(6o
e=o
T - I, ses
- 9006
¢os{o)

T - 0006 m*




image326.jpeg
B9 fpw-x2)

Y=
= Axb (pou-n?)
(6>
g= 04,7(—04’057”1
Hx & LdTELD

éo
[ya
2




image327.jpeg
hevt,
o
r = I yrdx = [ (o= 0007 Sdx
°
° 393 Yd;
j@ Jox® 4 4oh81aFS 2t - 53601533 Jelx

e 3,04 b0
0532
,[ntbml+1,45qx/a5 5_5,35_,]
= = 2 5
5 o

W (l:ox txi® x20x 110" o 006)
My = fbox I x20x 1107y 0:006
N3y -89

= [(ugm 698129 17366:4) =0 |

By = 697:86 N




image328.png
H =

Go.16 4 02097




image329.jpeg




image330.png
e
Vector Diagram

Space Diagram




image331.jpeg
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Theoretical arch
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S1. No Two hinged arches Three hinged arches
1 Statically indeterminate to first Statically determinate
degree
5 Might develop temperature Increase in temperature causes increase in
stresses Central rise. No stresses.
Easy to analyse.
3 Structurally more efficient But in costruction, the central hinge may
involve additional expenditure.
4 Will develop stresses due to Since this is determinate, no stresses due

sinking of supports

to support sinking.
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Strain energy due to bending (U,)

Where,
M = Bending moment
E = Young'’s modulus of the arch material
I = Moment of inertia of the arch cross section

s = Length of the centreline of the arch
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Strain energy due to axial compression (U,)

Where, v,
M = Bending moment
N = Axial compression.
A = Cross sectional area of the arch
E = Young’s modulus of the arch material
s = Length of the centreline of the arch

Total strain energy of the arch

24E
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The beam may be analyzed in the following stages.
(i) Let us first consider the beam as Simply supported.

Let v, and v, be the vertical reactions at the supports A and B.
Figure (ib) shows the bending moment diagram for this condition.
At any section the bending moment M, is a sagging moment.

: Vb
(ia) Freely supported condition

(ib) Free B.M.D.
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* (ii) Now let us consider the effect of end couples M, ana Mg
alone.

Let v be the reaction at each
end due to this condition. i | M
v v
Suppose Mg > Mj. (iia) Effect of end couples
ThenV = MBZM‘\ M,
If Mg > M, the reaction V is | i ]

upwards at B and downwards at A.  (jib) Fixed B.M.D.
Fig (iib). Shows the bending moment
diagram for this condition.
At any section the bending moment M., is hogging moment.
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* Now the final bending moment
diagram can be drawn by
combining the above two B.M.

diagrams as shown in Fig. (iiib)

Now the final reaction V, =v,-v
and Vg=v, +Vv
The actual bending moment at any (iiib) Resultant B.M.D.

section X, distance x from the end A is given by,

dz
EI—y—M -M,'
dx2
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v, A

(ia) Freely supported condition

(ib) Free B.M.D.

iMx, -
@MA MB ?

(iib) Fixed B.M.D.

(||a) Effect of end couples
wy W,

My My ‘
Vi (iiia) Fixed beam Vs (iiib) Resultant B.M.D.
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d<y
El —5 =M, -M,'
d.

= Integra’ilng, we get,
dy 1
El [E] 0= Jo Medx = [} MLdx
* Butatx=0, . 0
dx
andatx = I,d—y: 0
dx

1
Further fo M,dx = area of the Free BMD = a
1

fMg’(dx = area of the fixed B.M.D = a'

Substituting in the above equation, we get,
0O=a—ada





image42.jpeg
.
a=a

= Area of the free B.M.D. = Area of the fixed B.M.D.

Again consider the relation,

d?y
El—— =M. —M'
dx?
Multymg by x we get,
d? ¥y ,
Elx Tz sx— Mx

Integratlng we get,

fEIx fodx—fode

dy et
5 57 8 [X y] 0 = ax-a’'x
Where x= distance of the centroid of the free B.M.D. from A.
and ¥'= distance of the centroid of the fixed BM D from A
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* Further at x=0, y=0 and -9
dx

&_y,

dx

* Substituting in the above relation, we have

* and at x=l, y=0and

0 = ax-a's"

ax=a't"
or X=X
= The distance of the centroid of the free B.M.D . From A=The
distance of the centroid of the fixed B.M.D. from A.
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* Find the fixed end moments of a fixed beam subjected to a
point load at the center.

L.

/2 /2
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« A=A
Mxl= XlXWl
T2 4
wi
M === My =My

Fixed BMD
wl

—

Resultant BMD
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* Find the fixed end moments of a fixed beam subjected to a
eccentric point load.

VRS
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« A=A a b
A

My + Mg 1 Wab L

£ T xl==x1 Wab
5 X 2>< X ] e

Wab .

My + Mp =T————(1)

. x'=x M Free BMD
wxizl'“l Fixed BMD
My+Mp 3 3

a
Mg =M,
B AXT ",
a
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l

Wab a b
Ma+My=——=-==—(1) A B
4] L >

Mp = My X

a

b

2)

By substituting (2) in (1),

Wab?
12

Wab? Wab

12
=

Resultant BMD
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Fixed beam with ends at different levels (Effect of
sinking of supports),,

M, is negative (hogging) and My is positive (sagging). Numerically
My, and Mp are equal.

Let V be the reaction at each support.




image50.jpeg
Consider any section distance x from the end A.
Since the rate of loading is zero, we have, with the usual notations

d*y
El PP 0
Integrating, we get,
a3y
Shear force = Elm =Gy

Where C,is a constant
Atx =0, S.F.=+V
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B.M. at any section = Elz—y =Vx+C;
Atx =0, BM.=—M,

C,=—M,
d?y
El—==Vx =M,

Integrating again,

EI% = %xz — Myx + C5 (Slope equation)

Butatx =0, 3—3’:0 ~C3=0

i
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Integrating again,
vl MAx

EIy———
Butat)c—Oy—O

+Cy - (Deflection equation)
Gi=10

Myl? .

e O
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But we also know that at B, x = [ and E=0

dx
And substitute in slope Eq. El% = gxz — Myx
Vi?
S0i= e Myl
AV = % ——————— — (i)
Substituting in deflection Eq.(i) i.e., —EI § = VTIS < yMAE ;we have,
Myl
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But for B.M.at B,putx =1,

2M,  6EIS 12EI5 6EIS GEIS
B B e Y CRN E

Hence when the ends of a fixed beam are at different levels,
6EIS
12

The fixing moment at each end = numerically.

At the higher end this moment is a hogging moment and at the
lower end this moment is a sagging moment.
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Myl*

ElLé =
_6EIS
My = 2
Hence the law for the bending moment at any section distant x
from A is given by,

d?y
M= El—5 = Vx - M,
M,  GEIS

.'.M:Tx— T2
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120 kN

+ Solution:
4m 8m
* The M (Free B.M.) and M’ (Fixed A
B.M.) diagrams have been shown 6m ~6m B
in Fig.(b) and (c) respectively. ~ 80KkN |
160 kN-m, (a)
For the M-Diagram: A
1 s
A==x6x160=480kNm { Free B.M.D. (b):
2 My i i
For the M’ diagram: Fied B.MD =Y
, My+ Mg ]
:Tx12=6(MA+MB) N

(d)
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* Area of the fixed B.M. D. = Area of the free B.M.D.

A=A
6(My + Mp) = 480
My + Mg = 80----ncnemv 0

The distance of the centroid of the free B.M. D. from A = The
distance of the centroid of the fixed B.M.D. from A.

esn=x
6+4 (M, +2Mp\ 12
= X
3 Mot My )3

(M, + 2Mg)12=(M, + Mp)10

12M, + 24 Mg — 10 My — 10Mz = 0
2M, + 14 My = 0

My = —TMy ———— —(2)




image59.jpeg
* Subpstitute My = —/Mp in equation (1)

TMp + My = 80 —
Mp=——=-1333 ﬂ‘* am | sm
Mg = —13.33 kNm = i -
My= —7Mpg 6m | 6m
— _7(-13.33) = 9333 BOKN
o My = 93.33 kNm -

93:33 /:\

192 33
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* Aftixed beam of span 5> metres carries a concentratea load of 20 t
at 3 meters from the left end. If the right end sinks by 1 cm, find
the fixing moments at the supports. For the beam section take
1=30,000 cm*and E=2x103 t/cm?2. Find also the reaction at the
supports.

20t
A 3m 2m
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* Aftixed beam of span 5> metres carries a concentratea load of 20 t
at 3 meters from the left end.

* The right end sinks by 1 cm, find the fixing moments at the
supports.
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Wab?  6EI§ ( A l 2m :
My =~ 1z 1z My = B
lcm
_ _ [20x3x2? 4 sx2x103x30,000x1] - —
- [ 52 52%1002
= —[9.6 4 0.48] tm=-10.08 tm (hogging) Mg
Wba? | 6EI§
Mp = — 12 i 12

+
he 52x1002

= [-14.4 + 0.48] tm=-13.92 tm (hogging)

20x2x32% ox2x103x30,000x1]
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20t

&

10.08

Reaction at A:

X Mp=0,
Vyx5+4+13.92-10.08—-(20x2) =0
2Va=7232¢

Reaction at B:

= 20.—7232 = 12768t

Va

e —lta

13.92
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Clapeyron’s theorem of three moments

A 8 Mp

M,
M, 7, T { ¢

* Asshown in above Figure, AB and BC are any two successive
spans of a continuous beam subjected to an external loading.

* If the extreme ends A and C fixed supports, the support

moments My, Mgand M, at the supports A, B and C are given
by the relation,

6a;X;  6a;X;
Mply +2Mp (L + 1) + Mc(lp) = = ==

T A
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K 20 Regulations

JAWAHARLAL NEHRU TECHNOLOGICAL UNIVERSITY ANANTAPUR
(Established by Govt. of A.P., ACT No.30 of 2008)
ANANTHAPURAMU - 515 002 (A.P) INDIA

CIVIL ENGINEERING
Course Code STRUCTURAL ANALYSIS 1 i T P C
20401402 3 0 0 3
Pre-requisite Engineering Semester v
Mechanics

Course Objectives:
© To demonstrate analyfical methods for determining strength & stiffess and assess stability
of structural members
 To enable the student analyze indeterminate trusses
©  To make the student to understand the analysis procedures for analyzing fixed and
Continuous beams.
©  To enable the student to undergo analysis procedure using slope deflection method and
‘moment distribution method.
©_To enable the student to analyze the two hinged and three hinged arches
Course Outcomes (CO):
©  Determine deflection at any point on a beam under simple and combined loads
Apply energy theorems for analysis of indeterminate structures
Analyze indeterminate structures with yielding of supports
Analyze beams and portal frames using slope deflection and moment distribution methods
Analyze bending moment, normal thrust and radial shear in the arches

UNIT -1 ‘ Basic Analysis of Indeterminate Structures

Tntroduction-Strain energy in linear elastic system, expression of strain energy due to axial load,
bending moment and shear force — Castigliano’s first theorem - Deflections of simple beams and pin
jointed trusses - Indeterminate Structural Analysis — Determination of static and kinematic
indeterminacies — Solution of trusses up to two degrees of internal and external indeterminacy —
Castigliano’s second theorem.

UNIT - 1T ‘ Fixed Beams & Continuous Beams

Tfroduction o stafically indeterminate beams- theorem of three moments-uniformly distributed load,
central point load, eccentric point load, number of point loads, uniformly varying load, couple and
combination of loads — Shear force and Bending moment diagrams —effect of sinking of support,
effect of rotation of a support

UNIT -1 [ Slope-Deflection Method

Tntroduction- derivation of slope deflection equation- application fo confinuous beams with and
without settlement of supports- Analysis of single bay, single storey, portal frame including side
sway.

UNIT - IV ‘ Moment Distribution Method
Tnfroduction fo moment distribution method- application fo confinuous beams with and without
settlement of supports. Analysis of single storey _portal frames — including Sway

UNIT -V [Arches

Tntroduction- hinges-transfer of load to arches-linear arch-hinges in the arch-arch action-Horizontal
force — three hinged arches ~ circular arches — springs at different level-Two hinged arches- two
‘hinged circular arches — fixed arches (only theory) - Temperature stresses in arches.
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6ba;x;  6axx;

Myly +2Mg(ly + 1) + Mc(L,) = ] + ]
1 2

Where,
a, = area of the free B.M. diagram for the span AB.
a, = area of the free B.M. diagram for the span BC.

X1 = Centroidal distance of free B.M.D on AB from A.

X,= Centroidal distance of free B.M.D on BC from C.
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dx  Mx
. :

romm —

P 7N 2

Free B.M.D
dx M, Mg
x <>/
) &—> \\46

ey =

= —2

Fixed BM D

(a)The given beam

(b) Free B.M.D.

(c) Fixed B.M.D.
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Consider the span AB:

Let at any section in AB distant x from A the free and fixed
bending moments be M,. and M,." respectively.

Hence the net bending moment at the section is given by

d*y _ ;
Elo5= M.~ M,

Multiplying by x, we get
d?y g
EIXW = Myx—M, x
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-EIx— Myx — M,'x

* Integrating from x=0to x =1, we get

EIJ’ dxz fodx—fM "x dx

ay 1o f s
EI X = foxdx—foxdx ==s=f1)
0 o0 0
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A 2] C

QWMM
s h 3

But it may be such that
Atx =0, deflectiony =0
Atx =1,y = 0; and slope at B forAB,‘;—z = 0O,

fOI’ M,.x dx = a,x; = Moment of the free B. M. D. on AB about A .

fOI’ M,'x dx = a} X;' = Moment of the fixed B.M.D.on AB about A.
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dy 1 (..
El|x.==— = fMXxdx—foxdx i)
¢ Jp 0

dx

* Therefore the equation (1) is simplified as,
EI[l,05, = 0] =a,X] —ajX;".

(Ma+Mp)

But a; = area of the fixed B.M.D. on AB = I

(Ma+2Mp) Iy

X' = Centroid of the fixed B. M. D.from A =
Ms+Mp 3
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¢ Therefore,

r_ (Mg +Mp) My + 2Mp\ 1y B2
= 1 ( ) = (M, +2Mp) =
O\, ) 3= Mat ZMe) g

2
Ell6py= a;X; — (M4 + ZMB)I_l

Galxl

6EI Ogy = — (Mg +2Mp)l; ————(2)

Similarly by considering the span BC and taking C as origin it can
be shown that,

6a2x2

6El g = - M¢+2Mp)l, ----(3)

65 = slope for span CB at B
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* Butfp, = — Opc as the direction of x from A for the span
AB, and from C for the span CB are in opposite direction.

* Andhence,0z, + 05 =0

6a1x1

6EI Op, =

- Mag+2Mp)ly,  ————(2)

sazxz

6EI O =

-(Mc+2Mp)l, —----(3)

* Adding equations (2) and (3), we get

EI0p,+6El Opc = sazxs

+—"=— (M4 +2Mp)ly — (M¢ + 2Mp)l,

6ay¥i
iy

6a;Xy | 6axx;
1% | 6022

GEI(Bps + 0pc) =
5t Ly

— [Myly + 2Mp(ly + 1p) + Mclp]
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0 6a;x; 6azx;
L L

— [Maly + 2Mg(ly + I3) + Mclz]

6a:%; 6a,%;

[Maly +2Mp(ly + 1) + Mclp] = m L
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Textbooks:

1. C.S.Reddy, “Basic Structural Analysis”, Tata McGraw Hill
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Problem 15.3. A fived beam AB of length 6 m carries point loads of 160 kN and 120 kN
at a distance of 2 m and 4 m from the left end A. Find the fived end moments and the reactions
at the supports. Draw BM. and S.F. diagrams

Sol. Given
Length =6m

LoadatC, W,=160 kN
LoadatD, W, = 120 kN
Distance  AC
Distance  AD
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For the seke of convenience, let us first calculate the fived end moments due to loads at
C and D and then add up the moments.

(i) Fixed end moments due to load at C.
Fortheloadat (o =2mandb=4m >

160x2x42

=142.22kNm

W 2
ME[’_CZ; b-——m’: LR

(i) Fixed end moments due to load at D.

Similarly for the load at D, a =4 mand 6 =2 m

Wy b
LZ
120x4x9
62

I

=53.33 kN

and M@*‘-Tﬂﬂ&%mm
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Total fixing moment at A,
My =My My, = 142,22 + 53,33
95 55 KN, Ans.
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and total nxing moment at &,
My= My, + M =TL11+106.66

=177.77 kNm. Ans.

B.M. diagram due to vertical loads
Consider the beam AB as simply supported. Let R, * and Ry are the reactions at Aand
B due to simply supported beam. Taking moments about A, we get
Ry x6=160x2+120 x4
=320 + 480 = 800
R 80 _ 1533348

6
R,* = Total load - R;* = (160 + 120) - 133.33

and
=146.67kN

B at
BM.at C=R,*x2=146.67x 2 =293.34 kNm

B.M. at D =Ry*x 2=133.33 x 2 = 266.66 kNm
BM.atB=0.
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S.F. Diagram
Let R, = Resultant reaction at A due to fixed end moments and vertical loads

R = Resultant reaction at B.
Equa'.mg the clockwise moments and anti-clockwise moments about A, we get
Ryx 64 M,=160x2+120 x4+ My
Ry x 6 +195.55 = 320 + 480 + 17777
Ry= 800 + 177,;7 -19555 _ 13537 kN
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Total loaa —
(160 +120) - 130 37 = 149.63 kN
SF.atA=R, =149.63 kN

SF.atC= 149.63 - 161 10.37 kN
S.F.at D =— 10.37~ 120 = — 130.37 kN

8F. atB 130.37 kN
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Substituting this value in equation (iv) [Here eomplete equation is taken], we got.
Ryx6® Myx6" 1, 1
W faxl Max® 1.glae-
6 2 6 g x@-o
= 86K, - 18M, ~ 216 + 13.5
202,50 = 36K, ~ 18M),
101,25 = 18R, - 90,

dy
Atz=6m, 2 -0,
6m, o

1

o)
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Problem 15.6. Find the fixing moments and supporé reaciions of a fixed Seam AB of
length 6 m, carrying @ uniformly distributed load of 4 kN/m over the left half of the span.
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Macaulay's method can be used and directly the fixing moments and end reactions can
he caleulated. This method is used where the arcas of B.M. diagrams cannot be determined

conveniently.

4um
a4t é b be
A
om
Ra e
Fig 1512

For this method it is necsssary that ud.L should be extended upto B and then compen-
sated for upward n.d.L. for length BC as shown in Fig. 15.12.
The B.M. at any section at a distance  from A is given by

diy

x -3
B EE - Ryx-My-wxxx g vwxE-9x 2

s -
axsti | Mz-

=R M,- 25 -
= Ryx- M2 +2x-3 A4)
Integrating, we get
m% M,‘x»thoC, .“*;3’; e
whenz=0, 2 -
Substituting this value in the above equation upto dotted line, we ge

By
Therefore cquation (i) becomes as
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i)

)
whenx=0, y=0.
‘Substituting this value upto dotted line, we get
=0
‘Therefore equation (iii) becomes as
A
L @

whenx=6, ¥
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‘Substituting these values in the complete equation (ii), we get
& 2 B
=Rx My x6-2x6? 4 2 63
0=Ryx G- Myx6-Zx6® s 2 63
= 18R, ~ M, x6- 144+18

126 = 188, - 6},
Substracting equation (v) from equation (), ve get
126-101.25 = 9M, - 6M,
2475 = 38,
3,2 228 g, ane

Subsituting this valuo in equation (of), we get.
126 = 18R, - 6 x 825 E

Ry= 1280553 | g5, Ans.

Now Ry = Total load - R,
=4x8-075=225kN. Ans.
o find the value of My, we must equate the clockwise moments and anti-clockwise

‘moments shout B. Honce

Clockwise moments about B = Anti-clockwise moments about. .
My + Ry x 6= My + 4 x B x (45)
My +975x 62825 + 54
M+ 5850 = 62.25
M, = 6225 - 58.50 = .75 kNm. Ans.

Ry =975 and M, = 8.35)
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Let B, and R, = End reactions at A and B
M, and My = Fixing moments at A and B
Letus apply Macaulay's method for this case. Hence it is necessary that the ud.L.should
be extendod upto and then compensated for upward u.d . for length BC as shown in Fig. 16.14.
‘The BM. at any section at a distance x from A is given by,

&y
BT RAx—MAmwxxx(z

] ~120(x - 15) +w

x@:-m)x("”“]

2
8x(x=10)

=R xx-M,

% (- ~ 1206~ 16) 4

et My= da? — 120(x - 16) + 4Gx - 10)°

Integrating the above equation, we get

A0
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when =0, 2 = 0, Substituting this value in the above squation upto first dotted line, we get
€, = 0. Therdfore, equation () bacomes a5

20k
M 5 LA

A o £
g : R
10 m—————— 8 im

i5m.
R 20m R
Fig 16,14

35" -o00- 157
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Problem 15.7. A fixed beam of length 20 m, carries a uniformiy disiributed load of
& kN/m on the left hand half together with a 120 kN lood at 16 m from the laft hand end.
Find the end. reactions and fixing moments and magnitude and the position of the maximun
deflection. Take E = 2 x 10° kN/m? and I'= 4 x 10° mm*,

Sol. Given
Length, L=20m

udl,

Point load, W=

Value of E =2 10° aW/m?

Value of I= 45 10° mmt =4 3 107
Lengths, AC=10m, AD=15m

Fig. 1638 ihiwe the losdtie o6 the finad beazh.
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Integrating again, we get
Rox® M, ax! 60-15° 4 G-10)* i
By="¢ PR T T e A
when =0, y = 0. Substituting this valuo in the above equation upto frst dotted line, we get
€, = 0. Therafore equation (i) becomes a3

© et
By = B M g 157 4y G108 i)

0, 7 = 0. Substitating these values in complete equation (i), we get

when

1
Byx 207 Max20T 29 90030 157 + = (20~ 20
0= 2% : 5 2020167 + 5 (20~ 3oy

104
* 100
o 20 M 00, AT 25
e AT e T gy
_ 20R, -3M, 800375+ 50

6
or. 208, - 3M, =800 + 375 - 50 =T87.5 )

(Dividing by 20%)

Atx=20, % = 0. Substitating these values in complete equation (i), we gt

0= 05, x30- £ 20060020~ 152+ 2 o102
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g M A D T AR
6472 s T a0 00
g My, A0 145 25
e T
_ 20R, -3, 800375+ 50

(Dividing by 20%

5
or 2R, 34, =800+ 375 - 50=7875 o)
85220, 2 2 0. Substcating thes values in complete quation () we got.
0= T8 08, x30- £ 2006020 15+ La0-10r
S 10R, - My~ %‘1 x5 32000 (Dividing by 20)
VR
1600 . 2001400

o 10R, -, 1005 200100 gy
o 10,-M,=54166
o 208,20, = 108332 (fultiplying by 2 both sides) ..o

‘Substracting equation (») from equation (ui), we get
M, = 108332 - 15750 = 205.82 kNm. Ans.

" Substituting this values of M, in equation (vi), we get
20R, - 2 x 295,82~ 1088.32
 1083.32+2x205.82

b Bar 20
81748 kN. Ans.
Now Ry = Total load on beam - R,

(10 %8 + 120) - 83.748 = 116.252 kN, Ans.,
Equating the clockwise moment and anti-clockwise moment about B, we get
Myt Ry %20 =M, +120x5+ 82 10 x 15
or M, + 83748 x 30 = 295.82 + 600 + 1200
or 2095.82 - 83.748 x 20 = 420.86 kNm. Ans.
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Problem 15.8.5 A fixed beam AB of length 3 m is having moment of inertia
3 x 10° mm*. The support B sinks down by 3 mm. If E = 2 x 10° Nimn?, find the

fixing moments.
Sol. Given :
Length, L =3m =3000 mm
Value of x 10° mm¢

Value of  E=2x 105 Nimm?
The amount by which the support B sinks down,
=3 mm,
The fixing moments at the ends is given by,
sano
My=My= "

3000"
=12 10° Nmm = 12 10 N = 12 kNm.  Ans.

The fixing moment at 4 will be a hogging moment whereas at B it will be a sagging
‘moment.
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and Ry = 3x4 -3=9kN

4kN/m

(@) A c B

3m

3m N

Fig. 246

‘We know that p-diagram will be parabolic from A to C and triangular from C to B as shown in
. 24.6 (b). The bending moment at C (treating the beam as a simply supported),

Mg = Ryx3=3x3=9KkN-m
‘The bending moment at any section X in AC, at adistance x from A (treating the beam as a simply
ipported),
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My =

Area pi-diagram from A to B,

s
[

nd area of -diagram,

‘We know that a
: 3(My+ My =

or M+ My =

9x@” _2xG)

. 313536
O+ My x S =30t + )
-a
-36

36




