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Unit—1

Complex - analysis
* Function of Complex Variable/ Differentiation:
If for each value of the complex variable Z= X+iY in a given region ‘R’ , we have one or more values of
w=f(z)=u+iv, Then W is said to be a function of ‘Z’, and we have w=f(z)=u+iv.

Where u and v are real and imaginary parts of f(z). z=x+iy
and

f(z)=u(x,y)+iv(x,y) is a complex function.

e Continuity of a Function:

Let f(z) is said to be continuous function at z=z if
lim f(z) = f(zo)

Z—Z0

» Differentiability of a Function:
A function f(z) is said to be differentiable at z=z if

fl[z+&z)—f[z}))

exists. It is donated by ﬂz—}ﬂ( 47 f(zo)

P L) (f[z+ﬁi-f(z)))

* Analytical Function:



The complex function f(z) is said to be analytical function at z=a if the function f(z) has derivative at z=a and
neighbourhood of z=a.

Example:
1. Let f(z) = z2f'(z) = 2z
At z=0, f'(z) = 2(0) = 0 (finite) f(z)
has derivative at z=0

Finally f(z) is called analytical function.

1
2. Letf(z) =
z
-1
f'_(%) = % Atz=0,f(z) =
O

f(z) has no
derivative at z=0

Finally f(z) is called not analytical function.

* Singular Point:

Let z=a is said to be singular point if the function f(z) is not analytical at z=a.

Example:
1

fi(z) = oo
f(z)=z2" (@) z=0is called
singular point.



« Cauchy — Riemann Equations in Cartesian co-ordinates:

* If f(z) is continuous in some neighbouarhood of é and défferentiable at z then the first order partial
u 1 U ke

derivatives satisfy the equations 0x 0yand @y Oxatthe point z which are called the
Cauchy-Riemann equations.

proof:
Let f(z) = u+iv be an analytical function

By definition of analytical function, f(z) has derivative.
f(z+az)—f(z)

im
i.e. fl(z) = az—0 ( Az )) exists (finite)
1) z = x+iy f(z) = u+iv f(z) = u(x,y)+iv(x,y)
2)z=x+iy Az=AX+iAYy .‘a))fz+Az=?

Z+A z(= X+iy+ AX+iAy

( ) .

Z +A z=(x+ Ax)+i(y+ A y)

f(z +A Z)= u(x+ AX, y+ Ay) +iv(x+ Ax, y+ A y)

[u(x+ ax, y+ ay) + iv(x+ ax, y+ ay) I-[uxyyivey D) )
f(z)= lim ( AX+ Ay >

AX+ iay—0
We know that A x+i Ay =0+i0 A

x=0,Ay=0



Case(1)IfAy =0,putAy =0in @

[ulx+ 2x , y)+ivix+ax,y)) —[uley)+iviey)]
fi(z)
LX—0 LK

. [ulx+ ax, y)—uleoy)] v ax, \;}—u(x.v}])
f(z) (a].:lc[ldlﬂ AX + Am, AX

= lim

f(z)=0x " 9x >Q2)

Case(2) If Ax=0, put A x =Oin@

[u(x,y+ ay)+iv(x,y+ay)) —[uxy +ivxy]

C )y )
f(z) = alimy—-o 1Ay
g [u(x,y+ay)—uxy} i[v(x,y+ay)—uxy} )
fi(z) = -ialimy-0 Ay + alimyx-o INY,
du  dv

fl(z) _'9y "By 6

Equate @ & @

Compare the real and imaginary parts



@.'_'&— @4_&
dx '0x _ 9y " By

du Ov
e
du__0v,
dy  Ox (If ux = vy and uy = —vx)

These are Cauchy — Riemann Equations in Cartesian co-ordinate System.

Cauchy — Riemann Equations in Polar co-ordinates:
Let z=x+iy
We know that x=rcos6,
y=rsinB z =
rcosB+irsinB z =

r(cosB+isinB) z = reie

f(z)=u+iv f(reie) = u(r, 8)+iv(r,

0)>@
Differentiate @ w.rt r,
oo ®e®= GG 5@

Differentiate @ w.rt ‘Q’,

f(>®

Substitute @ in @ , We get



[;]_-5| dv

du . du .dv_ 9, . ; u .
) rie -EHE

dv, _ i
[E HE] = EHET‘E
du dv _du .0v
- "ar 3858
Ir

ir
Lets compare real and imaginary parts

OQu _ 0Ov
a8 ~ "or
dv _ Ou
26 - "or

These are Cauchy — Riemann Equations in Polar co-ordinate System. Examples

1) Show that f(z) = xy+iy is not analytical

Solution : Given, f(z) = xy+iy
f(z) = u+iv u= xy

V=Y

du dv

Gr=y Ox 0
o v,
Oy=yx, 0y
dJu _ dv

o * 3y

du , v
dy Ox

It doesn't not satisfies C-R equations and hence its not an analytical function.

2) Show that f(z) = 2xy+i(x2- y2) is not analytical function. Solution: Given  f(z) = 2xy+i(x2- y2)



f(z) = u+iv

u=2xy  v=x2-y2

du dv

Jx Ox
du” 2y r gy =_2X
dy dy

L L
dx = Oy dy © Ox
&

It doesn't not satisfies C-R equations and hence its not an analytical function.
3) Test the analyticity f(z) = ex(cosy-isiny) and also find the f'(z) Solution: Given f(z) = excosy -

iexsiny

f(z) = u+ivu = excosy

VvV = -exsiny
au X e _ X -
E—E cosy, a——e siny )
f(z) is not analytical function and the f!(z) du does not exist.
4) Showthatf(z)=zz?2 0y | siny is not analytical function
gy _ x
dy e cosy Solution : Given f(z)=zz?2

dJu dv , du , Ov
Jx # d_y &a_}r i-a



f(z) = (x+iy)l (x + iy)l2= (x+iy) [ V 22+ y2]2
f(z) = x(x2 + y2)+iy(x2 + y2) f(z) =
u+iv

u=X(X2+y2)=x3+xy2 V=y(xz+y2)=x2y +y3

a'H'. _ 2 2 @
E =3x" + Yo Ox= 2xy
du dv

- “r _ 2 2
dy= 2Xy, a}'_x 3y
Ju  dv , Qu , dv
D # a_y & a_y i-m

f(z) is not analytical function

dw
5) Show that w=logz is an analytical function and also find 3

Solution: Given w =logz

putz= reie

iD=logr+logeBww
=logre

=logr+iBloge
f(z) =w =logr +i@ = u+ivu

=logr v=0



1
r(r)=1 & 0=0 Itisan analytical functionf(z)

= U+iv

f(reie) = u(r, 8)+iv(r, 0)

differentiate on both sides w.r.t ‘r’

By ,i0 _ Ou .Ov
f( re’V)e'v = 5.t i3
i0_1,;

fiz)° " r(0)

fl(z) = reid "z

6) Show that f(x) = sinz is an analytical function everywhere in the complex plane
Solution : Given f(x) = sinz
f(x) = sin(x+iy) f(x) = sinx
cos(iy) + sin(iy) cosx f(X) = sinx

coshy + isinhy cosx f(x) = u+iv

u = sinx coshy v=sinhy cosx



dx= cosx coshy, Ox -sinxsinhy
du dv

= sinx sinhy, = coshy cosx & I‘?l’s an analytical f?ﬂhction
au atx" a'l.', ﬂv

0x 0Oy dy ~ Ox
7) Test the analyticity of the function f(z) = ex (cosy+isiny) and find f'(z). Solution : Given , f(z) = ex

(cosy+isiny) = u+iv

u = excosy VvV = exsiny

Ju dv_ .
cosy, ax € gx € Sy
du x dv
F-=-¢€ - =e" Ccos
siny dy dy Y
du _d  u_ dv
& Itis an analytical function dx Oy dy Ox
f(z) = u+iv
du . Odv _

fi(z) = Ox "oy~ € cosy + i exsiny
fl(z) = ex(cosy+isiny)

fI(Z) =exi €y = €(x+iy)
fi(z) = ez

1 2 2\ 4 ipan—1f PX
8) Determine P such that the function f(z) = 2 log (x* +y*) +itan™"( y ) be an analytical function.
Solution:



Given ) f(Z) — % |l:lg {Xz =+ }?2] + itEn_1( %)

It is an analytical function, It satisfies the C-R equation
log (x? + y? tan™ ()
) V= u=2 ¥
du_, 1 Ov__1_p
Tx 2 Ryioy Ox  1+(7)% y
u_, 1
ay T2 X2+}F22y
dv 1 1
T

Ov__py Ov__-px
similarly: Ox ~ p2x?+y? dy = y2+p?x®

By given f(z) is an analytical function, f(z) satisfies C-R equations.

du _dv
dx ~ dy
X _ —pPX
24 27 2 X y y +p2x?
Comparing the equations we get:

P=-1
9) Prove that function f(z) defined by f(z) = -R equations are satisfied at the origin, yet f'(0) does not exist.
*(1+D)-y3(1-0)
Solution : Given f(z) = x2+y?

i)  Toshow that f(z) is continuous at z=0



li x*(14i)=y* (1=1) x*(1+i)-y*(1-1)
let limf(z) = x=0 X2 +y2 ( given f(0) = 0) X2 +y2

z—0

, z#0 and f(0) is continues and C

y—0
lim X (1+i)
x—0 X°

3f(z) =1(z) =
lim x(1+i) = 0 =f(0)
x—0f(z) is
continuous

ii) Toshow that C-R equations are satisfied at origin
BHx3i-y3+iy?  x3-y? i3 +y3)

flz) = x*+y? xP4yR 0 xPHy? f(g)
= U+iv
-y 3 X4y
x4y _ x24y*

U



du u(x,0)—u(0,0)

3 = lim R Equations are satisfied at originiiii) To
om0 * show that ((z) does not exist at origin
Ou _ lim 222 => lim lim f(z)~(0) |
5,1:-1:—}{] a - x—0 f(Z):
Ou ¢ ) y—=0 z
—=1
0x =1 x3 1+i—y2 +3 y(1-i) 2
du . u(0,y)=u(0,0)
3, - lim 3(140)—
y y-=0 y —li+i)-0
24y2
du .. =y=0 .
a—lem => lim -1=-
y y-0 ¥ y—0
% 1 C )
y
? _ lim v(x,0)=v(0,0)
X x-=0 X
dv . X=0 .
I =lim— =lim1=1
X ¥x—=0 X X—0
Ov
;o 1
dv —lim v(0,y)-v(0,0)
dy  y—0 y
v y—0 ..
v =lim=— =lim1l=1
y y=0 ¥  x=0
Ov _
dy 1
du _dv 2 du ov__ ____
C- o« _33; a]r' dx



fl(Z) = yx -»-00 X X+ iy

llm X

fi(z) =

x1+i 3f(z) M g x3=
=1+i (Finite)

f!(z) Exists

Aty =mx
i t(z)=1H0)
flz)= 220 2 fg
(14D =-m3x3F (1=
lim x2+x%2m? =
x—0 X+imx

y—mx
x*[(1+i1)-m?(1-1)]
fl(z) = x>0 x2(1+m?)x(1+im)

y-mx
[((1+i)=m~(1-i)]
fi(z) x—0 (14+m=)(1+im)
= [(1+)-m3(1-0)]
(14m2)(1+im)

f(z) = (Infinite) f'(z) depends upon the ‘m’ value, so that the f'(z) does not exist at origin



Part—B

Laplace Equations
090  0*Q _ 02 | 0%¢ _
the equation of the form  9x2 * dy? =0 or oz T dyz

Harmonic Function
The function u and v are said to be harmonic, if it satisfies Laplace Equations
i.e

d%u  0%u
or
dx2 = dy?

0

0

Milne — Thomson Method
When u is given find f(z) :

Ou Ou
1) To find dx and dy

2) Tofind f(z) = u+iv

Differentiate w.r.t ‘x” we get



du .dv

9x " 'ox
o
fi(z)= 0x dy (From C-R equation)
(z) =
6'.
0) a_f: =04(z4
at.‘,
—_— = @ 7
T R TE

D1(z1,0) - i @2(z2,0)
Integrate w.r.t ‘2’ f(z) = 10 [(z21,0) dz - i 20 PI(z2,0) dz

+ ¢ When v is given find f(z):

dv dv
1) To find dy and 3x
2) To find f(z) = u+iv

Differentiate w.r.t ‘x’, we get

@ + |@
fI(Z) = Ox Ox
dv v
fi(z)= dy = Ox
dv
Jy = 04 1'0)
dv

-0,z
ax - 72! 2,0) (From C-R equation)



fi(z) = @1(z1,0) + i B2(22,0)
Integrate w.r.t ‘2’ f(z) = 1[@[(z1,0) + i D2(z2,0)

Jdz +c
1) Construct an analytical function f(z) when u = x3- 3x y2+ 3x + 1 is given
Ou_ .2 5.2
3 3x“-3y°+3
Ou_
Solution: dy 6Xy
By Milne Thomson Method
o _
f(z) =u+iv Ox 1(z,O) =372+3
alt au av
-— =0,(z —+in
dy ¢ 0)=- dx ' Ox 6(z) (0)=0
@ i @ _ . fI(Z) - Ou dv Ou dv
e ! dy 01(2,0) -1 0,(z

ox "3y g dy - O
fi(z) =,0)

Integrate w.r.t ‘zZ’ f(z) =
A@1(z,0) +i @2(z,0) ] dz + cf(z)
=[A3z2+3-0) dz + cf(z)

3z3
= 3 +3z+¢C

f(z)=z3+3z+c



2)  Construct an analytical function f(z) when u = sinx coshy is given

du
Solution: = cosx sinhy dx
du
= sinx sinhy dy
By Milne Thomson Method
AN
f(z) =u+iv Ox 1Y 0) = cosz(1) = cosz
ﬁ = m @ + | é
; Jy ; ‘ (20)=sinz(0) 6‘; axa 5 =
gu v _ i 0. fi(z) = Yu W L
dx Iay D1(2,0) -10,(z 2) dx  dy & dy ~ Ox

fi(z) = ,0)
Integrate w.r.t ‘z’f(z) =

A[@1(,0)- i @2(2,0) ] dz + c f(z) =

@osz dz + c f(z) =sinz + ¢

5in2x
3)  Find the analytical function f(z) = u+iv if u+v " (cosh2y —cos2x)
sin2x
Solution: u+v = (coshZy —cosix)
f(z) = u+iv
if(z) = ui-v

(1 +0)f(z) = (u-v)+i(u+v)

f(z) = u+iv



@ _ [coh2y—cos2x]2cos2x—sin2x[0+2sin2x]
Ox [cosh2y —cos2x]?

0V _ 2cos2x coshy—2cos?2x—2sin?2x
dx [cosh2y —cos2x)?

av _ 2cos2x coshy-2
Jx  [cosh2y —cos2x]?

v

7% - Pa2l7 )

ﬂ _ 2cos2z cosh0-2 _ 2[cos2z—1] _ —-2[1-cos2z]
dx  [coshO-cos2z]?2  [1-cos2z]?  [1-cos2z]?
v __-

dx  2sinz
Where F(z) = (1+i)f(z)

u+v=V

9x ~ ﬁ’ﬂzav,m = —Ccosec2Z

dv [coh2y—cos2x] 0-sin2x[sinh2y(2)]
ﬂ_ = 91{3 ' :
Y ,0) = [cosh2y —cos2x]
@ _ —2sin2xsinhy
@1(z,0)= Oy ~ [cosh2y —cos2x]?
dv -0 sin2z 0

B_}' - [cosh2y —cos2z)? -



f(z)=_ 2cotz+c1

4)  Findthe
eX[(XZ-

Solution: U = exx2

f(z) = u+iv

& + i @
fi(z) = Ox ' Ox
dv, 0y
dy Ox fI(Z) —

f(z) = A[@1(z0) +i@2(z,0) ] dz+c
f(z) = Pl—cosec?z (i) dz+ ¢

f(z) = -i(-cotz) +c=icotz+c

f(z)=icotz+c

(1+)f(z)  4+=-5 =icotz+c
1 1+i 1+
f(z) = i(1-i)
2
cotz f(z2) =
cotz+c
i+1
@ =EX 2
Ox cosy +2x €eXcosy - € Y
_Ou _ ;
01(z,0)=3_ =e”z
®1(2,0) =5 = e” 2% + 2z *
al.,! _ X 2
ﬂ_g.r =-€"X . )
du
@,(z,0) = 5-
2 0y=0+0-0-0=0

analytical function, whose real partis u =
y2)(cosy — 2xysiny)]

COSY - exy2 cosy — 2xy exsiny

X 2cosy — 2y exsiny — 2xy exsiny



cos(0) + 2z ezcos(0)—0—-0-0

siny + e siny y - 2y excosy — 2x exsiny — 2xy excosy

f(z) = u+iv
du . Ov
flz) Ox ' Ox
al.! ,a‘h"
- Ox 'Oy

fi(z) =

f(z) = ,0) 1 dz + c z(@ -,0) z([D12
f(z) = Hezz2 + 2z ez- 0) dz + c f(2)
= Pz (z2+2z)dz + ¢ f(z) = Bezz2

dz + 2 [Zezdz

u=z2dv=ezdzdu=2zdz v=ezf(z) = ez
z2-2 @ dzezdz+ 2 Pk ezdz + c f(z) = ez

Z2+4+C



5)  The analytical function whose imaginary part is v(x,y) = 2xy Solution:
O vV = 2Xy

=2y = (M2(z,0) =2(0)=0 0Ox
v
0y  =2x=01(z,0) =2(z) = 22 f(2)

= flz) ,0) ] diBicz( ,0)+iz(
= Zdz+c

f(z) = 2 Z?
f(z)=z2+c

+C

6) Find harmonic conjugate at u = ex2-y2cos2xy and also find f(z)

Solution: U = eX2-y2 cos2xy

Ju _ y2_y2
ox_ € cos2xy (2x) - ex2-y2sin2xy (2y)

?1(z,0) = ez2—0cos0 (2z) - ex2—-y2(0)

Ou _ y2_y2
—_— e
01(z,0) = ez22z dy cos2xy (-2y) -

ex2-yzsin2xy (2x)



@2(z,0)=0-0

?2(z,0) = 0 f(z)
= u+ivf(z) =

all " a'h"

dx ' Ox

all . au

0x ' By f(g) =

f(z) = @1(z,0) - i @2(z,0)
f(z) = @01(z,0) - i @2(z,0) ] dz + c f(z) = Bez22z

dz+c (putz2=t => 2z dz = dt)f(z) = Petdt +
c=et+c
f(z) = ez2+ cf(z) = e(x+iy)2f(z) =

exz—y2+2xyi+ C f(Z) = exz—y2€2xyi+ C U+iv =

ex2-y2[cos2xy+isin2xy] + € u+iv = ex2—y2

COS2xy + i e ex2=y2(sin2xy) + ¢

V = ex2-y2sin2xy + ¢

7) Find the analytical function f(z) such that Re[f'(z)] = 3 x2- 4y -3 y2and f(1+i) = 0.



Solution: Re[f'(z)] = 3 x2- 4y -3 y2 du

f(2) = uHiv Integrate w. r.fl ’zy’ ;Ng get Ox
J )
@H& XY +1(x)
fl(z) = dx  Ox
du
Re[f!(z)] = dx
0u_ 3x2-ay-3y? O - 3%2.-4y-3y?
Ox y-3y dy X y-2¥%
3¢ axy-3y2
Integrate w.r.t x” weget & u= 3 XYy-3Yy x+fly) v=3
u= x3-4xy -3 y2x + f(y) v =3 x2y-y3-2y2+f(x)
Differentiate w.r.t ‘v’ we get Differentiate w.rt ‘x’ we get
Qu_ . v
dy 6xy + f'(y) dx= 6xy + fI(x)

From C-R equations
du dv

dy  0Ox
- 4x - 6xy + fI(y) = - 6xy - fi(x)
-4x + fl(y) =- fi(x)
Compare equation on both sides
i.efl(x)=4x,f(y)=0
f(x) = 4 Pxdx f(y) = c f(x)



A2

= T + C
f(x) =2x2+c f(y)=c
f(z) = u+iv f(z) = [x3- 4xy -3 y2x] +i [3 x2y - y3-2 y2] +

2X2+cC
given f(1+i) = 0 f(z) = u+iv

z = x+iy = (1+i)

putx=1,y=1f(z) =[1-4-3] +i[3-2-1]
+2 +c f(1+i))=0=-6+2i+cc
=6—2i

f(z) = [x3-4xy -3 y2x] +i[3 X2y - y3-2y2] + 2 X2+ 6 — 2i

8) Find the analytic function f(z) = u+iv if u-v = ex(cosy — siny) Solution:
f(z) = u+ivif (z) =iu-v
(1+i) f(z) = (u-v) + i (u+v)

f(z) = u+ivu =u-v=ex

(cosy — siny)



F(z) = (1+i) f(z) cosy - exsiny =

du

——=e

Ox ?1(z,0) = ez- 0 = ez siny - ex

Ou_ &

Oy cosy = P2(z,0) = 0 - ez= - ez
du_ v

fI(Z) = Ox a}r

f(z) = @[@1(z,0) - i @2(z,0) ] dz+c

f(z) =Aez+iez)dz+c
f(z) =( ez+iez) + c (1+i)
f(z) = ez+iez+c

Ez(1+i)+ c
f(z) = (+i)  1+if(2)
=ez+C

Harmonic Conjugate

1) Show that function u= 2xy+3y is harmonic and find harmonic conjugate.

Solution: u= 2xy+3y
du du
a = a— = 2x+3
d%u d%u
Oxz 0 dy? 0



i ab‘.

dx2 " 0y?=0 u satisfies laplace equation

‘U’ is a Harmonic function

& O
dv = dxdx + dy dy

dv=-(2x+3)dx + 2y dy v

= BH(2x+3) dx + 2y dy
2 a0z 2
( > +3x) + .

V=-+C

V=-x2+y2-3x+c¢
2) Show that u = 2log (x2+ y2) is harmonic and find its harmonic conjugate.

Solution: u = 2log (x2+y?)



du 1 du 1

E - XE"'FZZX ﬁ'}r - x2+3r32y
d%u _ (x2+y?)(4)—4x(2x) 0%u _ (x2+y®)(4)-4y(2y)
Ox2 - (X2 +y2)2 ayz - (xZ+y2)2

d%u 6‘-‘-‘ _ 4x?+4y? —8x%+4x? +4y? —8y?
0x2 53; (x2+y2)2
d?u  0d%u
a2 T3y =0
o
dv = Oxdx + 9% dy
du
dy -
dv=- dx + Ox dy
—d4y 4x
dv = X*4+¥* dx + X*+¥* dy
-4
dv = X*+¥* (y dx — x dy)
J- [x dy - }rdx
V= - X2 4y2

4 [d tan” 1(;]

Ou

dtan"12
V=- (X)+c

X dy -y dx
:{3

n-1
g" (} [

3) Findf(z) if the imaginary partis r2cos20 + r sin6 Solution:

]

1+("’J2 x

V = 1r2¢c0s20 + r sinf



Integratew@ﬁcan 15(8 wegér_u xdy -y dx 3”]"

s2Qak 0)
uﬁ‘”‘ 258 ?g}ﬁfféﬁ%(e)

dx -xd
leferentlatgﬂﬂrfl'(g— F;Jr: :

? = -;{ -2récsip@ rlsm@JSIQﬂ{B)
Compare th%_?@atiggm@& @0

>3

f(®)=0 oy
— -
fgg) = L @
a0 52" 9
us - 2 B +rcosb+c .
_ . o sin2 8 + r sind ),-2
f@ =l2r cosZB +sedp + ¢ )+ (r sin2 cos2
az z
> @ 30 - r sinod
4) Show that [ ax? aff’ﬂe[real fr(z)'j{25 2 f'(l;%n
Solution: f(z) = u+iv
real f(z) = u

[real f(z)]?2=u2

8(u2) du
ox - 2ok

32{112) d?u du du
T O0x2 = 2u 0x2 zax (h%@

>®@

Similarly,



Add az{uz) d2u du du

2 2 =2u +2 5
equation [% +;2 2[(6 )2 @ % gu]aif a}f dy ay &
@ d? az du U, - ' d
[axz 62 u‘= 2[( }z (a_},)z] 2 2
]+ 2u|
Qo
[f(2) = utiv => f(z) = . % '3
2 2
yi =G G )
0 9%, |
(9 * 3 1" [real £(2)]2- 2 f'(z) 2

5) If f(z) is analytical function with constant modulus ,then show that f(z) is constant.
Solution:
let f(z) is constant modulus

f(z) = u+iv

l(z)|= 1% + v2 = constant
—

u2+ 1v2=c
U2+ v2=cz2=—C1

Differentiate w.r.t ‘%’

5, 0u o O
UtV ax=0-> Q)



2u a_“ + 2V % Differentiate w.r.t ‘y’
=0 9 @ Y Y By C-R

equations Zu?— Ev%
y y
@De ZU%J'Z""% =0>@3
au 51!
:O%@ a__}.r_vza_}'
2@ dv

Multiply @ *v® uw u 3y FWa, =0

@*u@ =0

Subtract then uv



Similarly

constant

Conformal Mapping :
A transformation w = f (z) is said to be conformal if it preserves angel between
oriented curves in magnitude as well as in orientation.

Bilinear Transformation :

: az+l
The transformation w = f(z) = ——

cz+d is called the bilinear transformation or
mobius transformation. Where a,b,c,d are complex constants.

The method to find the bilinear transformation if three points and their images are given
as follows:

We know that we need four equations to find 4 unknowns. To find a bilinear
transformation we need three points and their images.



in cross ration, three are four points (w,w1, w2,w3,) = (2,21, Z2, Z3,)

(W=w1)(w2—-wW3) (z = 21) ( 22—-23)

(Wi-w2) (W3—-w) (z1-22) (z3—2)
-az+b
. d . (-7 . . (.,
Since we have to get w= ““* %, we take one point as ‘z’ and its image as ‘w

Problems about bilinear transformation:

1) Find the bilinear transformation on which maps the points (-1, 0, 1) into the points (0,i,3i) in w-plane
Solution: In z-plane, z1=-1,22=0,z3=1
In w-plane, w1=0, w2=i, w3=3i
In cross ration,

(Wlolil3i) = (21_11011)

(w=wn)(w2-w3) (z-21)(22-23)
{W1_Wz] (W3=w) { Z,-1;) {Iz—z}
(w=0)(i-3i) _ (z+1)(0-1)
(0-i)(3i-w) (-1-0)(1-2)

(w)(=2i) _—(z+1)

(-i)(3i-w) —(1-2) =

22wi(1-2) = (z+1) [ - [i(3i-w)]]

-2wi + 2wiz = -[-3-wi](z+1)

-2Wi + 2wiz = 3z + wiz + 3 +wi



w-0)0-1y  @©0-1)a-0)
(0-Hd-0)  (1-0)0-2)

—Wr —1 i? —1 =
— = z z )
—j -z Wz z ’
-3wi + wiz = (32 + 3) L | w(i(3-z)] = 2(z+1) w
cq= =1, -3(z+1
_ 1 le a [ ! :O]’22=i,z3=0 ﬁ

_ . 1 o
2) Find the bilinear transformation which Wy =0, Wy =i, Wy =g=a= W, [ws = 0]

the z-planeinto (0,i,a) in the w-plane. Wo-—) (2= ) (2,-25)

maps the points (o,i,0) in

Solution: In z-plane, z Dwiw, 1) _ (221-1) ( Z,-23)
. -
In w-plane,
(w-w1)
(W-w)c -w) ( -2z)(z z)nz2ws'=

z1' 23— ((Ww-w1-w2) (Ww3) ( -Z1Z2) (z23—2) w3' 1/

3) Find the bilinear transformation that maps the points (0,i,a) respectively into (0,1, ).



1 1 1
- - f - — — — I—
=0, Z; =i, I3==—-=— _; [33_0]
3

. 1
Solution: In z-plane, z 0«
1 1
wi=0, wy,=1, wao=— =-=a[wy'=0
1 2=4L W3 =30 =5 [w3'=0]
In w-plane, 1

LMJ_(LEJLZ.L )m...z:.(mumvl—wg(lmﬂ_ﬂu;ﬂm (2=21)(Zy 23 - 1)
( )

(wi- w;)(—g—w) (21—52)(_3 z)

w-0)0-1) _ z-0)d(0)-0)
(0-1)(1-0) (0-iH -0y

-W _ -Z

-1 —i

=-iz
Fixed point :
az+b
The transformation w = cz+d

The roots of this transformation are called fixed points or invariant points.

az+b
Z =714 ( we know that w = 1(z) ) z(cz+d) =

az+b c z2+dz = az+b c z2+(d-a)z—b =0

Problems:

1) Find the fixed points of  thetransformationw =
Solution: The roots of above transformation are called fixed points



Z—1+1 z—1

utw e
Z+2 P z+1
z-1
=2z =1z+12(z+1)
=z-1z2+z—-z2+1
=0z2
+1=02z2=-1z=+
i fixed points + i
2) The fixed points of the transformation w =
Solution: putw=1z
z—1+i
Z= Z+2
z(z+2) = (z-i+1) (a=1,b=1,c=1-i)
724227 = z-i+l
Z2+z+i-1=0
—b + /b2 —4ac i -1 +1+4+4 (1 -i)
Z = 2a = 2
1 +14¥—4 i 1434
iz = 2 = 2
A v .
—1+ 3—4i —1— 3—4i
2 2 &

3) Determine the bilinear transformation whose fixed points are 1,-1 Solution:

Given fixed points are z=1,-1



az+b

The roots of the transformation is w = are called fixed points put w = z cz+d
az+b
z = cz+d

cz2+(d-a)z—b =0(z+1)(z-
1)=0

72-1=0 (c=1,d=0,a=0, b=1)
0z+1 _ 1

w= 1240 z

Problems on images:

1) Write the image of the triangle with vertices (i,1+i,1) in the z-plane under the transformation w = 3z+4-2i

Solution: y

(x,y) =(1,0)
In w-plane:



y

x+iy = 0+i w= 3z+4-2i (x,y) = (0,1) w=
3(x+iy)+4-2iz=1+i ©® x+iy=1+iu+iv=w

in z-plane Transformation z =i ©

(x,y) =(1,1) u = 3x+4, v=3y-2
X z- plane

(1,0)
z=1© x+iy=1



i) (xy)=(0,1) © (u,v)=(41) i) (x,y) =
(1,1)® (u,v)=(7,1)iii) (x,y) =(1,0) © (u,v)=(7,-2)

Conclusion:

The image of the triangle whose vertices (i,1+i,1) is mapped as triangle

A

A

(0,1) (1,1)

(4,11\ (7,1)

\ 4
X

whose vertices (4,1) ,(7,1), (7,-2) in w-plane under the transformation v (7,-2)
w=3z+4-2i w-plane
1 1
2) Find the image of the infinite strip 0 <y < under the transformation w = _
2 Z
Solution: Inz—plane
the infinite strip between the linesy =0, y =.
Transformation:
1
W=z
1z =
1 w—iv
wXHY = u+iv u—iv Y=2
u—iv
X+iy =
u?+v? Y < >
u - X
X Y=0

u?+v2 y= uZ+v?
— 7

v



Inw —plane

z - plane 5
- 1 1 -
i)y= >0= uz+vz0 i) y= 2 > 2 uZ+v?

O0=-v uz+ v2=-2vv=0 Conclusion: 1

The image of infinite strip 0 <y < is transferred as straight line (v=0) or circle under the transformation w =

2
T Z

1

3) Find the image of the region in the z- 2z plane between the linesy=0andy = under the transformation w

=e2
Solution: In z—plane
L
Thelinesarey =0,y =2
Transformation

w = ez

utiv=extiy=exeiyy = 0 u+iv = ex

[cosy+isiny] u = excosy vV = exsiny
In w-plane

i) y=0©® u=ex, v=0
T X

i)y=©@ u=0, v=e



Y
I
v=0 =2
< > X
0
%
: z - plane
u=0
< > U
0
\ 4
w - plane

Conclusion:

T

The image of the region linesy = 0 & y = are transferred as first quadrant in the w-plane under the
2
transformation w = ez
1

| | 1 e
4) Show that transformation w =z + _ maps the circle z = ¢ into the eclipse u = (c + c} cosd , V= c} sind (c- .Also

discuss the z case when c = 1 in detail.



Solution: Z—plane

The || circle

| |
S =

X+iy=c

X24y2=c u+iv = r(rcos X2

1
(r+ r

w —plane

1=
z=r (r=c)

u® 5

sin?@=1 " + )2 T - )2
Whenc=1 , 2

— 4+
a?

v

Case:
1= 1

u=2cosb,v=0

Zz

) cosB +i(r- %} sind

we know that

u:(r+

Transformation
1

+

Z

: 1
W=r re!

- 1 i<
9 + |5||"‘|B}+ ; {FCDSB = ISIHB) +y2 =C2 u+iv =

1

1
—)cos® | _ (r-x

) sin@

|Z|:C

A

-
N

~
%

v

Cc0s20



cosxsinhy

u+iv=2cosO +i(0)2sinBxu=2 v=0

Conclusion:
2

The image of circlez=c id transferred as eclipse
plane and also the image of circle z=1 when

c =1 is transferred as straight linesu=2&v=0inw —
plane under the transformationw =z +.

5) Discuss the transformation of w = sinz using example.

+
b

Solution: Transformation w = sinz
W = sin (x+iy) w =
sinxcosiy + cosxsiniy
u+iv = sinxcoshy + icosxsinhyx

u = sinxcoshy

Example: In z —plane

| | inw-—

a2

X=c

X=C coshy = , sinhy =

X2+y2=1

=1 /\az Tp2 =
\ 4
u VZ
—
1
z Y
V= v
In w—plane
uvz=1 ,
sinx COSX

v



Ll 2 Vz

putx=c sin2x  cos?x

2
Conclusion: . =1cos2 hy-sinh2y =1

sin?c  cos?c

The image line x

= cis transferred as hyperbola =

IJ2 \"z _ 1
a2z b2 _ Tinw-—plane under

the transformation w = sinz.

6) Discuss the transformation of w = cosz
Solution: Transformation on w = cosz

W = cos(x+iy) w = cosxcosiy — sinxsiniy u+iv = u

coshy
.« . . ’
cosxcoshy — isinxsinhyX u = cosxcoshy

sinxsinhy In
v

sinhy

coS®x + sinx =1

u? v2

— + -
cosh?y  sinh?y

puty=c

A

y

C

A

plane In w-plane y = c cosx = sinx = -

v



2 A

u® v

=1

+ =
cosh?c  sinh?c

A
u2 'l,rz az +b2=1
22 =l ;
\/ X

u? v2

A

Conclusion: v
I.I2 'I.-"2
. . . . — +—= .
The image of line y = cis transferred as ellipse a2 ™ n2 1 under the transformation w = cosz.



Unit—2
Complex Integration

Line Integral:
suppose f(z) is a complex function in the region R, and C is a smooth curve in R. Consider an interval

X1 < X2 ... < Xn < b are points in (a, b). Yy R
(a, b)and a < /
A Xr = Xr - Xr—1 are chord vectors, then
lim )
n—on r=10 A Xy = abfZ dz v

Where the summation tends to a limit and independent of the points choice. The
limit exists if f(z) is continuous along the path.

Evaluation of the integrals: fzdz= (u+iv)(dx + idy) = (udx — vdy +
)

i(udy + vdx) (vghere u and v are functions of x.



( )

Problems:

1) Evaluate x2+ ixydz from A(1, 1) to B(2, 8) alongx=tandy = t3.

Solution: Along x=t, y=t3, dx=dt, dy =3 t2dt, The limitsfortare 1and2

()
x2 +ixy (dx+idy) = cx2dx—xydy)+i(xy dx+x2dy

)

2 2dt-3tédt+i4t4dt=1t"3-3 t"7+i4 t"5(apply the lower

=1t

1+i 2dzalongy=x2

2) Evaluate ¢ z

1+i 2dzalongy=x2,dy=2xdx

Solution: ¢ =z

1+i  2- y2+2ixy)(dx+idy)

= o(x

3 7 5

and upper limit)
1094  124i

1 2-x4)dx-2x32xdx +i(x2- x42xdx+2 x3dx)



=0 (x

=-+i

2+i
3) Evaluate 1-i(2x+ 1+ iy)dz along (1-i) to (2+i).

Solution: Along (1-i) to (2+i) is the straight line AB joining (1,-1) to (2,1).
(=1-1)
The equation of ABisy-1=- (1-2) (x-2) y-2X =
-3,y =2x-3,dy = 2dx
X varies from 1 to 2
24i2

1-1(2x+1+iy)dz = 12g+1 dxy (2x-3)2dx + i[2x-3]dx + (2x+1)2dx]

2

= (—2x+7 cpk +i(6x-1)dx
X2 X2

=-2 +7x+i(6 -x)|(apply the lower
2 2

and upper limit)
2+i

1-i(2x+1+iy)dz = 4+8i

(1,1) 24+5y+i(x2—y?)]dz along y2 = x.

4) Evaluate (0,0)[3 X

B(2,1)

A

A(1,-1)

|

v



Solution: Along y2 =x, 2ydy = dx, y varies from 0 to 1.

0(10),3)[3 X2 +5y+i(x2 —y?)][dx+idy] = o1 3 y*2ydy+5y2y - (y*—y?)dy +i[(3y*+5y)dy+ (y* —y?2)2ydy]

y6 y>5 y3 ye ys y4 y2

=5 - +13 —+i(2—+3__ -2 +5 ) (apply the lower
6 5 3 6 5 4 2
and upper limit)
129 44i
=" 4+
30 15

(1,3) 2ydx+(x2—y?)dyalonga)y =3 x2 b)y =3x.
5) Evaluate (0,0)X
Solution: a) y = 3 x2, dy = 6xdx, x varies from 0 to 1.

0(1,0),3) X2ydx+(x2 —y2)dy = o1 3 x4dx+ (x2 —9x4)6xdx



x5+ 6 x4 -54 x6¢

69

10

(1,3)

0l 3 x3dx + (x2 — 9x2)3dx

29

4

(1,3) 5 4

(0,0) X2ydX +(x%2 — y2)dy =3 ___

b) y =3x, dy = 3dx, x varies from0to 1.
0,0) X2ydx +(x2 — y2)dy =
=3 -24

__(apply the lower

6) Evaluate {3z + 1 )dz where C is the boundary of the square with vertices at the pointsz=0,z =1, z =1+,
z =i and the orientation of C is anti-clockwise. Solution: Cis the square OABC




3z+1)dz+ Bz+1)dz )

B2+ dz= 1Bz + 1dz
+ c2(32+ 1Mz + 3 (
Along C,= OA : (L,1)
) y Y A =0,
dy=0 C(0,1)
1 X2 "
x+1)dx=3 __
Xvaries from0to1c13z+1dz = ,(3 , +Xx(apply
the lower and upper limit)
/=0 0 7=1

A(1,0)

5

2

Along c2= AB




x=1,dx=0y
variesfromOto 1

13 2Bz + 1Xz =i0[3 (1+iy)+1]dy=4i-2

Along c3=BC y=1,dy=0 x

varies from1to 0

0 3 c3(3z+1)dz = 1[3 (x+
i)+1]dx=-_2-3i-1

Along c4a=CO x=0,dx=0y
varies from1to 1
1 3 ) ca(3z+1dz = ;4
3iy + 1]idx =__2-i
[3iy )

53 5 3 ¢3z+1dz==24+4i—2—2
—3i—i+_2=0

{3z+1)dz=0



(1,1) 2 +4xy+ix2]dz along y = x2 7)

0,0 [3 X
Solution: y = x2, dy = 2xdx,

Evaluate

0(1,0,1)[3 x2 +4xy+ix2] = 01(3 x2+4 x3+i x2)(dx+i2xdx)

1 244 x3-2 x3)dx + i(6 x3+8 x4+ x2)dx
=0(3x
1 3 8 1
21 +1 -2+ i(E+ 3 ) (apply the lower
and upper limit)
3 103i

8) Evaluate { y2+ 2xy)dx + (x2 — 2xy)dy , where is the boundary of the region by y = x2 and x = y2

Solution:
C1: Along OA, y = x2, dy = 2xdx X varies from0to1  c1(y2+ 2xy)dx + (x2 — 2xy)dy = o1( x4+2 x3)dx + (x2

3)2xdx = — 25 C2: Along ABO, x = y2, dx = 2ydy y variesfrom 1to 0 -
2X

cy2 +2xy x + &2 —2xy My =



2
1 242y3)2ydy + (y4- 2 y3)dy=-1 Y/= X,
=o(y B
L A
c(y2+2xy)dx+ (x2—2xylly=-1+25 =-35 c
0
’ y2 =X
Cauchy’s theorem
If f(z) is analytical and f'(z) is continuous inside and c' on a simple
closed curve C, then (f(z)dz=0.
Proof: Suppose R is the region bounded by C f(z) = u+iv z=
X+iy
Where C
cf(z)dz = c(u+iv)(dx + idy) = {udx — vdy )+ i(udy
+ vdx)
L.uii.uii, Vi, v

Since f'(z) is continuous, hox, Ty, thox, t2.y exist and are continuous in
R.

According to Green’s theorem

rLovii. U

S
——— ——



v, u . Vi U
() T o
cfzdz= .r(— <. x—2y) dxdy + i.r(:2 v = <. x) dxdy
0) T .

Since f(z) is analytic cfzdz="r(z. v-oy) dxdy + i r(S vy - y)
dxdy

Luii.v

——— ——

I RS 74

Cox=0oyand Cuy =-
()
cf Z dZ = 0

Cauchy’s Integral Formula

If f(z) is analytical within and on a simple closed curve and c' a is any point inside C, then
1 f(z)dz

f(a)=__ ____ 2mic(z-a)
proof: Cis a closed curve and a is any point inside C, Enclose a within a circle C whose radius is r and the
centre is at a. Now Cis inside C.
f(z) is not analytical

inside C.
(z—a)



By Cauchy’s theorem for multiple connected region  cgzdz= c'gzdz
( X ()
—8l2) =(z-a) C
Where clisz-a=r
|
0 0

z—a=rei ,z=a+rel
dz = rie®de

@ varies from 0 to 2min '

() ()

c c'f(z—azdz) = cf(z—azdz) = 02T f(a + r(erieei)e r)eiede =i o2nf(a+ reie)d

Asr—0,c'>0
()

fzrdr 2n
c(z—a) = io f(a) do = f(a) 2
fzdz
f(a) = c (z—a)
27

Cauchy’s integral formula for the derivatives

{zydz1




f(a) = c(z—a)
21

Differentiating with respect to a successively
(Z)dzl
f'(a) =21 ¢ (z—a)2
2 fzdz

f”(a) = c (z—a)3
()
27k
()
fiii (@) = 23 ¢ (fz—azdz)4

PALN )

fiv (a) = 2.3.42TU c (fz—az dz)5

)
fn(a) = 2n!TU c(z—afz)dzn+1

We can evaluate easily the integrals of complex functions using this formula.

Problems:

zeZdz



I
1) Evaluate . z+2)3 Where Cis z = 3. Solution:

z=-2liesinsidez =3

According to Cauchy’s integral formula

l—fzdz'z('g':'-Z] flla) = c(z-a)s3,

[f(z)=ze
T2
fl(z) = z ez + ez fl(z) =z ez+
2ez fl(-2) =-2e—2+ 2e—2=0
zeZdz
c__ (z+2)3=0.

dz

2) Evaluate 23(z+4) Wheré d is Z = 2 using Cauchy’s integral formula.

Solution: z=0lies inside C and z = -4 lies outside.

According to Cauchy’s integral formula

2 fz)iz 1
fi(@) = 21 ¢(z—a); [a=0 _andf(2)= @] fz)=- @r?fi(z) =
2z 1
(z+4)% and '(0) = 32
dz in

cz3(z+4) =32



(z3—sin3z)dz N

3) Evaluate . (=5 where Cis z = 2 using Cauchy’s integral formula.

Solution: According to Cauchy’s integral formula

;fzdz(%')—— sin3z] fYa)= c¢@-a3 [a= andf(z)=z

T 2
z ||

T
2<2,z2=2liesinside C: z=2

f(z)= 3z2-
n
3cos3z f'(z) = 6z+9 sin3z fl(2 ) =3m-9

c(z—a)3 = TI'.i(3T[-9 )
dz

4) Evaluate ¢ es(z—1)3 Where C ii ﬂ = 2 using Cauchy’s integral formula.
dz e~2dz
Solution: ¢ ezxz-1)3=c¢c___ (z—1)3
z=1liesinside Ci.e|z|=2
f(z)= e
According to Cauchy’s integral formula

1 f—(z—a-z C(z—a) =

f(a), [a =1] R O



27T
1fzdz f”(a) =T C(z—a)3
fl(z)=- e~z f(z) = ez, f(1) = -1

e~ Zdz im

c(z—1)3=e
5) Using Cauchy’s integral formula evaluate zadz Where Cis ellipse and 9 x2+4 y2 = ¢
(z+1)(z—0)2
36.
z4dz
Solution: ¢ (z+1)(z—i)2
z%dz z%dz 1 z%dz
= c(+D)A+)2 - c(—a+z+ AT c

z—i2 Splitting into partial fractions z=-1andz=ilie inside 9 x2+4 y2 =36

fzdz
1 ()
2Tt c (z—a)
f(a) =
_(zdz1
c(z—a)2 = f'(a)
21
f(z) =z4,a=-1, f(-1) = 1, a=l, f(i) . - 1 .

f(z) = 4z3 and f\(i) = -4i L) o



1
z4dz

¢ (z+1)(z—)2 = (1+1)* 2mi- 2mi+ 27 (-4i)

. 8n
= =4T[(1-I) (1+l:}

logzdz1
|
6) Evaluate (z—1)3 | where-Cis z—1 = 2 using Cauchy’s integral formula
Solution:
According to Cauchy’s integral formula
1 fzdz FKa) ()
2 c(z—a)3 = 2! [

a=1]mi1

z—1= s a circle whose centre is (1,0)
2

(5,0) (1,0)



radius is , a=1 lies inside C —

1 f(z) =
logz, fi(z)= ,f'(z)=-,f(1)=-1

y/
1

fi(a) =i ¢ (z—a)3
logzdz

=-mi
c(z—1)3

(z2—z—1)dz 1

7) Evaluate 2(z—1)2 thre C_ils Zz—2=1
Solution:

According to Cauchy’s integral formula

frdr o G-m=2mif(a)

z =0 inside C and z=i is outside C

2 fz)=—

(z —z—1)
2 (z—-1)?
(z2—z—1)dz

c z(z—i)2 = 21

(3z2+7z+1)dz

, [a=0, f(0) =1]

(0,1)

(_

1

2!‘

0)

(,,0)

(;,0)

(x —%)2+ y =1



9) If F(a) = « (z—a) Using Cauchy’s integral formula where Cis$ Z = 2, F(1), F(3), f'(1-i) .

(3z2+7z+1)dz

Solution: Suppose F(a) = ¢ (z—a)
(3z2+7z+1)dz

F(1) = , [z=1 lies inside C]
o (z—1)
f(z)dz

c (z—a) = 2T1i f(Q)
[f(z) = 3z2+7z+1, f(1) = 3+7+1 =11]

(3z +7z+1)
2 C =
2mill =227 =F(1)
(z—3)
2
(3z +7z+1)
F(z)= c——dz, [z=3 is outside C]
(z—3)
(3z +7z+1)
2 c
=0=F(3)
(2-3)

a=1-iisinside C
F(a) = 2mi(3 a2+7a+1)

Fl(a) = 2ni(6a+7)



Fl(a) = 12mi
F(1-i) = 12ni

Complex Power Series

Taylor’s Theorem:

If f(z) is analytic inside and a simple closed circle C with centre at a, then for z inside C f(z) =f(a) +

f(a) (z-a) + f'(a) (z — a)2+ £4@) (7 — a)3s..

2! 3!
Proof: Let Z be any point inside C, then enclose z with a circle c', with centre at a, let w be a point on ¢,
then
1 1 1 z—a —1
converges = = (1- S ) w—zZ w—a—(z—a) w—aw-a
1 z—a (z—a)®* (z—a)? n (z—a)
uniformly T w-a [1+ w-a' (w—a )2+ (w—a)3+"'+ nte] w-a)
lz—a |<|lw-a |
multiplying - |
w—al<1 Therefore, this series
() () () () ()
both sides by f(w) and integrating with respect to w on c' ' f(w—zw dw) = ' f(w—aw dw) +(z-a) c' F(w—aw dw)2 + (Z —

a)2 c' f(w—awdw)3 +..+ (z — a)n c' (w—af w)dwn+1

f(w) is analytic on c'



1 f @ dw

c' (w—2)
fz)=® 2mi 1 _()
(a) fwdw
and n! T 2mic w-a)nt1 Dividing by 2i
wadefwdw(u)fwdw(ﬂlszdw(z—;(a—)):ﬁﬂw dw -(e'ém) =2mi ¢ (w=(@2+—2ni c! (w—aﬂ(z—?—z-‘r[i (w—a)3 +...+ 2—1%1(—)'%
(w—a)n+1+...
21
(z—a) (z—a)
2n f(z) =
f(a)+(z-a) fi(a)+ _____ f'(a)+..+ (H)n(a)+...
2! 1 N
This is Taylor’s series of f(z)
if z-a=h
h2 hn
f(a+h)=f(a) + h f'l(a)+ f'(a)+...+ ni(a)+... 2! —  _— (On if
a=0, h=z
22 m  n

f(z)=f(0) + z f'(0)+__2! f'(a)+...+ n



() (a)+...

This is a Maclaurin’s series of f(z)

]
Laurent series
If f(z) is analytic in a ring R bounded by two concentric circles Ciand Cz of radii r1 and rz,
(r1>rz2) with centre atathenforallzinR P f(z) =ao0 + a1 (z-a)+ az (z — a)2+..+ bib, .
-1 ) 1 2
fwdw (z—a) (z—a)* Cq

Where an = 2mi Cl&v—(a}a)%-i-—l—

fwdwl

and bn = 2mi C2 (w—a)-n+1

Where c' is any curve in R encircling C2

Proof: Consider cross cut PQ and f(z) is analytic in the region R' bounded by PQ, z is any point in R'.

fwdw 1 fwdw
o () ()

f(z)= [ rq (w—z)- C2 w-2)- Qp(Ww—z)+ C1  (w-2)]
21 oy ()

fwdw fw 1 dw

f(z) = [c w-2) - C2w-z)] @ Equation 1
21



Where C1 and Cz are described anticlockwise

Consider
— d
1 Jwyw 4 IwAW — (gay  JWAW (maCn  fwdw
(w—ay2 2mi C' (w=2) (=)2Tti Ciw-a) * 2mi C1 +...+ 2T
w (=2, Fwdw Ci(w—a)n+1 +...

= n=0 2y CtW-a),yy

= n=0(z—a)"an @ Equation2

fwdw
1 ()
Where an =21 Ci(w—a)n+1
()
1 fwdw
Consider C2(w—2)

2T
For C2, w-a< z-a



|E412_ﬂ = + +..] 1

1 1

(w-2) ~ w-a—(z-a) ~ (z-a)(1-*2) fwdw _— L Twdwhwdw
z—a C 21 C2 (z—a) + 21T CZ(W—a)—l +
2 w-a -1
€2 2mi (w-a)-3 (z- a}[ z-a ]
[ w—a (w— a]z {w— 1}’*' 2
=sb (2= a} 2-a @-a)? ' (z-a)? n(Z—a)™ @ equation 3 Where
1 flw)dw 1 () fwdw
_ _a2
N G () (z-a)

bn =21 C2 Cwed—pi1

Substituting equations2 & 3in1,weget f(z)=n=0(z—a)"an+ n=1Z— a)n bn ThisGs called the Laurent series of f(z)

&a

The first part n=0(z — a)Man is called the analytic part and the second part

oa

n=1(Z — a)-n bn is called the principal part. If the principal part is zero, the series reduces to the Taylor’s series
Problems
1) Expand log z by Taylor’s series about z = 1.
L Solution: The given function is f(z) = log z f,,,(a)
Taylor’s series is 31 (z—a)3+..+
fnn(!a) (z fi(a) _ —a)+..

a=1, f(1) fz) =f(a) + fi(a) (z-a)+ 2l (z—a)™+ _g



1
fiz)=z,f(1) =1,

1
fl(z) =- 22, f'(1) = -1,
2
fll(z) =23 , f(1) = 2, fiv(z) =
—3!
o, fiv(1) =-3!
1
logz=(z1)-2 (z— 1)2+13 (z— 1)3-14 (z — 1)4+..+ (-Dn-1p@E-Dn4,,,
7z—2
2) Obtain all the Laurent series of the function aboutz=-1
(z+1%(z—2) 7z—2
Solution: f(z) = )
z+12z(z-2)
put z+1=u,z=u-1 z-
2=u-3
72—2 %u—lyl A B C

(z+fz@—2)=ug—1ak3)=11+lk—14-u—3
7u—9



A=lim=-3 N
u-0us1 (u-)-3) 7u—9

B =1lim =1
u—=1u(u-3)
7u—9 C
=]lim=2u-3u-1u -
¢ )
-&+4+%;-3-1——u—1c2f—w—1u u—1
u-3 u3 3 ( _)
=-3-(l+utuz+ud+.. ) - (1+u+u2+. )u39 i - —
=-u3-53-(1+__322)(z+1)-(1+ — 322 ) (z + 1)2-(1+__324) (z + 1)3+...
__t
3) Expand #*-#7%#7d region
Mo<lk—1l<1 (i 1<lzk 2 izl 2
Solution:
1 1 1
(i) (z2—3z+2) (z-2) (z-1)= -

lz—1l<1



(iii)

(1+ + )- AN

1
(z—2) _ (z-1) = (z-1-1) _ (z-1)
1 1 )

__—ev.en-{1_§_1)) @

= (1Hz1)+Z—P2+5—-19+ ) — 1
(z-1)

(z—2) z (z—1)
-1 z z 1 T3 4.9 )
=2(1+2+4+8+..)-z(1+z z2
2
I |z]>2,2<|Z], <1,
1 11
z(1-2) z(1-1 i B i
(z—2)
(z—1))z
——(1 1—9—1—-1(1—1)1
VA Z Z Z



= n=1 2+22 l[1+l+lz+...)

1. = gpp—
n 1) (2 ZH—I n 5 o i

m —
zn - n=1zn

(z2-1)4) Find §he

Laurent series expansion of the function if 2< z <3.
(z+2)(z+3)
Solution:
(z2-1) (5z+7)
flz)=—_ =1-
(z+2)(z+3) (z*+5z+6)
38 =1+
(z+2) (z4+3)
= 1 +
3
z2(1+%) _
8
3(1+-)
1
_1 =
3 2 8 y/
1552223 1332338
MgrEatllstasm

1+ +...)



5) Expand f(z) =

Solution:

6) Express f(z) =

Solution:

w 2 ("L _qp1zn-1 e (C1)
=143 n=1 Z0 +8 n=1

* Cpmr—

=1+ n=1 zn +

e2z

(z—1)3 about z=1 as Laurent series. Also indicate the region of convergence of the series.

e2z
f(z) =
3 —
(z—1)
put z-1=u, z= 1+u
o2z ezf1+uj ezezu Ez (211]2
(z—1)3 = (w? (u)®
el (2(z-1))?
= 1) (1+2(z-1)+ — +...)
1 1 2
2
= € ((z 1)3 (z—l)z +z—1+ N )

-LI3

in a series of positive and negative powers of z-1.

(z—1)(z—3)z
f(z) =
(z—=1)(z—3)
Z A B

3n)

2!

(14+2u+ +..)



= +

E=DE=3) -1y (@-3)
Z 1

A =lim =-
z-1(z—3)2z3
B=1lim = z-3 T (z—1) 2
3 1 3 1
f(z) = 2(z—-3) _ 2(z—-1) = 2(z—-1-2) _ 2(z-1)
3 1
= 2—1 - 2(z—1)
—4(1-—)
2
— 1 3 (z=1) 3 1
=-T3(1 — D7 2z-1) 41+ 2t 2 — 1 2(z-1)  z-1 2+..)-
4 2

=2(z—1) - 4 n=0

Contour Integration
Singular points
Singular point: A point at which f(z) ceases to be analytic is called a singular point.

Isolated singular point: Suppose z=a is a singular point of a function f(z) and no other singular point of f(z) exists in a
circle with centre at a, then z=a is said to be an isolated singular point.



In such a case f(z) can be expanded by Laurent series around z=a
Pole: If the principal part of f(z) consists of a finite number of terms b1, b2... bn  bn#

0 then (z-a) is said to be a pole of order n.

: o . . limf(z) = o)
if n=1, z=a is said to be a simple pole.(note: if f(z) has a pole at z=a, then z—a
: : . . . . lim () .
Removable singularity: If a single valued function f(z) is not defined at z=a Z—00 and f z exists, then
z=a is said to be a sinzremovable singularity f(z) = ,z=0is a removable

singularity. z

Essential singularity: If the principal part of f(z) consists of an infinite number of terms, then z=a is said to be an essential
singularity

1
1 1 1
1 +_ _l_ — —l— — + LN ] . . . .
ez=" z 2z2 3iz® z=0 is an essential singularity.

Singularity at infinity: Suppose we substitute z= *, f(1.} = F(w) (say), then the singularity at w=0 of F(w) is called the w
w
1singularity at infinity. ez has an
essential singularity at z ===, since e z has an essential singularity at z=0.

Entire function: A function which is analytic everywhere in the finite plane is called an entire function or integral function.

Examples: ez, sin z, cos z are entire functions.

Note: An entire function can be represented by a Taylor series which has an infinite radius of convergence. Conversely, if a
power series has an infinite radius of convergence, it represents an entire function.



Liouville’s theorem: If f(z) is analytic and bounded, i.e fl(z) <I m for some constant m in the entire complex plane, then f(z) is

a constant.
Residue: We know that (z—a?) = 21ti where Cis kz — al=R and « (z—a9%n=10, if n #-1.
C () fz dz = 2ni biwhere C is the circle with centre at a and f(z) is expanded in Laurent series. biis said

1
to be the residue of f(z) at z=a [ the coefficient of (z-a) in the principal part of the Laurent series of

f(z)].

Cauchy’s Residue Theorem:
Statement: If f(z) is an analytic function inside and on a closed curve ‘C’ except at a finite number of points, inside C, then

fzdz= &r& ( sum of the residues at the points where f(z) is not analytic and which lie inside C).
If the poles of order one and n then the residues are

_d 1 dn-1 nf(z)]
limz—a dz[(z—a) f(z)], lim dzd-1m1[ (Z—a) z-aeiz 1) Find the poles of the function and the

corresponding residues at each pole, f(z) = (z2+1)

eiz

Solution: The given function is f(z) = (z2+1), f(z) is not analyticat z=iand z = -i

Therefore, the poles of f(z) are i and -i, both are simple poles If
z=a is a simple pole, then the residue at z=a is lim(z—a)fzz»a ()

Res z=i=lim(z—i)fz=1lim(z—i) ez i—1
=-e



yAdVA! (z+i)(z—1)
( ) eiz i
Res z= -i= lim(z+i)fz = lim(z+1i) _ = €zo—izo—i (D) 2
:;mzz
2) Find the poles of the function and the corresponding residues at each pole, f(z) = ~ ;TE'
(z—
6
sin?z T
Solution: The given functionis f(z) = z ,2- isadouble pole
(z2—) 6
6
2 T
sin
_ 6nlimg—dzd z(z—m6)2
Resatz= =
(z—)?
Z—6 6
T T 1§ V3
= lim 2 sinz cosz=2Sin Cos =2 =
o 6 6 2 2 2
6
Z Sinz
3) Find the residue of (z—m)3 at z = Tt.
Z Sinz
Solution: The given function is f(z) = (z—m)3, z=Tis a pole of order 3

If z=ais a pole of order 3, then residueatz=ais



1

[(z—a)
limz—an-1)dzén—tn—1  0f(z)] (a
1d2
Res at z = Tt = z-nlim dz2 (z sinz)
2
1d
= lim o (Z 2 =
CoSz + sinz) z—»ndz lim (cosz 1
—zsinz +cosz ) =-1. z-m 2
(cosmz2+sinmz2)dz where C iS|Z|= 3.
2 2
4) Evaluate ¢ £120-2) (cosmz +sinmz )
¢ 22
Solution: The given function —)(
and z =2 is a simple pole, z—1dzz—>1dz (z—2)
(z=2)(—228InT22 4 97 0s122) —cosmz2—SinTz2
Resatz=1=1im (,_o2
(CQS]IZ 2 sinmz 2)
3 ( 72 (z—1)2 =1 z—1

=T)

is f(z) =5—z=Z3-+isa-deuble pole
both lie inside C. z—1

d[z—12f(z)] = lim d (cosnz2+sinmz2)



J

ResatzZ£2=1limz—
2 f(z) =lim z-2

According to residue theorem

(cosmz2+sinmz2)dz
) =2 wi{sum of the residues) = 2 mi(3+1) =8 mi . 21
2(z—2)

_ zseczdz ~ 2+9y2=9
5) Evaluate ¢ 1-z2whereCis 4x
zsecz Solution:
The given functionis f(z) =_—____1-z2 z=1and-1 are simple poles and 4 x2+9 y2=9 is a ellipse whose semi minor and

3
major axes are 1 and 2.1 and -1 both

lie inside C. Y zsecz secl
Res at z=1 =lim (z-1)f(z) = lim - =-
z—1z—-1z+12zsecz secl (0,1)
Res at z=-1=lim (z+1)f(z) = lim - =-
z—->—1 z—>—1 z—1 2
zseczdz ________1-z2 =2 T (sum of the residues, by residue /=1 |0 Zz=1
theorem) X
=2mi (-sec1l)=-2mi(secl)

ezdz



6) Evaluate .. 1) Where Cis the circle L —qL1.

Solution: The given function is f(z) = ¢ o (z+2)(z—1), Z =-2 and 1 are simple poles , z=1
lies inside C and z =-2 lies outside C.

- ez e Res at z=1 =lim
(z1)f(z) = lim = z-1 z-1 z+2 3 ¢ )

cf(Z) dz =2 mi

(sum of residues at the poles which lie inside C)

ezdz 2 mie

c(z+2)(z—-1)= 3

Evaluation of real integrals in unit circle

2T

(1,0)

|z—1|=1

We can evaluate the integrals of the type f( cos 6, sin 8)d0 where f(cos 0, sin 0) is a rational function, using residue

theorem.

8 we can write cos 0 =
eig+e—io we know thatifz=e

1 .
1 eig—e—ig cos 0= 3 (z+__)andsin O =

1
— 1



sinB = (z- ) 2iz

eio
do =
dz

and
do =

dz

iz

By this substitution we can change the integral into a function of z.

We know that f(z)dz = 2mi (sum of the integrals)

take Cis z =1, then O varies from 0 to 21t
2T
0 f(cosb,sinB)dO = cg(z)dz whereCisz=1

1 11dz g(z)=f[2(z+ ),_ (Z-_)_|]_ z2i ziz

We can evaluate using residue theorem

Problems

2T de 2T



dz

1) Show that 0  a+bsin = a2—b2, a>b>0 using residue theorem.

Solution: Consider C='z'=1,z = eif
1
1 1 cosO= 3 (z+),sinB=_(z- )
z 2i
2T de dz

0 at+bsin®= c iz[a+2bi(Z— 1z )]

2
f(Z) = bz2-+2aiz—b |
o f(Z)dZ = c________ bzz+2aiz—bdz
bz2 4+ 2aiz —b = b(z-a)(z-B)
2ai
where (a+B)=- ,af=-1
b
—aikiaZbZ  _jj—ja2—b?

a=and B=b b

a<landfB>1 a liedih C cf&zjdz=2niResZ=a

ResZ=a=1lim (Z-a) f(z) =lim

z—a z—>a b(Z—B)

Z



b(a-B)

2T do

2) Evaluate

S olution: 0

Substitute z =ei

2i y/

2

- —ai+i *-"raz—hz ai+i ‘-"raz—hz

b[ x + ~ ]

1
:iVaz—hz
cf(z)dz= 1 2dz __ _ 2mi
i  bzi42aiz-b jVaZ-h2
21 de 2n

a+bsin® =az—p

(6—3cos0)2 Using residue theorem

2T de
(6—3cos0)2
1

cos 0= 2 (z+__),sinB@=_(z- ) z

dz=iei®dd and do = 42
iz

2m de dz 470z



_ ( z+ 1z = 9i(z2-4z+1)?
\é iz[6— —
0 (6—3c0s0)2 = ¢ 3 )12 vV

The poles are a and p wherea=2-3 and B =2+ 3 and both are double poles, among which a lies inside C.

d2f(z) ]
Resatz=oa=1lim [(Z-0) z—~a dz
d Z C_IE+ B)
= z-lima dz[(Z -B)2 ] = @@ - By’

(a+B)=4,a-p=-23 Resatz=\g==
4 1 _
4 1
2443 643 _ 47dz4n

c9i(z2—4z+1)2 =9i 2T %3 =273

2m do
3) Evaluate o - (a+bcos®)2 , a>b>0 using residue theorem
Solution: - out z=ei, 13 _ 02n de _
2
(a+bcosB) dz dz = eib
do “~ =db _
cosO =
(Z+ 1 ) izz
2T de 47dz

0 (a+bcos0)2 = ci(2az+bz2+b)2  The poles are aand B, both are double poles
—



Where  a=and B
=bb
a liesinside C
d z

Residue at z = a = z»lima dz [b2(Z —B)2 ]
= - ( ) 2 2

b(a - B)
, 1-2ab3 a

= - b( b8(a2—b2)32) = 4(a2—b2) 3z
21 de

0 (a+bcos®)2 = 2Tt (Res z = a by residue theorem)
2mia% 2na

4i(a2—b2)(a2—b2)2

Contour integration when the poles lie on imaginary axis
f(x)
We can evaluate integrals of the type
__ =h(x), using residue theorem. g(x)



Consider ch(z) dz when the poles of h(z) lie on imaginary axis. We take positive imaginary axis. Integration is taken over the
semicircle and the line — R to R. The poles lie on upper half plane. If the poles lie on real axis

R () ch(z)dz =-rh
z dz+rh(z) dz

We know that by residue theorem h(z) dz = 2mi (sum of the residues of h(z) at its poles which lie on upper half
plane)

R
—Rh(z) dz ++h(z) dz = 2mi (sum of the residues )
In the limiting case R — o= we get K\
- ’\r
oo hxHx (if +h(z) dz = 0)
-R R
Problems:
oo dx 1)
Evaluate by contour integration 0 1+x2

dz

Solution: Consider 1+z2 Where C is the contour consisting of semicircle  and the line (diameter) from —R to
R.



R C
—R1+4z2 4 | 1+z2

dz dz

1422 =
dz

1+z2=Q oo dx dz \
=l 1477 \F

r

The poles of f(z) aret, i lie on upper half plane. -R R
1 1
Res at z=i= lim (z-i) f(z) =lim = z~i  z-j@*) € —
dz c 1422 - iT[i
(residue at z=i)
21 - L =TI
= (21)
oo dx oo  dx

2 =
fﬂ 1+x? oo 1+x2 [ f(x) is even]

oo dx 1 dz ™
- 2=_Ic 2

0 1+x 2 14z 2

(o o] Kz

> () 2) Evaluate ~°° (1+X*)(4+%%) ysing residue theorem.

Solution: oo fx dx

()
0D ) )
rfzdz =j +eréZ [rf(zdz=0]



= fZdz fzdz= fZdz
() ()

The poles of f(z) = arei, -i, 2i,-2i. —oo

72

All are simple poles i and 2i lie on upper half plane.

(1+22)(4+22)
Res at z=i=lim (z-i)f(z) z - i

72 1

=z lim- i (i+2)(4+z2)=- 6i

Res at
z=2i=1lim (z-
2i)f(z) z - 2i
z2 4 1

=z lim- 2i (z+2i)(1+2z2)= - 4i(-3) =3; According to residue theorem . fZdz

2 (sam®f residues)

()

1 1 gL
= 27[1 (._ + _) =
61 3i
- oo x2

0o _(14x%)(44+x*)

(o o] deX



3) Evaluate 0 1+x° yging residue theorem.

oo Solution: —  fofxdx
R
=J-—R§Z)dz+ er(d)Z [rf(Z%lZ =O] /
()
= fzdz -R
() R

—rfzdz= cféd)z

( )
The poles are , e 2n+1mi/6 where n=0,1,2,3,4,5

[-1=cosTt+isinTt= € —mi =cos(2n+1)n+isin(2n+1 i

o cos(2n+l)n  sina+fm ¢ )
(_1)E= & + I_ 6 = e 2n+1mi/6

i 36Tli 56Tl1

Whenn=0,1,2ie,es6,e,elieonupper half plane.

Tl Tl
0
Resatz—> es=lim(z-e )f(z) form o
mZ—eb® o
72(z—e6)
=lim
o (142
Z-€6 (352 2766 ) m
=lim 625

Z—-e6 i



miZ —eni6
—3mi
6e
3mi
T
T

Resatz— e

(3z-2¢%) =|jm

Gzt
e6 1 — 1 T T i
2m = = ec=(cos -isin_)=-
3 6 2 2 6
3mi Tt
) 0
__ & lim = (zxe__2)f(2)
Z —ef i
72(z—e2)
=lim _
m (1+z8)
Z-e?2 (3z2-2z cT:I i
=lim 6z
Zserm (32-2¢€7)
. Gzt
=lim
Z-e32n1l 31 31 i
1 -
= e (ce®S 2 -isin) =
. g
2 6

5mi 5mi

form



Resatz—oe= (z- & lim = e)f(z) O form

(@al
=

Z —e &
5mi
ZZ(Z_ lim e6)
= (1+z%)
smZ —e a
Smi
2-2ze6) . (32
]Irn51'[i 625
6
—15mi
lim 2 o 151
im e . 6
=z
—e
151 i
= = (cos
5mi
a
Z —>e
According to residue theorem
2mi (sum of residues) () f7Zdz=
2
=2(--)= o
6 6 6 3 1+x
2
i



i

9 xdx
00=3

9 xdx

-isin) =-

il



©o dx

4) Evaluate —°° (x*+1)? using residue theorem.
oo ()

Solution: ocofxdx

R

= —r2dz + rféc?z [rf(ZhZ =0]
= oflz dlz

r
—rfzdz= cféc?z \

1
(z2+1)The function is f(z) = -R R

The poles are i and —i of order 3, z=i lies on upper half plan and inside the semicircle

Resatz=i=lim__14z42; [(z —0)3f(2)]z~i 2
1d2 1
=lim __dzy( )
- (z+i)?
z-2i2
1 12
lim 27
N £z+i]5



(2i)° 16

According to residue theorem fZdz =2
(residue at z =) ) i
3 3
= 2mi =
16i 8
©o dx 3
oo (X241) iz g

Evaluation of the integrals of the type

oo imxf(x) dx

oo e Jordan’s
Lemma
If f(z) is a function of z satisfying the following properties:

(i) f(z) is analytic in upper half plane except at a finite number of poles

(i)  f(z) = Ouniformly as ¥ owithO<argzsm
(iii) ais a positive integer, then

limoo (§2 einzdz = 0

-

Where Cis a semicircle with radius r and centre at the origin



oo imxf(x) dx = ceimxfx dz = 2mi

e

(sum of the residues which lie on upper half plane)

Problems

oo cosx dx
-9 (x24+16)(x2+49)

1) Evaluate () using residue theorem.
() .
Solution: .f z eimzdz ) . _eimxfzdz  RIM-oo f_+

=> reimxfz dz =0 (Jordan’s Lemma)

oo imxf(x) dx = ceime£ dz = 2ri -R R

oo e

(sum of the residues which lie on upper half plane)

eizdz

C (z2+16)(z2+9) z=3i, -3i, 4i and -4i are simple poles. 3i and 4i lie on upper half

plane.

RR eimxf(z) dz



—ie-3

Resatz=
3i=1lim (z-
3i)f(z) z - 3i

ez

=z lim- 3i (22+16)(z+3i)

(—9+16)(60) 42

Resatz=
4i = lim (z-
4i)f(z) z - 4i
eiz

=z lim- 4i (z+4i)(z2+9)

ie-4 = =
(9—-16)(8i) 56

eizdz —i i Tl(4e—3—-3e~ %)
C (22+16)(22+9) = 2T (287 + 56¢4) = g4
elzdz coszdz
RP clz?+16)(z?+9)= (z24+16)(z%+9)
e cosx dx _ M(4e 3-3e~h

—%0 (x24+16)(x2+9) 84



©9 xsinx dx

0 (a+x?)

2) Evaluate () )
Solution: : (fz eimzdz = eimxf R iMoo f— zdz +

R ()

R eimxf(2) dz /

=> reimxfzdz =0

Z

f(z) = (a2+22)
-R
z = ai and —ai are simple poles.
Resatz=
ai = lim (zai)f(z)
z - ai
Zeiz
lim

—



Z ai

(z+ai)
aie™@ € —a
C - e—a—a
e . 2ni—=mie
— (aZ?+4z?) zsinxdz = 2 S xsinxdx T,
0 —=—ie2
(a2+x2) o0 xsinx dx

— O {a2+x2] =N



Unit -3

LAPLACE TRANSFORMS

LAPLACE TRANSFORM
Definition:

Let f(t) be a function of t, defined V t20. If the integral

00 —stf(t) dt exists, then it is called the Laplace Transform of

olZe
f(t ) and it is denoted by L{f(t)} or f(s).

Here s is parameter, real or complex.L is called Laplace
Transform operator.



L{f(1)} = B eS¢ f(t) dit

Def: Piece-wise Continuous Function:

Afunction is said to be piece-wise continuous (or) Sectionally
Continuous) over the closed interval [a,b] if it is defined on that interval
and is such that the interval can be divided into a finite number of sub
intervals, in each of which f(t) is continuous and both right and left
hand limits at every end point if the sub intervals.

Def:Functions of Exponential Order:

A function f(t) is said to be of exponential order as t 2> if
{im(e)_“t f(t) = finite quantity

(or)

If for a given positive integer T, 3 a positive number M
Such that|fQ )| < Meat Vt>T,



Sufficient Conditions for existence of Laplace Transform are 1)

f(t) is Piece-wise Continuous Function in [a, b] where a>0, 2)

f(t) is of Exponential Order function.

Linear Property:

Theorem: If ¢;, c; are constants and f4, f, are functions of t, then
L[cs fa(t) + ¢z f2(t)]=cq L[f1(t)]+ c2 L[f2(t)]

Proof: The definition of Laplace Transform is

e =o€ ft) dt (1)
By definition

L[C1 f1(t) + C> fz(t)]:fﬂm E_St [C1 f1(t)+ Ca fz(t)] dt

=T0°61 J& 56_2:1 f}{}?)déﬁ fzfgﬁo ¢ i%rr‘%g}fft) N



=¢q L[fa(t)] +c2 L[f(t)]
Laplace Transform (L.T) of some Standard Functions:

1
1)Show that L{1}=
S J"I’ e St
Solution: By definition of L.T L[f(t)]=f(t) ‘0 P |
Putf(t)=1 o.b.s U= Jo € 1 gt
00
—1== _(0-1) = [ﬂt]
1/s
-s sO
2) L[c]=L[c.1]=c. L[1]=c.(1/s) =c/s
i — 1
3) Showthat L[® 1= s—a
Solution: By definition of LT, )= J.EI E_Hﬂt} [} | SO (1)
Lf(t Eat] _ m %}_H et dt
=t} E—{s—ah“ dt
\E—fs:a:‘t DO —oo
= 1—{.-;—::) {E o {})
== _ 0

5—a



Put f(t) = eato.b.sin (1) L[

-at] — 1

Note: L[E s+a
S a

4) Show that L[ Cos at]= s2+a2 and L[ Sin at] = =s2+4a2
Solution: W.k.t eif=cos 0 +isinf

eiat= cos at + i sin at
L[eiat] = L[cos at +i sin at ]

L[cos at + i sin at]= L[eiat]
- 1 atj-_1_
“s—ia (Le ]_s—a )
S+ia

~(s—ia)(s+ia)

s+ia

s2+a?

s +i a
s24+q? sZ4qa?

Equte real and imaginary parts we get
S a
L[ Cos at]= s2+qa2 and L[ Sin at] = =s2+42
5) Find L[ Sin hat]



at =it

e " —e
2
1 1

Solution: L[ Sinhat ] =L [~ Al ]] =% [ L{eat}-L{e-at}]

s4+a—-s+a
=% s2-a2 ]
a
= 2_g2
6) FindL[ Cos hat]
e +e
2 at at
Solution: L[ Coshat]=L[] =% [ L {eat} +L {e—at}]
o 1 1
- A [ S—a + s+da ]
S
st+a+s—a
=% s2-a2 ] = = s2-q2

7) Show that (i)) L[t"]=p(n+1)/sn+1, n>-1

(ii) L[t"]=n!/sn+1, nis +ve integer



1)

Solution: : By definition of L.T
L] = Jo €7 f(t) dterremv(1)

ny_ (€ ,—st gn
L[t"] =], e t"gy putst=x i.et= x/s
=[P X (X & - &x
_fﬂ € (5] 5 dt_ 5
1 o _
=5"+1fﬂ e xxndx
1

= 1 P(n+l), for (n+1)>0
L [t?] = p(n+1)/sn+1, n>-1

L [tn]=n!/sn+1, nis +ve integer FO RM U LAE

1
L{1}=



S

4) L[ Cos at]= s2+a2

a
5) L[Sinat] s2+aZ2 =
il
s2—q2
6) L[ Sin hat] s =
7) L[ Cos s?—a? hat]=

8) L(t"N=p(n+1)/sn+1, n>-1

9) L(t")=n!/sn+1, nis+ve integer
PROBLEMS
1.Find the Laplace Transformation (L.T) of t2+ 2t +3

Solution: L [¢2 + 2t +3] = L[¢2] + 2L[t] + L[3]
!
BPR PR



> 2.  Find

t2 +4
] L
5
Solution: L[t* +41= L[tz ] +L[4]
pG) a4
TS 3. FindlL
e3t+ 3e721] . ind L[
Solution: L[e3t+3e-2t]= L[e3t] +
3L[e—2t]
1 1
= 3 Y3

4.Find L[Sin 3t +Cos® 2t]
Solution: L[Sin 3t +Cos22t]=L[Sin 3t] + L[CosZ2¢t]

+
" 5249 + L[ v 3 1 Cos 4t
]
__3 1
= 219 ¥ Z{L[1] + L[Cos 4t] }
3 . 1[1_'_ s I
© 5249 2's  s2+16

5.Find L[f(t)]if f(t)=0, 0<t<2
=3, t>2
Solution: By definition of L.T



00 —stf(t) dt
L[f(t)]= e
= fgz e~ o0 —stf(t) dt
f(t) dt + 200 e

= 0+0 e 5.3, dt

First shifting Theorem (F.S.T):

If L[f(t)]=f (s) then L[etf(t)]= f(s-a)
Proof : By definition of L.T

e_.=0



Lf1=Jo € 5 f(t) dt = f(s)-mmmmv(1)
Lewf(t)]=Jo € €™ f(t)dt

- J-l] e~ (7 f(t) dt Put s-a=p~ fg e Pt f(t)
dt
=f(p) = f(s-a)

Note: L[e—atf(t)] = f(s+a)

Problems:
1) Find L[t3 e—3t]

Solution : let f(t) = t3
3! _ 6
Lf(R)]=L[ ] =3+1 =58~ F0S)

By F.S.T, L[e—2tf(t)] = f(s+a) a=3 L[e-3¢
f(t)] = f(s+3)
6
L[e-3tt3] = (s+3)%




2) Find L [ e—¢(3 sin 2t -5 cosh 2t)]
Solution : Let f(t) = (3 sin 2t = 5 cosh 2t)L

[f(t)] = L[(3 sin 2t — 5 cosh 2t)]
2 s

=3 s2 +4 552—4 =(s)
By F.S.T, L[e—atf(t)]=f(s+a) a=1
Lle-1tf(t)] = f(s+1)
6 5(s+1)
B (s+1)“+4 - (s+1)*—4
6 55+5

L[ e—t(3 sin 2t — 5 cosh 2t)] Ts2425+5 | s2425-3
Second Shifting Theorem (S.S.T)

STATEMENT:- If L[f(t)]=f(s) and g(t)=f(t-a), t>a
=0, t<a then L{g(t)}=e—as{(s)

PROOF:- By definition of L.T



L[f(t)]= fgm oSt £(t) dt = (s (1)
- % ,—st
[“e™st Ugtl= glt)dt="Jo € glt)

dt + J;:D E—St g(t) dt
- fﬂ‘“ e—s(a+x)

=0+ [“e™*" flt .a)dt put t-a=x f(x) dx
t=a+x
= e~ a5 ff e 5% (x) dx dt=dx, (x=0 to =)
= e—asf(s)
Example :
2T
. cos(t- _
Find Laplace Transformof g(t)= 3), ift>__
321
=0, ift<___
3
21
Solution: Let f(t)=cost , a= __



f(t-a)=cos - -
_?)—cos(t- 3
S

cost]=— 1=f(s)
L [f(t)] =L SoF

[
By S.S.T L[g(t)] =e—asf(s)

— =g s
= 3
(e )52+1

Change of scale property:
1 S
If L[f(t)] = f(s) then L[f(at)]=a g
t
NOTE: L [f(a)]=af(as)

t-a)f(t



Example: If L[f(t)]= 95°-125+15 then find L [f(3t)]
(s—1)3
Solution: Given 9s2_125+15

L[f(t)] = by Change of (s-1)3

= f(s)
~ ()

scale property, L [f(at)] s
f(2)
3

1
_ LIf(3t)]=3
1 9(%]2-12(5)“5

"3 G-1)3

1, s2—4s+15

3 (s-3)3/27
_9[53—4~s+15]
S (s-3)8

|_aplace transformof the derivative of f(t)

O If f(t)is continousfor all t [ and f (tjJis piecewisecontinous, then
L{f (t)}exists,providedlim e $'f(t) § and g

L{f @)} IL{f(t)}-f(0) sf(m)-f(0)
L{F " ()} Bf(s)-s"1F(0)-s™2f (0)....f1(0)

]




ExamplelDerivelaplace transformof sin at

Let f(t)Idinat thenf’(t) = acosatand f”(t) -akdinat
Also f(0) = 0, f’ (0) = a from this also f”(0) = 0, also from this
By derivative formula,
L[f”(t)] = s* L[f(t)] — s f(0) — £°(0)------- (1)
L{-asinat}[$2 L(sin at)-a

(—a2) L(Sinat)+ a =s?L(sinat)a=

(s?2+ a2) L(sin at)

L(sin at)= ng:—az

Laplace transform of the integration of f(t)
t _ J(s)
F Lf(E)]=F(s) then LJo DL = =

Example:




r .
Find LT. of Jo Sinat dtsgjytion:

Let
4— f(t) =
L[f(t)] = L[sin a;cc](—) s?+a? <in at
[ f®)dt] = L2
= (s)
L[
j'ﬂnatdt-sgilg

Multiplication by t :

= [f(s)]
If L[f(t)]=F(s) then L[tf(t)] 2 -

L[£2(t)] (-1)° % [f(s)]
- (—1)" 2 [f(s)]
L[tnf(t)] =



Example : Find L[t sin2t]

Solution: Let ()= sinet
.2 1-COS 2t
let 1 sin“t] = L[ , 1 ]S T
2 (L[1]- LEiCOS 2t] ) = 2t $2+4] - s(s24+4) = f(s)
= - [f(s)]
d 2

T ds [5(52+4)]
_ a2
_ [; "
{s(sP+4)1 ds(g3445)

By theorem L[t f(t)]
2

{s(s%+4)}
65°+8

=52(52+4}2 ] (3s%+4) Division

=

o



f(t)y _ oo [
FLF()]=F(s) then L[ 1=Js F)AS  rovided MM exists.

e —e ] 3t 4t
Problems: (1) Find t
L[

Solution: Letf(t)=e-3t—e—4t

LAl =L~ €
, L jm] f f (s)ds

—1=J (m-m)dﬁ 3 4

L[
oo
log (s+3) - log (s+4)
oS J 00
s+3
3
= |Og (_)- = og _s(1+§_)
4
S+4S Ss(1+s)
543
=log1-log (>
543 5+4

= 0-log(s+4) =log(s+3)
cos at —cos bt

(2). Find L.Tof t




Solution: Let f(t) = cos at — cos bt
L[f(t)] = L[cos at — cos bt]
5 5
f(s) —s2+a?  s2+b2
[0 - fmf(s)ds

wkt, L[ ¢t ,
CCISIIE —Ccos bt
1=, (

—) dsl_[

5° +c1z 5 +.l';:r-z

ﬁ 2+ a2) - log (s2 + b?)]
log (s

00)

S



Evaluation of

(1). Using L.T. Evaluate

Solution: First we will find

f(t)=e-t— e-2t

L[f(t)] = L[e™* — e™*]

1 1
T OS+1 S+2 = 1(s)
ft)y_
wkit, L[ ¢t g f(s)ds

integrals by Laplace transforms:

J‘m[ e —¢€ t 2t
0 t
] dt
E—t_ E—Zt
Ut et
1 1
S+1 5+2)I ds

— 1=k«

|

L[

} log (s+1) - log (s+2)

]

.5'+2)

log



s+1

2
(14
-4 1) =log|
t 2t - log ( S+2 §4+2
t ]=log (s5+1
therefore, L[
The definition of Laplace Transform is
- [ st
LE?= Jo €7 fe) it
—t -2t
e —e w0 _op € e 5+2
LL ¢ ] = fn e | t ]dt= log( s+1)

Put s=0 on both sides

fml[e—r_e—zt E
0 t ]dt = log(1) =log2
J-m(-::ns at —cos bt
2. Using LT find 0 t ) dt
cos al —cos br
Solution: First we find t L[ ]

: Let f(t) = cos at — cos bt
L[f(t)] = L [cos at — cos bt] f(s)

5 5
= 5f4qg? s24+p2




et FA1= 7 f(s)ds

t

By definition of LT,

Puts=0 o.b.s

o co5 5t —cas 3t

3.8T [7(—) it

cos at —cos bt oo 5
— 1=, (

1 s*+a®
log (s2+b2) s

0 _gp 08 af —cos bt
J, e ——

s
s2+al 32+b|zjj ds

log (s

(0] S

524 b

5°4+b*

st +a?

1
)dt = 5 log (7 3)

L

o cos at —cos bt 1 b*
J (= gt = 2 log ()

L

hE
=18V (2} _ 1og (b/a)

= = log (3/5)

2 +az)-log (sz+b2)]

Note: put a=5, b=3 in above problem

Laplace Transform of Periodic Function:

Definition : A function f(t) is said to be periodic with period T, if

Vv t, f(t+T) = f(t) wh

ere T is positive constant.

The least value of T > 0 is called the periodic function of f(t).



Example: sint =sin (2m + t) = sin(4mw + t) =———— —Here
sint is periodic function with period 2.

Formula :- If f(t) is periodic function with period T Vt then

1 T g
L] = Toe= Jo € f(t) dit

Problem : Find the L. T of the function f(t) = et, 0< t <5 and f(t)=f(t+5)

st

1 5 _
e boe f(t) dt

_ 1 S5 —st ,t

dt
1 e (1=s)t 1 e5(1-5)
Solution : Here T=5 L[f(t)=" 1—e-5s [ 1—s | ~ 1—e~5s [ 1-s ]

The unit step function or Heaviside’s unit function :
It is denoted by u(t-a) or H(t-a) and is defined as H(t-a) = 0, t<a
=1, t>al.l.

of unit step function:

é—as

Prove that L[H(t-a)]=___

S



; . i, @ ,—st
Solution : L[H(t- [~ e~* H(t_a) dt a)] =

= J.{;I E_St H(t_a) dt + fﬂm E_St H(t _a) dt
=0+ [est.1

—st

=(—)
=(—) ot

Inverse Laplace Transform :

Definition : If f(s) is the Laplace Transform of f(t) then f(t) is called the inverse
Laplace Transform of f(s) and is denoted by L-1f s .. i.e., {(t)(=)]

L-1fs [ ()]

L-1is called inverse Laplace Transform operator, but not reciprocal.

aty — _1 at _ j—-1p_1_
Example : If L€ = s—a[ then € L [s—a]

Linear Property :
If f1(s) and fa(s) are L.T. of f4(t) and f,(t) respectively then



L_l[C1 f1(S) + C> fz(S)] = L_l[f1(S) ] + C L_l[fz(S) ] where C1

, C2 constants.

Standard Formulae :

1 = L-I[ %] =1
(1)L
at -L -1 1 4y _ pat
(2) L[e ]_s—a [1] = = L [s—a]_e
—at1_ 1 s -1 1 q_ o-at
(3) L[E ]_ sS+a - L [S'l'ﬂi] €
a
-1 1 _1
(4) L[sin at] = s?+a? =L [52+a2 1= a sin at
S = L7 > ] = cos
(5) L [ Cos s2+a?at s*+a’ at]=
a -1 1 1 .
= =_
5) L[Sinhat] s?-a? L [52—ﬂ2] asmh = at
’ =L 1=

6) L [ Cos s°-a? s?-a? hat]= ] = cosh at

n



- _1 — t
7) L (t")=p(n+1)/sn+1, n}:l =L [5"“] p(n+l)

n
t

-1
=L [n+1] n'Problems:

8) L (t")=n!/snt1, nis+ve integer

-1 l 1 1 s
(1) L [sz + s+4+53+4 52—9] Find
-1l 1 L
solution : LA+ Lg e 52 5
1
=t+e 4=
2 sin 2t + cosh 3t.
52+25]
-1 e | 1 _ 1 ;
[52+25] - [52+52 = 5 >IN St
-1 1
L [25—5]

(2) Find solution

(3) Find



=2 L1 | = 13t solution
solution: 2 s— 5f2 2
—1¢ 25+1
i L™l +1 ]
(4) Find s(s )
1y 25+1 sts+ly o o
5(5+1} s(5+1) s+1
_1[ 3s-8 ]
(5) Find 452425 I
-1 35—8 ] 1 L .I[ 35_53 _ 3/C
solution: 4s%+25 s +2§f5] = % Cos
1 (ax 8x t
= %{3L71 ] -8L 1 [——
s2+(5/2)2 s24(5/2)2
7 TR e 25
Sin 2
25

=% Cos 4/5Sin t

FIRST SHIFTING THEOREM OF INVERSE L.T:
If L-1[f(s)] = f(t) then L-1[ f(s-a)]=eatft()

=eat -1 f(s)]

PROOF: By definition of L.T

Jo E_Stf(t) dt = f(s)-—-—(1) LLF(t)]=

f(t)]_f e e iyt
_J‘D E—(s—a}.t



L[eat

f(t) dt Put s-a=p~ fu e P f(t)
dt

=f(p) = f(s-a)
L[eatf(t)]=f(s-a)

> L1 f(s-a)]=exft) (o) L= f(s-a)] = = eatL-1[ f(s)]
Note: L-1[ f(s+a)] = =e-atL-1[ f(s) ]

PROBLEMS
_1[ s+3
(s+3)2+82 1) Find
3 s
L-I[ s+ ]_ -3t L-I[
Solution (s+3)%+87 s2+8% . by F.S.T
=e—-3
Cos 8t. 52+25+5 |
1-1 1 _r-1 _ -t -1 _ -t
[ 2+25+5] =1L [(s+1)2+4] [52+22]_ €
[5+1)2]
1-1 1 _7-1 1 -t =171t
[ (s+1)2 1= L [(s+1]2]_e L [52]'8 t
2) Find

Solution : % Sin 2t



3) Find

Solution :
S

4) Find Inverse LT of (5+3)°

L—l 5 - 7-1 s+3-3 —3!.‘ L-l E
[(SH)E] [(HSF] i ] Solution :
=e 3t 5'1[;]—31.'1[512] } = e~3t(1-3t)
_1[ 5+3
52-105+29]
-1 s+3 _1 5+3 _r—1¢ (5-5)+5+3
L [Sz 105+29] [ 5}z+4]-L [ (5= 5)2+4]
5t y—1p 518
=e L [52+4
5t 1 -1
=e”" {L [2 2 /+8L [2+4”
— p5t 1 -1 1
=e”" {L” [52+22]+8L [ I
5) Find
Solution :

] (By F.S.T)



= e5t[ Cos 2t + 8 x 2 x Sin 2t ]
—e5t

SECOND SHIFTING THEOREM: [ Cos 2t + 4 Sin 2t ]

a=2

If L-1[f(s)] = f(t) then L-1[ e-asf(s)]=g& ) where g(t) = f(t-a), t>a

=0,
Proof: By S.S.T of L.T, L[g(t)]=e—asf(s) (write proof of SST)
= L-1[ e-asf(s) ] =g t( )

= L-1[ e-asf(s) ] = f(t-a), t>a
=0, t<a Note:
We can also written as L-1[ e—2sf(s) ] = f(t-a) H(t-a)
Problem:

—TSs
e

-1
Find L™ sz+1]
L 1<

s2+1

—r1-1r,—T1s 1
]-L [E 52+1]1rs

Solution:
1
Let f(s) = s2+1
L1
L-1[f(s)] = [52+1 |- Sin t = f(t)

t<a



by S.S.T L-1[ e-asf(s) ] = f(t-a), t>a
=0, t<a

So L-1 e-msf(s) ] = f(t-«), t>1r

:0, i<t
—1p,-ns _1
L [e SE-’rl] = Sin (t-Tl'), t>om =01
t<m

Chang of scale property :
F L-1[f(s)] = f(t) then L "If(5)] = a f(at)
(or) L-[f(as)] =3 ()

Proof : By the change of scale property,

L[f(at)] = @ (%)

= LGy, 2 2 faty



(or)

1 f(t
L-1[f(as)] = a ‘a)
L1 s2-1 L1 9s2-1
Problem(1): If (s’+1)%] = t cost, then find (95°+1)2]
2
L_-l[ s —1
Solution : Given (s’+1)%] = t cost
i.e., L-1[f(s)] = f(t)
s2-1
» Here f(s) = (s?+1)2 f(t) = t cost
_1p 9s%-1 _1y (35)%-1
L [(‘3»*52+1)2 Now ] = L [{{35)2+1}2]
= L-1[ f(3s) ] By change of scale property,
_lf(i
“3'3 )

legly1t L2
L-1[f(as)] = a (a)_33 COS3 a=3

Inverse Laplace Transform of partial fractions:



—1[[32“}(5-1)] Proof : By theorem of
Problems : (1) Find s* LT L[tn ()]
2 3 2
L_l (s“+1)(s—1) _ L_l (s7—s“+5-1) i d
Solution : Given P! ] D = ()
S TR IS T BN E PR B T —1p 4"
=L [s] L [52]+L [5“] L [34] i [ds“f(s)]=(_1)"
1, ¢t tnf(t) Note:- L-1[f'(s)] =
=1-t+2 6 -t f(t)
L_l s+5 ]I 13
(2). Find w—Fs+dllog ;i?gl)lution : Here f(s) = s*°—3s+2 Problem (1):- Find
reduce into partial =2 fractions ,
s+5 St o4 A B Solution : Let f(S) =
log f(s) = S°—3s+2 T (s-1)(s-2)  s-1 + s—2 _(1)) ( )=log (s+3)—log
= s+5 =A(s-2) + B(s-1) (s+4)
put s=1onbothsides =A=-6
put s=2onbothsides =B=7
-6 7
Therefore (1) = f[z) —5_?1 + —
-1 _y—11 = _ t 2t
L) ]=L"" [+ 5] = -6e+7e
Inverse Laplace Transform of derivatives :-
R
If L-2[f(s)] = f(t) 4" then f(s)] = (1)t f(t)

n

11f'(s) =



543 s5+4 ’ 1
Ll - =]

L-1f(s)]= 's+3  s+4
= e-—-3t- e—4t
L[ log ()]
By theorem, -t f(t) = e-3t- — __te e-4tH.W. Find 450,
f(t) = Ans: L-1[f(s)] =
[replace 3 by = [-1[f(s)] = - 1 and 4 by (-1)]
S
L™
. 2 232
(2) Find (s2+a*) ]
_1[ 1 ] _ l
Solution: W.K.T (s?2+a?) " asin at
i.e L-1[ f(s) ] =f(t) 1Let f(s)
=, f(t) 1 — = sin at
(s2+a?)




We have L—1[f’(s)] = -t f(t)

L 1[ ds ((52+a2)) ] T tE sin at
—1 —2s . L
[ (sz+a2)2] " asin at
=L [ )=

Inverse L.T. of integrals :-
_ 00 _f(t)
f L-1[f(s)] = f(t) then LT L[ f(8)ds]=77

f(f)
Proof : We have L[ ¢ = f f(s)ds provided
exist

> LT f(s) ds] =57

Multiplication by powers of s :-




If L-1[f(s)] = f(t) and f(0) =0, then L-1[s f(s)] = f'(t) Proof :
W.K.T. L[f'(t)] =s L[f(t)] — f(O)

=sf(s)—0
= L-1[s f(s)] = f'(t)

In general we have, = L-1[snf(s) ] = fn(t) if=f"(0)=0

Problems :
L1

52

(s2+a?)?
-1 S
L [(52+a2)

2

1
1= L7 s. =]

" (s2+a?)?

(1) Find
solution:

Let f(s) =



L-1[f(s)] = (s*+a®?f(x)= F(t)=
1 11—
2a [ sin (s2+a2)?' at +ta cos at ]

We have [-1[s f(s)] = f'(t)

-1 Sr _
=L [(52+u2) I=
N A .
(2) Find =D ( sin at + at cos at )

S
Solution (s- 1)4
[f(sn— (s- 1)‘*

—1,.5-1+1
= 1[(5 1)4]

2a

SE

]

+1

11
= e L5 + 4]

=e' (%2 + g) =f(t)
Let f(s) = L-1



t3 2

et S+ ) +el(t+ )

Now f'(t)= =ef(t+t*+ 6

By theorem L—1[s f(s)] = f'(t)

-1 S 1_ ot t*
L™Is (5—1)4] =€ (t+t%+ E)Division
by power of S :
Theorem: f L-1fs [ ()] () ()
]
s=oAf tdt

Prof: we have by LT,

= ft,then L1



t f(s) L
Jof (e arg="s |
£
=>L—1[S] =((|3)ftdt
-1 [”%) t t Note: ()

Problem:

-1 1
1) Find L [5(S+3)]

1
solution: Let f (s) = s+3

Lf(s)] = L7 [l = e 3= (1)

By theorem, L1 [ 1s, f(s )] = o f(t)dt
-1 1 t _3¢ e 3t t 1— e 3t
=L ]=f08 dt = 3]fg:

s(s+3) - 3
-1 1
2) Find el
1 -1 X
Solution : let f(s) st+a? ’ = [f(s)] = sinat = f(t)

a



B -1l t
Y LS o1 = Jo Fyat

= L7

theorem

1
s(sZ+a?)

1

-1
3) Find L [52(324'&2)]

by
Io Jo f (t)dt

t1 . 1
] =), sinat==(-

1
B F(l-cos at)

s’ +a?
11

, f(t)=__sinat

1

‘ —(1- cos

0 @*

solution : let f(s)

t

a

g L8 a sin at dt Jdt

sin at

1
1

a

at)d

)

cosat

theorem,

t

L[5

5

2

f(s)]



Convolution : -
If f(t) and g(t) are two functions defined for t = 0 ,then the convolution

of f(t) and g(t) isdefinedas,  f(t) * g(t)= [, f(w) g(t —wdu

f(t) * g(t) can also be written as (f * g)(t). Note:- The convolution
operation is commutation

i.e., (f*g)(t)=(g* t) (t)
= [, f(w) g (t —wdu = [, f(t —u) g Wdu
Convolution theorem :- i
If L[f(t)] =f(s) and Lig(t)] =g(s) then L[ f(t) * g(t)] = L[f(t)] . Lg(t)]
(or)
=f(s). g(s)

So, L[(f*g)(t)]=A(s).s(s)
Corollary :-L~1[f(s). g(s)] = (f * g)t

= [, fF(w) g(t —w)du

= [ f(t—u) g (Wdu,

Problems:
1

-1
[(5—2)(52+ 1)] by using convolution theorem.

(1). Find



11 solution: Let f(s) =

s—2, 8(s) = s?+1
_ 1 _ _ 1
Lfs) = L G T L sy = L B = sint

By convolution theorem,

t
L-1[f(s). g(s)] = fn f(t—u) g (wdu

-1 1 _rt 2(t-u) i
= LD =J,e sinu du

t _ .
=e? [ e *sinudu

-2u

2t d
=e -
2 [(‘2)2“2 ( sin u—
cos u)]
Eﬂ
. cos t) - —(-1)]
— ezt[E t (- 5
5 ‘2sint— e2t
1
2sint—cost)+ “ 5V



1. 2t
=-le“"-_ .
5[ 2 sint—cos t]

1, 1 .
2) Find L [5(52—.:12)] by convolution theorem
1 1
Solution : Let f(s)=_, g(s) = s2—a2
S
L= L ==
s =" S=1=fn, Lge) = ¢ e
=2 sinh ,
a at = g(t) By convolution theorem,

t
t—u u)du
L1[f(s). %(S)] _ fgtf(l ) g (W)
-1 _ 1 .
= L [S(Sz_az)] =J, 1 ~sinhaudu
1 cosh au
_E[ a 1, (applylimitsotot)
1
~ 2% (cosh at —1)

Application of L . Tto Ordinary Differential Equations :




ThelL.T method is easier, time — saving and excellent tool for
solving O.D.Es

Working rule for finding solutionof D . Eby L . T:
1) Write down the given equation and applyL.T O.B.S

2)Use the given conditions

3) Re arrange the given equation to given transformation of the
solution

4) Take inverse L.T O. B. S to obtain the desireds obesve Sali
stying the given conditions

The formulae to be used in this process are:

L[f'(t)]=sf(s)—f(0)

L[f"(t)]=s?*f(s)-s f(0)-f(0)

L[f"(t)] =s3f(s)-s?f(0)-sf(0)-f"(0)

Note : let f(t) =y (t) and f (s) =y (s) Problems :

1) Solve4y"+ T%y=0,y(0)=2,y'(0)=0



Solution: Herey=y(t)

Given D. E 4y" (t)+’y(t)=0 LetL.T O.B.S

4L[y"(t)]+T *Lly(t)
=>4 [s*Ly)]-sy(0)- y" (0)]+ 7 |=L[0]>

= Llyl[as*+m*] - L[yl=0

8
=L[Y]_4S -Ib:rr

4s(2)-0=0

5

L1

let L~10.B.S, weget vy(t) 4(52+“z/ )] =8
L-1

= [

2+(“2/ )?
] = 2. cos " /y;

=2y (t) =2.cos /2t is solution of

gven D.E
3) Solve y'"+2y"-y'- 2y =0 withy (0)=y' (0) =0, y" (0)=6
Solution: given D . E



let L.T On Both Sides
Ly"]1+2 L[y"]-L[y']-2L[y]=0

1 - - - -5y (0)
v (0)]

-sLy]-y(0)-2L[y]=0
=L [y] s°+2s*-5-2)-6=0

6
=L [y] = s3+2s%—s-2

=s’L[yls*y (0)sy* (0)y ** (0) +2[s* L[y]
6 A B C

L [y] - (s—1)(s+1)(s+2) - s—1 T s+1 T s+2 (1)

6=A(s+1)(s+2)+B(s-1)(s+2)+C(s—1)(s+1)
(2)Put s=1in __ (2)6=A(2)(3)=>A=1

Put s=-1in (2)

6=B(-2)(1) =B=-3

Put s =-2in (2)

=6 =C (-3) (-1) =>C=2



Substitute A,B, C in (1)
3 2

1
2LIyl=53 — 571 522

—y-1p 1 _ 3 Z
=>Y_L [5—1 s+1+s+2]

2yt)=e' — 3e7t + 2%

is the solution of givenD . E
d’y . dy
HW: Solve the D.E g;z ¥ 2 dttbBy=e tsint

—i
e

Ans: y(t) = 3 (sint—2sin 2t)

UNIT -1V



FOURIER SERIES

Periodic Function:

Definition : A function f(x) is said to be periodic with period T, if V¥
x , f(x+T) = f(x) where T is positive constant.

The least value of T > 0 is called the periodic function of f(x).

Example: sin x =sin (2r + x) = sin(4mw + x) =———— —

Here sinx is periodic function with period 2mw. Def:

Piecewise Continuous Function:

A function is said to be piece-wise continuous (or) Sectionally
Continuous) over the closed interval [a,b] if it is defined on that
interval and is such that the interval can be divided into a finite
number of sub intervals, in each of which f(x) is continuous and both
right and left hand limits at every end point if the sub intervals.

Dirichlet Conditions:

A function f(x) satisfies Dirichlet conditions if
(1) f(x) is well defined and single valued except at a finite no. of points

in (-1,1)



(2) f(x) is periodic function with period 2|

(3) f(x) and f’(x) are piece wise continuous in (-I,1)

Fourier Series: It f(x) satisfies Dirichlet conditions , then it can be

represented by an infinite series called Fourier Series in an interval (-1,1) as
[ nmwx nmwx
— —+ +

f(x) =2 [ [

aﬂ=%f_£1f(x)dx, an = % f_lif(x) cos"—? dx

=% f_ilf(x) sin"—fx dx

+ Yn=1 AN COS > . bn sin

bn
Here a,, an and bn are called Fourier coefficients.

(1) where

These are also
calle Euler’s formula. ) (i.e., intevalis (—m, )

a - g
Note (1): If xe (—m, ?u + Xn=1(an cosnx + bnsinnx)
1 1
Then f(x) - fnf(x)dx =T f:rf(x) cos nx dx

’

Where ap =



1
bn =

do

), f(x) = —

Note (2): In interval (0,2 ), f(x) >
1 /2@

Wherea(,:; 0 f(x)dx

1

bh =«

fﬂ f(x) sinnx dx

+ Ya=1(an cosnx + bnsin nx)

1

,an = T
21 .

Jy f(x)sinnxdx

f;n f(x) cosnxdx

Note (3): The Fourier Series in (-,1) , (-, ) , 0,27 ,)(c, ¢ + 2) are called Full

range expansion series

Note (4): The above series (1) converges to f(x) if x is a point of continuity

F(x+0)+f(x—0)
The above series (1) converges to 2 if x isa

point of discontinuity

f(r—0)+f(—m+0)
Note (5) : At x= *mT, f(x) = here x€ (—m, 1)
2

Even and odd functions:

Case (1): If the function f(x) is an even function in the interval (-I,1)

i.e., f(-x) = f(x) thenag~ 20!

]Qx)dx



nitx
an= f f(x) cos =~ dx (since f(x) & €05 =™ are even functions)
nimx

:—f f(x) Sin— dx = bn=0 (since f(x). sin—— 1 is odd function)

Therefore, in this case we get (only) Fourier cosine series only.

Case (2): If function f(x) is odd i.e., f(-x) = - f(x) then
nwx
an=0 (smce f(x) COS— " is odd) (ao=0 also)
And  bn =j f[. f(x) sin— dx

In this case we get fourier sine series only.
[only for intervals (-1,1), (-7, 7)]Problems

1)Find Fourier series for the function f(x) = eaxin (0,27) Solution : Given

function f(x) = e2xin (0,2m)

1 2m 1% jax g, 2 1 e
Hfﬁ f(x)dx -Hfﬂ e™dx=— (-
axaop =) apply limits 0

to 2



=;f0

n(az +n?)

27
Jy " e™ cos nx dx

ax
e

-1

m

== [

m “a*+n’ (3 cos nX + n sin nx)]
1 21’[!‘1
“rla

=1
T

[ 24n
1 elma
;ﬁ;;—[ a-1.3]

( 2ma 1)

-(a cos 2nm +0) -

f(x) sinnxdx

1 f2m .
==, e™sinnxdx
T

ax
e

1

=—[=

m “a*+n® (3 sin nX + n cos nx)]
1 am ﬂ
“7la
_1

an

apply limits 0 to 2w

a’+n?

apply limits 0 to 2

0—-ncos 2nm
Ry 7o Oy
n 2mway — 2na
21‘[ a’+n? :(1-e7) = n{a2+n2) (e -1)
% Jo " f(x) cosnx dx

(a+0)] applylimitsOto2m



bn

Now the fourier series is f(x)
ﬂ -
?“ +),_,an cosnx+,_, bn sinnx

1
- (ezﬂﬂ. _1) a
— an co 2ma _
2 * E"=1 n(a?+n?) (e 1)

(e?™@ - 1) sinnx

-n
= a4 a. o0
m(a%+n?) cosnx + 2n=1

(2): Find Fourier series for the function f(x) = ex  in (0,2m)

Solution : Given function f(x) = exin (0,27) ao =



1 F2m 1 (2m ..
apply Efﬂ f(x)dx =;_[ﬂ e~ dx limits 0 to 27t

1
— _(Ex o
:-rl ) apply limits 0 to 27
- X 2m_
1 2 . ¢ 1
an_;fuﬂf(x) cosnxdx
- i f;ﬂex cosnxdx bn
1 ex
=— 1
T [1+n2( cos nX + n sin nx)]
=112 (cos 2n1T + 0) -—*— (cos 0 + 0)]
T M14n? cos enm 1+n? cos
1 1
R [ ~1]
_ 1 2
T mw(14n?) (e -1)
1 2 .
=;J'0“f(x)smnxdx
1 .2 .
= ;j'ﬂﬂex sinnx dx
_1[ e’
L 1+r;i( sin nx + n cos nx)] . apply limits 0 to 2m
1. e e
= - [1+n2 (0= n cos 2nm) - T (0 )]
_1 n _plmy— TN L2m
= rr1+'r12(1 e“™) e (e 1)



Now the fourier series is f(x) =

o0

a -
?“ +Ya-1an cosnx + ), . bn sinnx

% (EZIT_]_) - 1
2 =1 (14+n2)
(e?™ - 1) sinnx

-n
m(1+n?)

(e?™ -1) cosnx + Y4

Problem (3): HW
Find Fourier series for the function f(x) = e—* in(0,2m)

(Hint:- put a=-1 inproblem (1) we get the solution.)
(4) Express f(x) = x - 7T as Fourier Series in the interval - 1t < x < T Solution:
Given function f(x) = x - 1T ao

" fQodx= - " (x-m) dx

1 1
=;_ETH x dx -;ﬂ; m dx

=0-[x] withlimits-Ttomx

2T an

= 0 - [T + mn



f f(x) cosnxdx = —f (x —m) cosnxdx (since

even) = —_[ xcosnxdx - —(- n')f cosnxdx
~ m(0) (since x cosnx is odd) + 270 ) cosnx
51N nx
= 0+2 [» ]0tomlimits apply we get an =
0+0=0
bn f_ f(x)sinnxdx = —j_ (x — m)sinnx dx

=;j_nxsm nx dx - ;(— ) f_ﬂsm nx dx

(even) (odd)

=2 anx sin nx

T dx—0 (since sin nxis odd)

2 COS nx — cosnx
= Z[x-22E)- ]
=E[_ casni'r_l_o_l_l(smnx o

T n-n )] apply limitsOtom
2 C{}Sﬂ.ﬂ' 2 B 1
- ; ['ﬂ'. n (U)] - COS nﬂ‘- - -;(_1)?1 . ( 1)n+ , n_1’2’3

Now the Fourier Serles of f(x) is f(x)



a” — + Yn=q(an cosnx + bnsin nx)f(x)
Zn

—+ ¥7_,[(0) cosnx + —( 1)"*tsin nx]
=T+ Z"’—:l[ﬁ (—1)™*sin nx]

(5)Obtain the Fourier series for f(x)
interval [-7, 7] o D" _n
. n=1 n2 12
Hence show
that (or)

2
1 1 1 1

12 22+32 42 4+ ............ =
12

Solution : Given functioniis f(x) =x-x* in [-m, ]

2" fGodx= = [T (x —x?) dx

ao=m""
- ;f_ﬂxdx - ;'f_ﬂ x* dx

=X - X?

in the



1 o7
an = = J_p £ (x) cosnx dx

1
= = [ (x-x?) cos nx dx
T~

1 b 1 m
= =[x cosnxdx - = [ _ x*cosnxdx
T v=1 e

(odd) (even)

2

1 T
=0 -=2/  x?cosnxdx
m 70 x?,  dv=-cos nxdx

u =

2 . x’sinnx

=- 2

2 rmT .
) -=J, xsinnxdx

m n ] du =2x dx, dv = Bcos nx
dx
apply limitsOtom
= -n2[ 0-n2{( =xcosnnx) + 0Bk cosn nx= n sin nx dX
apply limitsOtom
_4\n
=2 [l s 2
mn n n
_4  4yn+1
-HE( 1)
4 ( sin nx )] Bludv = 4 uv — BAvdu

24
an = ifnisodd al= 17



n2

4 2
-nzifnis even a2= 2"
4
a3=3:-4/9
on = iffn (x - x?) cos nx dx
1 m . T .
= =), x sinnxdx - [ x*sinnxdx
= 2 (2= 42 [T cosnxdx ]
n nJo0 (even) (odd)
_ 2, (=" 1 =2yt 22
(= lmes v sinnx)]bl=2/1=2=5 (""" =Tienis
odd b2
_ 2/2=-1
__2
b3=2/3 "~ nifniseven
Now = ? + Xn=1(an cosnx + bn sin nx)------ (l)substitute
_—_1[2 COSX €OS2X  COS3x
, f(x) M) =—+4 (- +—% )
sin x sin2x sin3x
- 2(—— =+t (2)

(1)



putx=0in(2)

- 1 1 1
f0)=0="3 "HE"=t:. )
71'2

1 1 1
AT TRIFT R

12

Half range series

(1) The half range cosine serles in (0,1) is f(x)
ao =Ifn f(x)dx, an = 7 fnf(x) COST dx
nmx

(2)The half range sine series in (0,1) is f(x) = Ym=1b SIHT

nmx
—+)r_an COs ——

2 .l .
where bn=7 fD f(x) sm? dx

Note :1) The half range cosine serles |n (0,m) is f(x) = 5t Zp=1ancosnx

Ao =— ff(x)dx an——f f(x) cosnm dx

where

Note :2) The half range sine series in (0,7) is f(x) = 2n=1 b1 Sin nxwhere

bn - nf f(x) sin nx dx



(1)Express f(x) =

1-X as Fourier cosine and sine series in (0, 1)
Solution :

The half range cosine series for f(x) is

where _f flx )dx _f

=2 [7rx - =
m 2] applylimitsoton
2

2___[}0]]__ il -
—fu f(x) Lugn?r d& { [ }

flx)= 5 + Zn=1anCOSNX

-x dx

2

an=

; fu (m=x) cosnm dx

=§[{(TE—X] sh;nx} + f?rsinnx d}{]

0 n

(applyo to m)
=2 [(0-0) +~ (-2

2
— [cos nm - cos {]]
JTH-

=- —[cﬂsmr cos 0]
)] applyotorm
D" =11= 51— (-D)"]
T+ o L1-(-D)" cosnx, gy
H.W.) Express f(x) =

Now (1) =
mt-x as fourier sine series in (o,

T2

Ans:2 2in=1
2) Find the half range sine series of f(x) =x intherange O0<x< 7

sinnx

n



1 1 1

——
Hence deduce that 12 7 32 " 52 4 .ceeenenne =

8
Solution : The half range cosine series for f(x) is f(x)
ay oo

=7 t2nmpancosnx (1)
2 T 2 pm 2
= X = - 21X

where ap= ﬂ'f” A )dx= T 0xdx ~ & [ 2] apply limits o to

=7

2

an = fu f(x) cosnx dx

2 m
= (x) cosnx dx

=2 )
(apply o to m)
=%[ {0_0} _%(_ COsS nx

2

= — [cosnm - cos 0]

= = [[-D"

an=0if nis even

sin nx T sin nx

) - B ag

n

—1] )] applyotow



4
T mwn?
Now L4¥®  —cosnx
1) T f=z o T if n is odd
T 1 Cos X cCosS3 x Cc0S 5x
o ( 2 + 2 + 2 _)
X= 2 s 1 3 5
Put x=0 on both sides
= 0=1n—4 (24+ 2+ 2—......)
2 T
1 1 1
=4 ( 2+ 32+ 52— .3....0) = m2
1 1 1
A
1
1 1 ‘
?2 +32+ Sj' cesessesneees — IT g

3) Express f(x) = cosx, 0<x< min half range sine series

if nis odd



T Y=q bn sin nx ------- (1)
2 W .
== fu f(x) sinnx dx
2 (m .
== [ cosx sinnx dx
a Y0

= E %f; [sin (n + 1)x + sin(n — 1)x] dx

_1 [ —cos(n+1)x ) cos(n—1)x
0 n+1 n=1 ]applylimitsotom
1 —cos(n+1)mr cos(n—-1)m 1 1
== - +— +
T n+1 n-—1 n+l1 n-1
_f_qyn+1 _ 43N
o G Vi o VG S
T n+1 n—1 n+l n-1
—13\2 1\ PRY]
G G N G D N S B
T n+1 n-1 n+l n-1
_ 1. \n 1 1 1 1
- rr[( 1) { n+1 * n—1}+{n+1+n—1}]
_ l _4\n 1 1
= 2[(-DM N )]
_2n 1+(-1)"

[

m - n*-1 ] (n notequal to 1)
Solution : The half range sine seriesin (0, ) is f(x) = where



bn

]

] ,nisnotequaltol

bn=0 if nis odd.
_ 4n

m(n?-1) if n is even bl=b3=b5= - =0

sin nx ,
, for nis even

Em in
(1) = f(x) = "2 n(n2-1)

4)Find half range sine series for f(x) = x(r —x) ,in0<x<m
1 1 1 1 3

3 3 3 3
1* 3% 5% 7 peduce that +....... =
32



Solution : Fourier series is f(x) =

i fﬂnf(x) sin nx dx

2 rm .
- fu X(m — x) sin nx dx

Y, bn sinnx...(1)bn

2 . 2 M oo .
=EHI xsmnxdx-—f x? sin nx dx

T —Ccosnx

_2[ ( ICDSHI)_ I[:T —Cos nx d ] - [( —x* CGS?T.I)_ J-D 2}( d}(]
(apply . , 2 2
—1 COSNT sin nx —T “ COSNT 1
?tolﬂ) o T O (oo ™R )+0+—fﬂxcnsnx dx]
apply n n
(—=1) 2 -1 4 . x sin nx nx
otor) =2[-n— — +0]+ == - [ ~—)0tom - ‘ dx
—1)n —13n _
=72 ['TL'( :]:J ] + 2 ( ;) + T[‘:lz ( ci:lsnx
J)O0tom




bn

0o 4 _
(1) = f(x) = Zn=1 s [[1=(=1D" ] sinnx
(1)= f(x) =blsin x + b2 sin 2x + b3 sin 3x +

%(2)51nx+0+ :

mn.3?
=>x(n—x)=§ [ sin x sin 3x

ol 13 35 ““'](2) sin 3X + ...... Put
X = 1/2 on both sides
1A [ i ]=
(2)~ ;
s 11
= ma?(z8 )T [- T+ 5% ...
4 (n8) L_ 13 ]
1 3
1 1 1 ’
=>[ 1 — $£+ 5%... =
FOURIER SERIES IN AN ARB

ITRARY INTERVAL e in (-11) & (0,2I)



Problem : 1) Obtain the half range sine series for exin 0<x<1 Solution : Given
f(x) = exin (0,1)

. . NITX
The half range sine series for f(x) in (0,1) is f(x)= “«n=1 bn sin—== (1)

2 pl . NTXx
I=1 Where bn [ f” f(x) SmT dx

2 1 .
== fﬂ f(x) sin nmx dx on

1 .
=2 [, e*sin(nmx) g,
ex

=2 (1)2+(nm)? ( sin nTx - nr. cos nitx ) apply limits 0 to 1
= 2 1 -
T (€ (0-nm .cos nir) - e°(0 - nm . cos 0)]
2
prywomd R . COS NTT + N]
2

- 1+n’m?
_ 2nm . _1\n
- 14122 [1 E( 1) ]
w0 2nm o (_1\n :
2”211+n2n3 [1—e(—1)"] sinnnx x)=

[—nme(—1)" + n r]

bn




2) Find the half

b nnx
2n=1bn sin Lo, (1) range sine
nimx
1 f f(x) sin== dX ¢arias of f(x) =

1 in(0,l) Solutlon . The haIf range sine series in
(0,1) isf(x) =

where bn
nmx

l. 1 sm— dx

nmnx

2 —cos (—)

=7 | apply limits o to |
i

2 1
—? _E[cosnrr cosO ]

= [(-D)"-
bn=0 if nis even

if nis odd



= )a—1— SIN—
Now (1), “f'ilsedd ¢
3)Find the half range cosine series of f(x) = x(2-x) intherange 0 < x =<2
1 1 1 1

Hence find sum of series 12722732 T 24 e,
Solution : Given function f(x) = x(2-x) = 2x - x*

Ao o0 nmx
—_— + _ —
f(x) = 2 Yim=1an cos

The half range cosine series for f(x) is . (1)

where ao =§fu2 f(x) dX=E-[{) fﬁzf(x) 2X = X*) 4y

=2 [2_1;"_2_5"‘:i 2 = 2
22 3]applyOto™ = 3
an=% f[ff(x) cns? dx
- % f{f f(x) cos™= dx  (1=2)
2 nmx
= 2x — x*) cos —
fo ( 2) :;rxdx (4using ig;c;gratioany par;cli)x
2 2 g mEE, o nmx .
=[(2x - x’) nm {sin 2 T (2-2x) w2 T 2) w2 ]

apply limits Oto 2

8 -8
= 22 COsS N7t - n2m? = n2m? [1 - (_1)?1 ]

-16
n’m* when n is even an=




=0 when n is odd

Substitute the values of ap and an in (1) we get

2 16 oo 1 nmx
- = =S in= — COS ——
(1)$ 2X-X2= 3 HZ En—z,ﬂ-,ﬁ(nz 2)
2 16,1 1 ) 1
=3 —;(; COS TLX + 5 COS 2TX + COS 3TX + ------ )
2 16 1 1 1
=3 —E.?(cosnx+§ COS 2TIX + 5 COS 3TX + - )
2 4 1 1
Doy 2 3~ 72(COSTIX + 3 COS 2TX + 5 COS 3TX + - )------- (2)
X -X*=
Puttingx =1
in (2) we get
2 4 1 1 1
2-1== — =(cosm+= cos 21 + = C0S 3T +—; COS 4T + ------- )
3 7 2 3 4
2 4 1 1 1
21-“=— —(-1+=-=+—
! m ! 2* 3% 4° s )
1_1(1 .11
3 9w 28 3% 47 F e )
T2
- 1 1,1 1
+ 12 22 32 42 e, ) =
12

(4) Expand f(x) = e-*as Fourier series in (-1,1)



Solution : Here =1
1 /1
g = I f_gf(x)dx

1 01 e *
== e *dx =(—
1 f‘l ( -1 )apply limits-1to 1

—e‘1+el=e—%=25inh1

1 ,l nmwx
n J_, f(x) cos—— dx .

1
=1 [, e ¥ cos(nmx) dx
-X

= (_1);(_””)2 (- cos ntx + nt . o
.sin nx ) apply limits -1to 1



1

[e~-(—=1)"+ 0} —e{-(—1)"™+ 0}] - sin n7x -

© 1+n’n?
1 . N7 . COS
— _1\n -
T 14n’m? (D% (e—e™) nTX )
=— (—=1)" 2sinh1 apply
1+n’m .
=1 J“ ji€9) sin XX dx limits -1
bn - l bn to 1

1 pl . MNITX
=3 J_, f(x) sin—— dxbn

=2 [L (0 sin™= dx (1=1)

S S
= e sin(nmx)

EI

= Cozromy |

- 1+;2ﬂr2 e (0-nm
1
“Te ' cos nm (e — el
= nt(—1)™ 2sinhl

1+n°m?®

% + Qin=1 AN COSNTIX ++ ). bn sin nx ..

Now Fourier series of f(x)
in (-1,1) is

.cos ni) - e1(0 - n. cos nm)] f(x) =




2sinh 1 1 n
f(X)— > Zﬂ 1 W( 1) 2sinhl cos nmx +ZTL 1

1
— nm(—1)" 2sinhl sin nmx
14+n’m

= f(x) = 25|nh1+[ > + D=1 W( ™ {cosnmx + n7 sin n X)]

e Functions having points of discontinuity : Problems:

(1) If f(x) is a function with period 27 is defined by f(x) =
0, for-m<x=<0

=x,for 0 Xx<m then write the fourier series for f(x)

T2
1,1, 1
Hence deduce that 12 7 32 52 4 cveeveenees =
8
Solution : The Fourier series in (- T, ) is f(x) =
a.;. + Y= 1(an cosnx + bnsinnx) --------- (1)

[T fdx == [ f(x)dx+ [} f(x)dx

Whereap=Tm
1 T 1 ,x? T
—;[0+f0 Xd.X']—;(?)OtOTI—E



1 ,m
an=rn J_. f(x) cosnxdx
=I—1r[0+fﬂﬂxcusnxdx

-1 1y —
=— [(=1)" —1]
_ 2
mn* , if nis odd
1 m .
=;f_nf(x)smnxdx
1

] Pu dv = uv - v du

u=x, dv=cosnxdx=0, if nis even

[0+ [y x sinnx dx]

bh =
1 —X cosnx T —CO0Ss nXx
== - dx
2 L) f“ n ] (apply O to 1)
1 —1T COSNT 1 ,sin nx
= — _— +0+_
'n:[( n ) n( n )0tom]
_1 [ —m(-1)" (-
T n +0+0 =- n
_1
bn =, if nis odd
1
~n, if niseven
1m 2.,CO0SX cos 3x sinx sin2x sin3x
(1) =2f(x) =5 2 -2MEF + 2+ )+ (- T ) ()

Put x =0 on both sides f(0)=0



m 2,1 1 1
@=0=7 -J(E+uta—
2,1 1 1 m
R et )=
ﬂ(i_}i_*_l ______ )=£2

12 32 52 8 )+ 0

Problem (2) : Find Fourier series to represent the function f(x) given by
f(x)=-k,for-m<x<0

k, for O0<x<mhence show
L _Ir
that13 5 7 ~ 4Solution: In

-mt<x<0
i.e., x€(-m0), f(x)=-k
f(-x) =-f(x) in (0, )
In O<x<mi.e., x€(0,m)f(x)
= kf(-x)=k=-
(-k)
=-f(x) in(-
1t,0) There fore f(x) is odd function in (- 7, )
SO ap=0,an=0

bn =§f;f(x) sinnx dx



2 (m, .
== [, k sinnxdx
m

2k _—cosnx
=— (

T n

=B (CIOLERY

bn
) apply limits 0 to
=0, ifniseven
_ Ak
~mn, ifnis odd
Now f(x) = dn=1 bnsinnx
= by sin 1x + b, sin 2x + b3 sin 3x + b, sin 4x
4k 4k sin 3X
=msSinx+ 0+ « 3 + 0+ - (1)

T

Deduction : put x = on both sides in (1) 2



4k 4k , 1. 4k 1
(1)=> k—;(1)+?(-§)+;[g)+ --------
:)k:q-_k[l_l_FE _________
s 3 5
= E=1_1+1 _________
4 3 5
Parseval’s Formula :-

! ay> o
Prove That f-.r,[f(x)]z dx=1[ 2 + Y o=1(an® + bn?)
Proof :- We know that the Fourier series of f(x) in (-1,1) is f(x)

= ? + E?lc‘;l an cos ? + Z?f:l bn sin ?1‘.:’.’17 - --(1)

Multiplying on both sides of (1) by f(x) and integrate term by

I
term from - to | we get J._I[f(:i::)]2 dx =
? _Iif(x)dx + 21?10:1 an f_lif(x) cﬂsn_r;'x dx
+ Ty b [L () sin == dx -
=1 [ f@dx = [' fx)dx =1a,

1 .l nmx [ nmwx
an = 1 f—lf(x) CUST dx:f_;f(x) CUST dx

- % f-iff(x) Si“n_jf dx:’fif(x) Sin"—? dx

Now
=|an

and bn —1bn



Substitute these in (2)

o
— ] co co
2" ag+ Ln=1aN | g 4 Ln=1 b

2)= [L[f )1 gy= = (% + Siea(an? + bn?) I'bn

This is called parseval’s formula.

Note 1): In (0,21) the parseval’s formula is
21 ﬂuz o
Jo OO gz 1[5 + Zn=a(@n® + bn?)]
Note :2) If 0 < x < | (for half range cosine series of f(x)) parsevel’s formula is
I L a-i‘.lH co
fg [f(x)]z dx= 2 [ 3 + Zn=1 anz]
Note :3) If 0 < x < | (for half range sine series of f(x)) parsevel’s formula is

f[f[f(X)]z dx = é [ Y, bn?]

X Imx
[ 4] cos cos ,
| l
. -t
Problem : prove thatin0<x<|, x= 2 1 3
1.1 1 _m
14 34 54 96 ) and hence

4
deduce that



Solution : Let f(X) =x,0< X</
The Fourier cosine series for f(x) in (0,1) is

Ao , g nex
f(x)=?+2n=1an oS — (1)
2 ol
= X
Hereao=IjUf( ))dx
-Efix
2l 170 T dx
S1t2)= _2.x
. %féf(x) cosg dx _ Lt 2] apply limits Oto |
_Eﬁ nnx q
=7 Jyxcos—= dx nix
u=x, nmx dv= """ dx
. . NITX
2 .ISLHT .{SIHT
- TTE fn Tt
dx] I l0tol - I
2 1 —cusn—??c
=7.—[0-0)-{—7z—
I }10tol]
=i.i[c05nn—cosc}]
nmw nm
21 oan
_H?’TEZ[[( 1) 1]

—4] —-4lan=0,



niseven a;=m-1*, g3=m".3’

—41
" n?r?, nisodd a,=0,a2=0...........
Substitute ag,anin (1)
I 41 cos’E  cosiZX
1) ==, — Loy —L
()= 5 (= +— )
~4l —41

Now do = I, a1 =n%1%, as3 = x23%
From parseval’s formula , we have

l 2 [ ﬂﬂz
L gy 515
[ 5 [l 161 161
= J‘D X 2 [2 ¥ m4. 1%+ A’ + mt.34 B— az? + az® + ----—--
) 2
dx= +0%+
x? 1 16 16
-1 - oo -
= (3 T4 14 34 ]



1 2 1 16 16
—(2|3).—3‘—+ """"
3 l 2 mti1t 34
L2z_1_161 1,
3 2 4 ‘14 34
1 n4_1+1+
6 16 14 34
3
1 T
Gttt = or
There fore 1* 3 96

COMPLEX FOURIER SERIES in (-LI) or (0,2]):-
The complex form of Fourier series of a periodic function f(x) of period 2|

is defined by

—inmTx

inmx 1 ¢l
=Ef_1f(x) e |

f(x) = Zn=-cCN € L --(1) where

Note (1) : If period of functionis 2m, i.e.,in (-, m ) or (0,2 m ) then

complex fourier series is f(x) = Yz —co CN €7 ———(2)

Where cn ~ ﬁffn flx) em™ dx , n=0,-1,1,-2,2 .........

Problem : Find complex fourier series of f(x) = exif - m < x < w and f(x) = f(x
+ 2 )

Solution : Complex fourier series of f(x) = exis f(x) = Y= —oo CNL €M¥ —-o(1)

cndx , n=0,-1,1,2....



—inx
When cn = Eﬂf‘“f(x) ¢ dx
_1 —inx i
ch 2m —He € dx = 2rm -
(1—in)x
== -mm) =
2~ 1-in ] limits (

2m(1— in}
1 n _
211' (1 m} ( 1)
n
2m(1— m)( 1) (E

(1 —=in

)

— 1 [enle—inn_e—n'einn]

—'FI. (_1)71

(1 in)x

2w(1—=in)

e

[e(l—injﬂ: _ e(l—in)(—n)]

| = (=1)"+0
+inm
1 1+in
=Ccosn
sinn g
) 1+4in*

T+ |



_ (—1J“' 1+iTZ (sinhm) subin(1)
Zm (141%) (2 sin h m)

=(-1)". 1“”2 (sin h ) einx
Therefore cn H(an_l__ Problem : Find the compéx form oftHe fourier
oo in .
(1) = f(X) = Xn=—o(—1D)™. w(1n?) Series of f(x) = -1x
here(1=1)
Solution : The complex fourier series of f(x) in (-1,1) is
f(x) = Zm=—co e 1 -==(1)
—innx —(1+inm)x
Where cn-Ef ¢ dx—EI € dx

| e—(1+inmx

2 —(1+inm)x
1_1 [e~(1+in®) _ o (1+inm)

1211+1THT
LNt 1 — i
— E[1 ][E(lﬂnn] -e (1+m1r)]
_1,.1- i pin _p—1 p—inm
T2 [ +H2n2] Le. € |
1 1
¥ H;?;] (-1 (e-e7")]
1—innm
( )“Hﬂf n] 2 sin h)
(1) = (%) = B —eo(— D)5 ] sinh. e~

] limits(-1,1)



UNIT V

FOURIER TRANSFORMS
&

/- TRANSFORMS

. FOURIER TRANSFORMS
Fourier Integral Theorem:-

Statement : If f(x) is a given function defined in (-I,1) and satisfies Dirichlet’s
1 oo oo

condition then f(x) = = fﬂ f—m f(¢) cos Mt-x) dt dA.

The representation of f(x) is known as Fourier Integral of f(x)

Problems on integral theorem:
(1) Express the function f(x)=1, x| =1



=0,-00<x<-1=

0,1<x< oo
fmsinlmslx

0 y A

as fourier integral and hence evaluate (i)

oo sin x T

(ii) x  dx=2
* Solution: The Fourier Integral theorem is given by f(x)

Iy T cos Mty g

1 oo 1
=_mold | 11-[. cos A(t-x) dt ] dA
1 A(t—x)
- [M] dA limits (-1to 1) for t
1 _oo [sin A(1—x) — sinA(—1—x)

m U A
_1 o [sin (A=Ax)+ sin (A+Ax)

m U A

sin A . cuslx]

| an

|

dA
sin A .cos lx]

-ty 2|

therefore f(x) = ‘ [
Deduction:




(I)fﬂmsinlioslx d)'L:% f(X)
=Z x| <1
PO ES B
Y (2)
Putx=0
oo sin A cos0 T
(2)= [, 522 dA=2
0o Sin A T
=>f.3 x dA=3
0o sin X T
fg ” dx ==

Fourier cosine & sine Integrals:

1) Fourier cosine Integral of f(x) is

F(x) = % fnm cos Ax fﬂm f(t) cos N 4 g
2) Fourier sine Integral of f(x) is

f(x) = %fﬂm sinkx [ f(¢) sin At gt dn

Problems:-
2) Expressf(x)=1,03x=<nm



O,x>m asafouriersine integral and

co . 1—cosAmT, .
Hence evaluate fu ( A ) sin Ax dA

Solution : Fourier sine integral of f(x) is given by

f(x) = % fom sin A [f,” £(¢) sin At dt ] dA

2 poo o, T .
:Efn sin A [f, sinAtdt]dA
— cos At
, A )(0tom)dA
2 poo 1 —-cosAm, .
;fﬂ (f] sin Ax dA

= m(l —COS AT
0

2 o0 .
== J, sinAx(

) sin Ax dA ™=

=

=2.1,0<x<T7

0 ,x>m

Problem : 3) Using Fourier Integral show that
J-m 1—cos Am

0 SiﬂKﬁdﬁ=E,U{X{ﬂ.’
A 2

O, x>m

f(x) .



Solution: Letf(x)=1,0=<x=<m
O ,x>m
then write above solution (problem.(2) solution).

—ax _ 2a o cosAx
Problem :4) Using Fourier Integral , show that € T Jo A%+a?

Solution : Let f(x) = g~@
The Fourier Cosine Integral is given by f(x)
2 poo oo
_ EJ-D cos Ax [, f(t) cos Atdt]dA
Now f(t) = e—at
_ _ 2 po0 ©  _at
e~ == cos A [J; e”*cos At dt] dA (1)

at

dA

-
a2+12(

fﬂm e~ cos At dt = [

Eﬂ

Ve

Therefore

Now -a cos At + A sin At)(0 to )]

-a.1+0) = a%+22



subin (1)

(1)=>e‘ax-—f coS AX . 212 dA
2a oo cos Ax
7o e 9
E p—X = J-m cos Ax
Problem 5 2 0 a?+A% ~): Prove that ,puta=1in

above problem(4)
Solution : Let f(x) = e~

Problem 6): Using Fourier Integral , show that

2_ 2 -
e ax _ E—bx_Z(b a )J'G A sin Ax d\ (a,b>0)

n' (A2+a?)(A2+b?2)

Solution : Let f(x) = €~ **

The Fourier Sine integral is given by f(x)

2 oo | oo .
= fn sin Ax [fn f(t) sin At dt] dlf(x) _ =
2 fm sinAx [f,” e~%sin At dt] dA (1)

—at

f e~ sin At dt = [— —l

1 A ; o0
-0 - ) = -a sin At - A cos At)(0 to ©0)]
0 a"*+l’3( A) a’+A? N




subin (1)

(1) = f(x) ——f sinAx. — 1* dA
e =2 [PAIMEgy (2)
similarly, e_bx - % ﬂm l;if;f dA oo (3)
(2)-(3)=e % -e7% =2 [" A sin M (2 - 75,7 ) dA
- —f A sin ?xx[ b:)(i;bz)] dA
m bz @)y (12+la521)rg:+b2) aA
- .
™ e = E{b - f(} (12+l;}n(§+bz) dA

There fore,
FOURIER TRANSFORMATION:

Definition : 1)The fourier transform of f(x) , —co < x < oo is denoted by f(s) or
F{f(x)} and is defined as,

FIFOT = J_on €57 F(x) dx = £(5) ——-mnn(1)

The inverse fourier transform is given by
1 J‘m —isx

f(x) = F-1{f(s)} = 2n f(s) ds --—--(2) F{f(x)} = f(s)



Note 2): Some authors also defined as

1 o sy
F{f(x)}=mf—me f(x) dx

1 (®  —isx
and inverse fourier transform as f(x) = /2 f-m ¢ f(s) ds

Def : 3) : F{f(x)} = J_o, € " f(x) dx and
. lJ"m pisx
Inverse Fourier Transform as f(x) = 5. J_c f(s) ds

Def: Fourier Sine Transform:-

The Fourier Sine Transform of f(x), 0 < x < o is denoted by fs(s) or Fs{f(x)} and
defined by

Fs{f(x)} = fnm J (%) Singy dx = fs(s) -——-(3)

Fs{f(x)} = Jo £x)singy gy = fs(s) -----(3) The
inverse Fourier Sine Transform is given by

f(x) = %jnm fs(8) singy g womoo (4)

Note : Some authors also defined as

2 fo'e)
Fs{f(x)} = \/; FGsin o 4y = fs(s)



\/E 00
and inverse fourier sine transform as f(x) = ;op/f’S (5 )SIN ¢y g
Def : Fourier Cosine Transform :-
The Fourier Cosine Transform of f(x) , 0 < x < oo is denoted by fc(s) or Fc{f(x)} and

defined by

Fc{f(x)} = Jo f(x) cosgy gy = fc(s) -----(5) and
The inverse Fourier Cosine Transform is given by,

Note : Some authors also defined as

2 o)
Fc{f(x)}=\fn f(x)cos o gy

2 o

and inverse fourier cosine transform as f(x) = * z0@f € (5 ) €OS gy (s
Linear Property: If f(s) , g(s) are Fourier Transform of f(x) & g(x) then
F{c1 f(x) + c2 g(x)} = c1 F{f(x)} + c2 F{g(x)}

= ¢1 f(S) + ¢z g(s)



Proof:- The definition of Fourier Transform is
J’m plsx

F{f(x)} = /- f(x) dx = f(s) ----- (1)

By definition F{c; f(x) + c2 g(x)} = f_m ¢

=c o, €5 f(x) dx + ¢, ., €% g(x) dx
=, f(s) + c2 g(s) by (1) Note:-

ISX

[cq f(x) + c2 g(x)] dx

Linear Property:

(I) Fs{cif(x) + ca g(x)} = c1 fs(s) + c2 gs(s)

(1) Fc{cq f(x) + c2 g(x)} = ¢4 fc(s) + c2 ge(s)

Proof:- (I) The definition of Fourier Sine Transform is

Estfo} = Jo £ () SiNgy dx = fs(s) ——(1) ..
By the definition , Fs{c; f(x) + c2 g(x)} = Js [c1 f(x) + c2 g(x)] sin sx dx
=G fo f(x) singy dy + , fum g(x) sing, 4x

=, fs(s) + c2 gs(s) by (1) Change

of scale property:
1,8
Statement : If F{f(X)} = f(s) then F{f(ax)}=a '/

Proof :- The definition of Fourier Transform of f(x) is

a

Isx

FIFOT = S on €% £(x) dlx = () —nnomev (1)



By definition F{f(ax)}

letax=t x=t/a

= J-_DO EISE 1 1
f(t) dt dx=dt
_1 e i)
a a a"=® f(t) dt
1 poo | E)x
== I—me -
_lf(i)
f(x) dx ( by property a ‘a of def. integral)

Note : 1) If Fs{f(x)} =
2) If Fc{f(x)} = fc(s)

ax)} = i fc(i)

fflax)} ==, )

afs(a” fs(s) then Fs

then Fc{f(

Proof: (I) The definition of Fourier Sine Transform is

Fs{f(x)} fﬂm f(x) SINGy dx = fs(s)

(1)

— {f(ax)} = fﬂm f(ax) sin

By definition

=, f(®) o

t, 1

-). -

i

let ax =t
1

Fssx dx

s(dt dx=dt



)t. dt == [, f@sin
= f fC)sin (2

)x. dx =

1.8
—fs(-) by (1)
Shifting Property:-

If F{f(x)} = f(s) then F{f(x-a)} = eisa f ()

Proof : F{f(x)} fj; e f(x) dx =f(s)----(1)
= 7. eis¥ f(x

By definition = me eis(t+a) F{f(x-a)} = -a) dx let
x-a=t f(t) dt = me e'st e's® x=t+a
=els® [ e ft) dt dx= dt
f(x) dx

= eisaf(s) by (1)
Modulation Theorem :-

If F{F(x)} = £(s) then Fff(x) €08 @} =5 {f(S5) 4 ¢(s4a))

=3[ J‘m plls+a)x J‘m plls—a)x



Proof: The defination of Fourier

) _ [ ,isx oo -
Transform js COS ax}= f—me f(x) cos ax dx F{f(x)} = f_m e=* f(x) dx
=f(s)----(1) By = f_mm gisx = +: definition F{f(x)
f(x) dx
f(x) dx + f(x) dx

1
) {f(s—a) + f(s+a)}
Note: If Fs(s) & Fc(s) are Fourier Sine & Cosine Transform of f(x) respectively

1
Then (i) Fs{f(x) cos ax} = 2 (Fs(sta) + Fs(s -a)}

1
(ii) Fs{f(x) sin ax} 2 {Fs(s+a) - Fs(s

1 -a)}
1 F
(iii) Fs{f(x) sin ax} ; Fels+a) - Fels = -a)}

Proof: The definition of Fourier Sine Transform of f(x) is

Estfx)} = Jo (%) Singy dix = fs(s) (1)

By definition Fs{f(x) cos ax} = Jo f(x) cos axsin s dx

sx. Cos ax) dx



- fnm f(x) .%.(2.sin sin (s-a)x dx ]

=%f(x) fﬂm[sin(sx + ax) + sin(sx-ax

)1dx
=% [ jﬂm £(x) sin (s+a)x s (i)
- % [ Fs(s+a) + Fs(s_a)]
Similarly we get (ii) & (iii) Problems:
1) Find Fourier Transform of f(x) = eikx,a<x<b
0, x<a, x>b

@ isx
Solution : By definition, F{f(x)}= f—m € f(x) dx -0 00
— J’b elsx plkx
a

dx
_ (P i(s+k)x
fa € dx
el(s+k)x
 Ci(s+k) ] (apply limits a to
Ei(s+k}b_ei[s+k]|a b)
- i(s+k)

2) Find, F{f(x)} if f(x)=x, |x|<a



0, x| >a

Solution : By definition,

|x] <ameans—-a<x<a

() = Jen € () dx

_ra ISx
_f—ue X dX

J‘a isx
= X.e . .
use —a dx , integration by parts,
I1sx .
= ) - e
dx Bludv = Ls is “—a uv — Bvdu
(apply —a to a) u=x,  dv=eisxdx

1 ; i 1 elsx
=—(a. e'®® +a.e7'® ) -— ( ,

LS Ls L5
:Za COs as +l (e"‘“—e‘ms] :ets;;

is 52 is
—2iacosas 2isinas

2

s s ) (apply—atoa)

3)Iff(x)=1, |x| <a
0

si

COS 5X
ds
5

ns
ds
5

oo sin as ey [0
Deduce that f—m (i) f—m

(i)
Solution : F{f(X)} =

D isx
f_me f(x) dx

Pla eisx .1. dx

e 15X

=% latoa)

du=dx, v= [l eisxdx

, |x| >a, Find Fourier Transform of f(x)

|X] <ameans—-a<x<a



- l(emg _
L5
1

T is
2 sin as(2j sin as)

E—iaS)

f(s) = F{f(x)} = f(s)
Deduction :
‘ ‘ _ if‘x} p—isx
Inverse Fourier Transform is defined by  f(x) = 2r /- f(s) ds
ifm (cossx — 1isin sx) 2 sin as
2m 7= ds f(x) =
2 00 sin as o sin as
=—{ J_,(cos sx) ds i J_ oo (sin sx) —
ds]
(even) (odd)
1 00 sin as
f(x) =—[2
= f(x) =~ | (cos sx) S ds - 0]
.. @ sin as cos sx yig
(i) s ds =, 'f(x)
-
21, x| <a

0, |[x| >a



(i) Puta=1,x=0 in (i) we get

oo sin S

I
0 s dS= 2.1

o sin s I
= S ds = 2
4) Find Fourier Transform of f(x) =1 -x*, [x| < 1

‘ 0, x| >1
J-oo(x cos x_—sm JC) x
’ g 2 dx Evaluate
@ isx
Solution:- F{f(x)} = I e f(x) dx
_ (1 isx
B I_le (l-xz)dx
- - 2 is:r
= f_1 (1 }( dx B — v Boda
isx isx
=[{(1-x0). 5=} - [2, 5 (-2x)dx]
(limits -1 to 1) = (1 - x?) dv= eisvdlx
E 1 isx
D+;;s f_13f.E (oo dx -
dx, v=[eisxdx _ Ei.gx
Is
1 elsx
xe:sx -1 s dX]

( )4 t01) -



= is2 [1.( eis+ise —is ) -isleisisx | (-1 to 1) is - 2isins)
A —

53

[ sins—s= i52_[2cosisg-isl (e is —ise —is )]

cos s] = f(s)
Deduction: = is2 . is1 (2 coss 1 Inverse
1 o jsx
Fourier = -s522.2[ coss-sinssP™
Transform is defined by f(x)=  f(s) ds
4
.s°[sins—scos s] ds
1, o (sin s—scos s) 1 o _jox
=——.4 |_(cossx — isin sx) = ds= 7m J__e
2, (o (sins—s cos s) oo (sin s—scos s)
==[J_cossx = ds -i J__ sin sx . "
(even function) (odd function)
2 oo (sin s—scos s)
- COS SX ds -
f(x) =7 [ e s” 0
o (sins—scos s) .
= [__ cossx -

S

ds = f(x)



2

T
- E{l-xz), Ix] <1
0, |x] >1
1 00 s (sins—scoss) T, 1
Atx= 2" :I—WCDsz s3 ds=§[1'1)put
S =X
co x (sin x—=x cos x) T 1 31
= ad _ Tr-Hy=2
J-—mmsz x* dx = 2(1 4) 8
o0 x (sin x —x cos x) 31
= - _ .
an CoS 2 = i - 8
ch:r o [ ( x cos x- 5inx)] 3m
0 2 x? dx = - 16

<a

1
5) Find Fourier Transform of f(x) = 2a if | x|
if |x|]>a

if |
0,



Solution : By definition,

FLO0) = (6) = o0 € £(x) ix
= f__; e"* f(x)dx +-Ela e'S* f(x)dx + f: e'S* f(x)dx

a 1  isx 1 e™* _ 1 (el$a—eisay
= _— X=—— —_—

—a3a€ d Py (apply limits) o -~
_sinas

las

6) Find Fourier Transform of f(x) =sinx, ifO<x< ™
0 , otherwise
Solution : By definition,

FLRO0) = F(s) = S0 € £) dx
= [0 eix f(0dx +[ e f)dx+ [ eis* f(x)dx

- J‘”’Eisx
0

sin x dx
- [is sinx -
(is)*+1° 1.cosx] applyOtom
: 1_152[8*5”(0 —cos ) - (0 -1)]

-1 ST - _
- .1_5;:[E (1) 1(0 1}]
eisST4q

1—5°




7) Find Fourier Transform of f(x) =xe—*, 0 < x < oo
Solution : By

definition,
« - isx
i)l o€ fdx f(s)=
_ [ sisx X
= [, " xe dx
= [Py plis—1)x
fﬂ xe dx
x E(Es—l)x e(ts—l}x
Tl ois-1 7 (is—1)? ] (0 to o)
_x{e-e™) ) isx _ ,—x
- [ is —1 ](0 to GG) [:I.S _1:}2 (e € )
1
=1(0-0) - ==(0-1)
1
 (is —1)?
_ 1 (is+1)?
C(is -1)? " (is+1)?
_ (1+is)?
T (145)?



8) Find Fourier Transformofe 2. Showthat e  2is reciprocal Solution : By
definition,

LJ“I’ Eis:r
F{f(x)} = f(s) = v2m "=~ f(x) dx

__1 % isx =~
e,
1 0 Lx2_2isx)
= — e z
Vam f_m dx (x-is)?/2=y?
1 o (x—is)?+s?
- —— e 2
vam J e dx X-is = 2y
R v
- Vam ~o0 dx  dx=2dy
-L v [0 e VN2
== o
— 1 e-sz J-m e_yz
Vi i -0 dy
1
=zez ZfE,me_}’2
:e_TSE i E
=

Therefore Function is self reciprocal



9) Find the inverse Fourier Transform of f(x) of f(s) = e~ Isly

Solution : We have |s| = -s,ifs<0
s,ifs>0

From inverge Fourier Transform, we have
i —I5X

f(X) — 2 ¥ —co € f(S) ds

1 0 . oo a
=£[f_m€ o f(s) ds+,|-,.,J E_”xf(s) ds]

L .0 © L —isx ,—sy
=—[). e "*e ds+ J, € e
_ A O, (v=ix)s L (P p=y+in)s 0 ds]
2m J—o0 ds + 27 70 ds
1 . ely—ix)s 1 e~ y-ix)s

[ y—ix ](-m to 0) * 21r[—(y+ix)
1 1 1 1

= +
211[ ] er[ y+ix]
1 [ V+ix+y-—ix

_ ]_ 1 2y
T 2w N(y-ix)(y+ix)! 2w yP—i2x?
1y

J(O0to 7 ¥+ o)

2T

y—ix




Problems on sine and cosine Transform:-

1) Find Fourier cosine Transform of f(x) defined by f(x) = cosx,0<x< a

=0, x>a

Solution : Fc{f(x)} = fﬂ f(x) cos sx dx

= [ cos x cos == [*2 cos x cos
—Jo 270

sx dx sx dx

= % fﬂa [ cos(x + sx)

_ 1 a
=2 [J, cos(1+ s)x dx+f0 cos(1 — s)x

1 ,.sin(1+s)x sin(1-s)x

=2

2 1+s 1-s ] (applyOto a)
1 [ sin(1+s)a 4 sin(1-s)a ]
2 145 1-5

2cosAcosB=cos(A+B)+cos(A-B)
+ cos (x-sx)] dx A=x, B=sx

dx]



2) Find Fourier cosine Transform of f(x) defined by f(x) =x, 0<x<1

2-x,1<x<2

0, x>2
(2]
Solution : Fc{f(x)} = Jo f(x) cos g gy
) fzz f(x)cos
= Jo X cos_ 4o +j11 (2 — x)cos
sin sx COS SX sin sx COS 5X
=[x -1 (- -X -(-1) (-
D T (appiyoto 1) + 275 VTS
sins coss 1 cos2s sins COS §
= s * s° _0_?)+(0- s2 s * s? )
_ 2¢0S S —C0S 25 —1
= =
_ 2coss —(2cos’s—1) -1
= =
1
=—(2 cos s —
SJ 2 cos? s)
=§ cos s(1- cos )
1 co
= J, f(x) cossy dx + sxdx t J, fx)cose, qx

sxdx+0



)] (1to 2)

3)Find Fourier sine & cosine Transform of 2e¢—5x 4+ Se—2x

Solution : Given f(x) = 2e—5x + 5e—2x

Fs{f(x)} = -rnm f (%) singy gx
= fom(Ze'Ex + 5e7%%) sin

=[2f, e SN dx + 5fn ¢ 3Ny dx
=[2{—(_ .
25+s° " 5sin sx —s cos sx )} (apply 0 to o)} sx

dx



+ {i:': (- 2 siﬂn sx —s cos sx )} (apply O to )}
e
0)}+5{0 e’ _ -4+ z(-s)}
=[2{0_25+52(D S COS S
25 5s
- [25+sz * 4+52]
Similarly 0 22 (i) Feff(x)} = [

52425  s5%+4 ) ) . .
4) Find Fourier cosine Transform of (i) e—ax

cos ax, (ii) e=axsin ax Solution



. Given f(x) = e—axcos ax (i)

Jy f(x) cos

F{f(x)} sx dx
= [” €% cos ax cos
0 sx dx
= _1® —ax
_2fn e 2 COS ax COS _ 4
_1r® —ax © -
== [J, €7 cos (a+s) o, J, e % cos (a-s)
= % .m {-a cos (a+s)x + (a+s) sin (a+s
X dx] —ax
+ = - {-a cos (a _
X} (apply @ +(a-s) -s)x + (a-s) sin (a-s)x} (apply O to )
0
Ot =0-—% (-
0 ) 2[ {0 a’+(a+s)® (—acos
1 a a et

"2 a’+(a+s)* * a’+(a-s)* g )} +{0- m (=acos

0)}]

a?+(s—a)? a’+ (a+s)?]

{le™® sinax) ==
(ii) Similarly Fs{f(x)} = Fs ¢ N aX) =3

5) Find Fourier cosine & sine Transform of e—ax, a > 0 hence



Co COS SX J-mssmsx
(ii)

deduce (|)f a2+s2 ds

Solution : Let f(x) = e~ax

a+5

Fc{f(x)} = fﬂ f (x) cos sx dx

_ [ —ax
B f ¢ O xdx
+ 5 sin sX _[ (acossx
E{]
(—a+0)] =[|U-c12+52
Fsqf(x)}  Jo SO sing 4
_ (% —ax o
_ J'U e~ sin_
E—ax
-a Sin SX - =1 a’+s? (
) = (2)
Fs{f(x)} =

By Inverse cosine Transform

2 (wa]
f(x) = 7 fD fels) cos g gs
2 po0 @

COSs
T’0 g?+s? sx ds

)] (apply 0to x)

scossx)] (applyOto



oo 1 —ax
= fﬂ —— COS
e g @S sxds =

a 2
By inverse sine Transform,

f(x) = % fnm fs(s) Sinsx ds

0o
=

0 a’+s? sxds =

6) Find Fourier sine Transform of f(x) =

X

Jy f@)sin_

co sin sx
= _fU . dx --——(1)
mw
Solution : Fs{f(x)} =~ 2
e—ax

7) Find Fourier sine Transform of
that

, hence

deduce



Solution : Fs{f(x)} = fnmf(x) SiNgy dx

me—ﬂ.x )
=Jo —sin sx dx =1 ---(1)

dt _ (@e = COS
as Jo Tx 9% o dx
= [ e~ cos
0 sx dx
(S
= -a COS SX ,
+ a*+s* ssinsx)] (applyO
ED
t0 =0- a’+s? )
@ _a
ds a’+s? (—a+0)]

Integrate on both sides w.rt. s we get

= 1 -15
|=afﬂ2+52d5:a ﬂ.lTan a4+ c
=Tan 1(§)+c ------ (2)

put s =0 on both sides we get {in (1) & (2)}
0=Tan X 0)+c=>0=0+c= c=0



_ -1/5
'=TanC) = pstfi)
1
8)Find Fourier cosine Transform of 12442, and
X
(ii) Fourier sine Transform of 12442

1 . . _
Solution : Let f(X) — 12452 , We will find FC{f(X)} —1FC{}
= [ f(0) cos g
= [P cos Fc{f(x)}
0 1%4x
sx dx =1 ------- (1)

Differentiate on both sides w.r.t s



dl co x sin sx

e - dx ----(2

ds 0 1+x? ( )
co x?sin sx

0 x(1+x2) gy

_ oo (14x2%-1)sin sx

0 x(14+x2) dx
0o sin SXx co  Sin Sx
=- fﬂ S dx - IU x(1+x2)
dl s oo sin sx
=2t e X8 Gy g

on both sides w.r.t ‘s’

2
d I _ [ X cossx
We get ds®* -0 x(1+x2) dx




a1 a1
ds’=| by (1) ds*-1=0
= (D?*-1)I=0 Thisis D.E
A.E.is m?*-1=0

m==+1
solutionis [ =c,e® +c, e ----- (4)
dl _
E=cles-cge S eneee- (5)
s -s — (*_1
From (1) & (4) ,ce® +c,e™ = [ oaz COSSX

Put s=0 on both sides



o 1

=0T G =fﬂ 1427 dx

=(tan ') (0 to ») =tan™t o -tan~1 0
—E-O
2
m
Ci+Cr=7-——-- 6
there fore, 1 72 (6)
T 0o sin sx

cief-cre S =-—+
From (3) & (5), ' i 2 Jo x(1+x2) gy
T

=C-C=-7 -—-=-(7)

(ST =

solve (6) & (7) we get (1=0,¢=
(4)=1==>.e"*
1
i.e., Fc {f(x)} = Fce{ 152

)

subin (4)

—5

T
p=7.e

. €

S

Now |=

a_ T s .
=5 (8)
From (2) & (8), we have
fmx sin sx T oS
0 1+4x2 dx=-2




There fore Fs 1+x?
1 s
9) Find the Inverse Fourier Cosine Transform of f(x) of fc(s) = 2a (a- 2), s<2a

0 , sx=2a

Solution : From the inverse Fourier Cosine Transform , we have
2 o0
= c(x) cos
f(X)=HJ“3I fe() sx ds
2 2a
== c(x) cos
~[J, fe(x) e ds

2 1 2a s
———fﬂ (a—E)cos

-[20: fe(x) cosgy gs]

"~ m2a sx ds
_ 1 S, sinsx 2a sinsx , 1
" 7a [{(a 2) T ox }O to 2a) -fﬂ x ( 2) ds]

1 11
-E[(D'U) +E'F(_ COS SX

‘1(-{:

= 0Ss
2max? 2ax + cos 0)
_1-cos 2ax _ sin® ax
© 2max?  max? )(0 to 2a)]

10) Find f(x) if its Fourier Sine Transform is e—as

Solution : Given f(s) = e—as



By definition of inverse sine transform
2 (oo .
f(x) = = fo fs(x) sing, g

2 oo .
== [~ e % sin
a <0

sx ds
2 [ g~ as (
T ' a4’ -a sin sx — x cos sx)(0 to o)
-E[D 1 (
T a’+x?
2
- m(a?+x2) -X)]

S
11) Find the Inverse Fourier Sine Transform f(x) of Fs (s) = 1452
(or)
S
Find f(x) if its Fourier sine Transform is 1+s?

2 (o0 .
Solution : By Fourier Inverse sine Transform f(x) = f(x) = = f-:) fs(x) Moy ds =1



2% S g
f(x) =790 1452 > "sx ds = | —---mv (1)

2 roo 1 1
__f'f} G- s(s2+1)) sin sx as
oo sin sx GO sin sx
[‘ ds - s(s?+1) ds

o Sin Sx

2
=2 LB S2pp 9S]

2 p00 Sin Sx

fix)=1-770 s(s2+1) — (2)
diff on both sides w.r.t. X
dl 2 00 S COSSX
We get dx ; 0 s(s2+1) ds --=-=- (3)
Diff w.r.t. x
d?I 2 (00 COS SX
2—-—j' =S 2 95
_ £ COS SsX
0 (32+1)
i , .
ax’= | from (1) = (D*-1)[=0------ (4) is D.E.
Solution of (4) |sdl =Gett e (5)
L= cie¥ - ¢ @7 X meee- (6)

dx



From (2) & (5)

fx=0,l=1,
= €1+ C2 =15 From
Substitute in (5)
3) & (6
(5 = 1f(x) = (3)&(6) ar_ 2o 1 4 [=0+
Coe—x dx m’0 1+s°
? Ifx=0, (3) Cx
= f(x) = | ) . e
ifx=0,(6)=>ci-cz=- _ (tan™" s)(0to o)
21
=-T[2=-1

Nowsolve c;+c,=1&
Ci-C,=-1 weget ¢c;=0& cy;=1



Convolution : The convolution of two functions f(x) & g(x) over the interval

(-c0,0) is defined as f*g= v%n J'_mm f(x) g(x-u) du

CONVOLUTION THEOREM: If F{f(x)} and F{g(x)} are Fourier Transform of
functions f(x) and g(x) , then

F{E() * 80} = 7= [, % {f(x) * (x) } dx

1 oo . 1 o
= J_, em* [E J_ f(u) g(x-u)du] dx

== f(w) [75= /., € g(x-u)dx] du

=L [% ) [ [, €5 g(y)dy] du
1 0o 1 0o

== e f(wdu. — [ e g(y)dy

=F{f()}* F{g(x)}

Relation between Fourier and Laplace Transform:
Statement: If f(t) = e ~*t g(t) , t > 0 then F{f(t)} = L{g(t)}

0O , t<O
Proof : F{f(t)}= f_z e'st f(t) dt




= [0 et f(t) dt+ [;7 et f(t) dt
=0+ [, et e g(v)dt

— -rnm e~ (x—is)t g(t) dt
=J, e g dt

= L{g(D)}

Fourier Tr. rm of derivati fa function :
Statement: If F{(f(x)} = f(s) then F{f™(x)} = (—is)" f(s),if the 15t (n-1)
derivatives of f(x) vanish identically as x —» oo

Proof : By definition F{f(x)} = f; e 5% f(x) dx ------- (D
F{F'(x)} = F{ ()}
- f_mm elS* f'(x) dx
_ [eisx f(X)](-m to ) — _]'_Zf(x) is. e"¥ dx
0 oo €5 f(x) dx



There fore F{f'(x)} =-is F{f(x)}
F{f'(x)} = - is f(x) -------- (2)
Now F{f"(x)} = [ _ ¥ f"(x) dx
= [eB* F(X)](- o to ™) - [ . f'(x).is. e™* dx
=0-is [ . e"* f(x) dx
— _is. F{f'(x)}

= -is (-is) f(s) by (2)
There fore F{f"(x)} = (-is)? f(s)
Similarly we can show that F{f"(x)} = (—is)" f(s)

Finite Fourier Transforms :-

Definition : The Finite Fourier sine Transform of f(x) , 0 < x < | is defined by
STTX

l )
Fstfy = &) =R SIS

fO<x<T, (s) = fU f(x) sin Fs{f(x)} =fs  sxdx

The function f(x) is called the inverse finite Fourier sine transform of fs(s) and is

given by f(x) = ds



IfO<x<mm, f(x) Zs 1 fs(s) sin 2= = sx
Definition : The finite Fourier sine Transform of f(x) , 0 <
25‘ 1/s(s) sin defined by

X < | is
STTX

Feff()} = fe(s) = Jo /() €05 7 dix
T
If 0 < x<m, Fc{f(x)} = fg f (x) cossx dx
The function f(x) is called inverse finite Fourier cosine transform of f(x) and is

given

1 2 w0 STTX
by flx) = Fe-1{fels)} = 1 fc(0) + 1 2s=1/€(5) €05 g5 )

2 _»
= Fe-1{fe(s)} = 1fc(0) + = Os=1/c(s)cos o o 1y

T

Problem:

1) Find the Fourier Finite cosine transform of f(x) = x, 0 < x <  Solution : Fc{f(x)}
T
= fc(s) = Jo f(0) cosgy gy

X sin sx ?1') i l fn' sin sx
sxdx =( s )(Oto 0 dx

=(0_0)_1( CGSSI)(Ot ﬂ_}

=f;:x cos



.5‘
If s=0,fc(s) = =12[(—1)5 ~1]
5
Therefore _ » H : fc(s) =
fnde:E(UtDH] =;
Lrrr—1ys _
52 [[( 1) 1] ) S>0 X
2) Find the Fourier T’ Finite sine transform of f(x)
=,0<x<Tm 2, s=0
A
g f x sin
Solution Fs(N) =8  sinpygx == nx dx
[}{( — COS nx) ] (0 to TE) i 1( smnx) (0 to TL')
n+1
=i[-—C05r‘IT£+D—0—U]='E =-—( "= 1)
T n n cos n

3) Find the Fourier Finite sine transform of f(x) =x3in (0, i) Solution : By definition
the finite Fourier sine Transform is

Fstfa)} = Jo S () sinsx dx

T 3 -
=.r[} X™ SINsx dx



— cosS nx — sin nx cos nx sin nx

u=x>3x?6x60dv=sinnxdx n n? n’ n4
_r_ 3cosnx o, - sinnx cosnx, . sinnx
=[-x 3x?( )+ 6x | n3) 6( — )](Otom
= [-13 cos nm L0+ 6T cnrsl;m_ol_o
3
T aNn L 8T . 4 n
_n ( 1) +n3( 1)
(-1 e o
S g e 21, n=1,2,3..... )
4) Find Finite sine Transform of f(x) =xin0<x< 4
4 . NIX
Solution : Let f(x) is Fs{f(x)} = fu f(x) sin T4 dx
i =[x (==
—C05s — — NTxein 4 )(O to
(—==")(0 to 4)]
4) — 16
4 16
="am.4.Cosn T 0%z (0-0)
16

_ 16 _ 16 . .\n
=T hmcosnt T ﬂ,rr( 1)

16 -
Similarly Fc{f(x)} = n2r? [(=1) "1] = fc(n)



ifn=0,fc(0)=Jo Xdx=F)(0t0o4)=8
Parseval’s Identity for Fourier Transforms :-

Statement : If f(s) & g(s) are Fourier Transform of f(x) & g(x) respectively then

)57 = L P g o

(i) 57 S Oy g _ [ IF @b g,
Now (iii) %fi’ fets) gc(s) ds = -rﬂm f(x)

Proof : By the inverse Fourier Transform we have
g(x)zif;g@) e~ ds (1)

Taking cojugate Complex on both sides in (1)

(1) =800 =5- [T, g(s) €'

o F 0 gy e S F O 5 9 (5D

g(x) dx

2m 7= | ds
IO UL f@es
N
o 2m I—W 9(s) f(s) ds
1 oo ca
= o f_m f(s) g(s) ds = f_m f(x) g(x) dx --------- (2)



dx dx]
ds

(ii) Putting g(x) = f(x) in (2) we get
1 co oo
am -0/ () ) ds = oo OO fix) i
2 S Pl g _ I 1F GO d oo

For Sine Transform:
2 oo oo
(2)==J, fs(s) gs(s)ds=Jo /() g(x) dx

2

- fﬂm |f5(5)| 2ds = fﬂm |f(x)|2 dx

T

Therefore (3)

Similarly for Cosine
Problem 1):) If f(x) =1, |x| <a
0, |x| > a, Find Fourier Transform of f(x)

co sin ax ma
f(} 2 ax = ?2
Deduce that
] O isx
Solution : F{f(X)} = f—oo €77 f(x) dx |x] <ameans—a<x<a

= @qeisx.1.dx



e L5X

(@ to a)
LS
- ‘i(eias _p-—las ) = i (2i sin as)
LS LS _2sinas

" s T fls)
By parseval’s identity for Fourier Transform
00 1 o
JE O gy o 27 d=eo 1T

a 1 poo 2sinas
= Lol g -5 g

1 oo sin‘as
= x(-a to a) = E 27 f—m 2 ds

2 ro0 sin®as
=>2a=-= -
mY—® s ds
J-Do sin® as
- s* ds=gaTr
co _sin as
—
o0 sin® as
= 2.
fﬂ s* ds=am
fm sin as
0 52 2
Therefore ds =

28]

am

Fif(x)} = f(s)



2)Find Fourier Transformof f(x) =1 -x?, |x| < 1

4
0, |x]|>1 is s3[sins—scoss]

Using Parseval’s Identity Prove That
, (sin x = x cos X), > 11
©isx _—
e f(x) dx I | ’ dx = 15

: — — 1 isx —
Solution : : Jo et (1 2 ) dx F{f(x)}

— J‘l (1 _xz)eisx
Biudv =uv — =[{(1 - x?). _}

ELSI

( 2x)dx] vdu

(limits -1 to 1) u= (1 -x?) dv= eisxdx

du =-2x dx, v= [ eisxdx



E 1 isx
:[0_0+HWL1LE dy ] o
_ eisx By parseval’s identity for
T s Fourier Transform
LS.I 1 ELSI
e s [PV e dx]
“‘-I-—E —is u..r
=) -] (1to 1)
2 Ecnqc 1 elS—p~is
-Izs[ is -LS( is )]
=; _(2 cnss——lem s)
_ _i sin s
~ s*2[coss- s
4

3[sins—scoss] = f(s)

Lolf @k gy - 32 _mlf(s)lzOI [.(1-x% ? e



1 oo 4 . 1 1 o (SINS—SCOSS
Ef—m[ﬁ{sms 2. Jp(=x%)* oo = [ [( )

—scos 5)]%ds dx =27 s° I’
Im[(sins-s COS S) ds =
.2.16 70 5* 12 ds .
16 oo, (Sin S —5 COS S) 8 . (Sin X — X COS X
;D[ g3 ]2d5=2.— :}fl}[( x3 )
15
T
T
1 dx =

15



Shifting Properties:-

1.Shifting f(n) to the right : -
If Z[f(n)]=F(Z) then Z[f(n-k)]=Z—*F(Z)

Proof: we know that 0 | k‘ k+1‘ k+£ k+£ ------- 00

Z[f(n)]=
KI=Xn=of (M —Kk)Z7" (kN are different forms)

=Yn=k f(n—k)Z7" (since we are shifting f(n) to right)
=f(0)z K+ f(1)z =+ D4 f(2)z= -+ .
= Z7[f(0) + f(1)z 1+f(2)z %+ - = = = = - ]
=Z K Yo f()Z 7"
=7"KF(2)
Y=o f(M)Z7" consider Z[f(n-

Z[f(n-k)]=Z-*F (Z)



NOTE :- Z[f(n-k)]=Z—*F(Z) putting k=1 ,we have
Z[f(n-1)]1=Z-1F(Z) putting k=2 ,we have Z[f(n-2)]=Z-2F (Z)
putting k=3 ,we have

Z[f(n-3)]=Z-3F (2)
2.Shifting f(n) to left :-

If Z[f(n)]=F(2) then Z[f(n+k)]=Z¢[F(2)-f(0)-f(1)Z-1 — F AZ}2 — —————— — f(k-1)Z=C=D]
Proof: we know that Z[f(n]]zzf.f:nf(ﬂ)z_" [Z-n= Zk Z-(nth)]
N=din=o f(n+ k)Z7"
consider Z[f(n+k =Z* Lok f(n + k)Z~(+F)
=Z* Yk F(VZ™  (replace (n+k) by n)
=7k0% fz - 0D FGz ™ -

=7" [Z[f(n)] - Ufi_ul)f(n)z_“] 0 k k+1 k+2 k+3 ------- 0o
Z[f(n+k)]=Z*[F(Z)-f(0)-f(1)Z-1 —f27-2— ————— —f(k-1)Z-(k-1)] which is Recurrence formula

In particular
(a)If k=1 then Z[f(n+1)]=Z[F(Z)-f(0)]
(b) If k=2 then Z[f(n+2)]=Z2[F(Z)-f(0)-f(1)Z-1]



(c) If k=3 then Z[f(n+3)]=Z3[F(Z2)-f(0)-f(1)Z-1-f(2)Z?] -------------- and so on.
Problems:1.Prove Z(

1 Z
m) =Zlog(>—)

1
Solution- let f(n)=Z(E)

we know that Z[f(n)]=z$f=ﬂ fm)z="

1 . ww 1 oon
-n+1]_E“:'E| n+1 Z

Z|
g 1 1
em=0p 41"z
11 11,1 1
==.=t+-.=+-=+------- _ .
- 11 22 312 expansion needs ‘Z’ in

denominator’s, for this,multiply &divide with 'Z’



o e i evaluate (a)Z(
2 2 £ 3 Z 4 Z oo -n
> 0?7 P Solution- we know that Z[f(n)]=2n=0 f (1)Z
A e ek R -]
1 2 3 1
=Z[-log(1- %)] let f(n)= forn=0,1,2,3 - - -
_ 1, n!
=Z[log(1 Z) ] l] — y Dlz—n
— n=uv.,
~Zlog %)_1 Z[n! n!
~Zlog(—2—
=Zlog(> =)

~ hence proved
1
2.Find Z[n!] and Lljsing shifting thelorem

) and (b)Z( f“+2)’)
S+ 2TV 2 T

(n+1)!

L1, @ P
B ATRTS

=ez -[Ex=1+1£+—+ ------

=F(Z) (say) By
shifting theorem



> Z[f(n+1)]=Z[F(Z)-F(0)]
2L C) () 4D

1 = L
(1) z[(nH}[] = Z|ez — 1] [f(0)=a = 1]
1 2 2 _ _l -1
() 2o = 2%z =1 =4 Z277]
) 1
= 72[p7 — 1 — 71
=/ [Ez 1 Z ] f(n)= >Z[f(n+2)]1=ZFZ—-F0—-F1Z
p— 1 |
f(n+ ey
1
L f(n+ 2}_(n+2J



(n)]=-Z==[F (2)]

Proof:- we know that Z[f(n)]=Xn=0 f ()Z™"
= Z[nf(n)]==Z Z[nf(n)] =0 n=onf(N)Z"
d
az[F (2] =205 f(m)(-m)z ™!

=205y [f(Wz ™)

4. o —n
ob)If F(2)= =2, [0w=0 fWZ™] 1), then find the values of f(2) and f(3)
d
=z 1zf(n)]
__d  (z-1*
F(Z) - ‘zdz =zz(5+3z—1+1zz—2}
Z4(1-Z"1)4
_1 (5+3Z271+12273)
Solution: Given F(Z)= 72 (1-z7H)t
By Intial value theorem we have
Multiplication by ‘n’:If Z[f(n)]=F(Z) then (Z7"=ZY.Z""1]

Zlnt [é (Z7") = (—n)z7"]



5Z2+437Z+12

5Z2+43Z+12

f(0)=lim F(Z) = 0 (==0)
f(1)=lim Z [f(Z)_f(o)] -0
f(2)=lim Z2[F(2) - £(0) — f(1DZ™"]

=5-0-0

=5
f(3)=1lim Z*[F(2)-f(0)-f(1)2~" —f(2)277]

= lim Z3[F(2)- (0) =(0.Z71) — 5Z72]

> 1

. 5Z243Z+12 5
= lim Z3] - =
Z—00 (Z-1)* Z2

= lim Z35244323+2(122-212)—45 Z—1 4



Z200 z )

=1lim Z 35[Z4+SZ3+1222—25((ZZ—41J)4423+6ZZ—4Z+1)

Z—00 Z
=limZ35%ﬁﬁTﬁﬁ=ﬁfﬁ4ﬁbﬁﬁﬁﬁﬁﬁi‘}5
S e e o
=limZ32[a,z,z3._—z;g4_LZ—_2.z;¢_zu.1_zﬂ—5

( )

Z—00 VA

= lim Z323-1823-[11+-20Z-Z124—57-3 Z—w0 Z

=23

> (Z = 1)4=(z — D2(z — 1)2
=(Z2+ 1= 22)(Z2+ 1 - 22)
=74+ 72— 2734+ 2241 — 27 — 273 — 27 + 472=74+
672— 473— 47 + 1

INVERSE Z-TRANSFOR




[g(0)+g(1)Z1+g8 22+ g3 83 +----- +g(n)Z-n+ - - -- ]

=) neolf(0)g(n) + f(1)gn — 1) + f(2)g(n — 2) + - - - - +f(n)g(0)]Z 7™
+«We have Z[f(n)]=F(Z) which can be also written as f(n)=Z-1[F(Z)].

Then f(n) is called inverse Z-transform of F(Z)

+Thus finding the sequence {f(n)} from F(Z) is defined as |nverse Z-Transform.

«The symbol Z-1is the Inverse Z —

|fZ_1|;F§ )] =f(nJ and Z_l[GQ J] =g(n)then Transform.
Z7HF(2).G(Z)] = f(n) x g(n) = Xh=o f(M)g(n —m)

CONVOLUTION
Proof:- We have F(z)=2n=0f(0) Z7" and G(Z) = Y=o g(n)Z™" then

THEOREM(v.v.imp):-

[where * is convolution operator]

=Z[f(0)g(n)+f(n)g(n-1)+- - - - - -- +f(n)g(0)]1Z-1[F(2).G(2)]
=f(0)g(n)+f(n)g(n-1)+------- +f(n)g(0)



= 2m=0f(M)g(n —m)
Z7F(Z).G(Z2)] = f(n) x g(n) = X0 f(M)g(n —m)
Problems:-

(&3 |
1.Evaluate (a)Z- 1L Z-a bZ 1(z- a)(Z b)

@z |(,2 )]

=Z_1_Z__Z

Solution:-

/—a Z—a

F(Z)=—_z=>fn =7Z-1 z =an
Z—a Z—a

G(Z2)=—_2z=> gn = /-1 Z = 0an
Z—a Z—a
by convolution theorem , Z g(@) m=0Z-1F
2625045 )
Z—a Z-a

=0nm=0 aAm. An—m



1

o L
—1[EZ(_?Z£_— ]Tl* =0nm=0 an

=an l_ T Onm=0 1
=an[1+14+1+----- +1] (n+1)times
=(n+1)an
fmgn-—m)( )
(p) 7.4 72
[ Z—a Z-b ]
FZ—1)( Z )J. Z
7=z "2
=/ F(2)=2 => f(n) - ] zZ =an
Z—a () |Z—a]
G(Z)= z=>gn=7Z"1 [_Z ] = bn
Z—-b  Z-bby convolution
Z7'F(2).6(2)] =f(n) xgn) =

theorem,

7AFZ) 62 ) =74

Z—a Z—b

= Onm=0am. bn-m

m=0f(mM)g(n —m)



= Onm=0 bn. ( ab)m

= bn onm=0 (ab)m

= [0+ (L)1 (D)2 + (@3- --- - +(ay]
b b b b b

this is in geometric progression,

24ar3+----tarv-1+4---- =a(1-rm), r<la+ar
1-r
a(rn—1)
= ,r>1
1—r

bn {— drn 1 ]

bn {—abn_n—l-_Jll




= b—a

b
Puta=3 and b=4 we get
[h”"’l a”"‘l]
b!l
L ntl
= b
Z-1 L(F )( )JT[1 4n+1-3n+1=4n+1— 3n+12-3Z-4 4-3
n pntl_ n+l
=b". : : :
buﬂ_aﬂjl b-a 2.Using Convolution theorem
b—a . - —1 1—] — . .
showthat  _; l z? _prtlogntl Z—ll * 7 | = —2nwhere * is convolution operator
Z-0G-I=" b-a L o o w
1 1

Solution: f(n)=  g(n)=

n! n!



f) +g(n) = %:n]l‘(m)iq(ﬂ —m)

_ n

- m:ﬂai(n—m]!
1 1 1 1 1 1 1
B TR TR ey R E T
_1 1 1 1 o1 1 on 1
T nl (n-1)! 2! '(n—Z)!+ -‘; [(n-l)! T a(n-1)! (n—l)!]
1 1in 1n(n-1) 1
=— 4 ——+= tmmm - +—
n!  1'n! 2! n! n! !
_1 n  n(n-1)
Sl Pt T
=;(1 + 1)”
zﬂ‘.

n! - to (n+1) terms]



3.Eval 7 £ ,
- Bvaluate (Z—4)(Z—5) /=4
Solution- Given Z~* [ﬁ ﬁ 7_c
F(Z)=— => f(n) = 7271 lﬁ] =4" | G(Z2)] =f(n)*ghn) =

—-1 |£_
[ (Saey=>ew =27 [l =5
7-5
by convolution theorem , Z ' F(Z).  _g. 0 4m. Snem

z.6z =z75 4]

=0nm=0 5n. (45)m

= 5n onm=0 (45)m

=5H (D0 (1 (14 (D34 --- - ()]

5 5 5 5 5
=5n[1+ 4 (924 (14 - - === (o)1
5 5 5 5

this is in geometric progression,

T+ars+----tarm-14+---- =a(1-m), r<la+ar

1-r
a(rn—1)

m=0 f(M)g(n —m)



—cn 2= 2
- 5 . 5n+1 .

5n+1_4n+1

1
o l(z—4§§z—5)]

= & L5n+1 — 4n+1

Partial Fractions Method:-

2[2+11Zz+24(r]on repeated linear factors) (p. imp)

1.Find Z-1 [ ]




Solution:- let F(Z) = Z-1 z2+1122+424 = (Z+3)Z(Z+8)

F(Z) _ 1 A B
then Z  (Z+3)(Z+8) (Z+3) (Z+8)
_ 1 _A(Z+B)+B(z+3]
T (Z+3)(Z+8) (Z+3)(Z+8)
= 1 =A(Z+8)+B(Z+3) —» 2
putZ=8= 1= A(-8 +8) + B(—-8 + 3)
1 = B(-5)
-1
B=5s
putZ=3=1=A(-3+8)+ B(-3 +3)
1=A(5) {(Z+8=0>Z=-8&7Z+3=0=>z=-3}
1A=

5

now substitute A and B values in equation -1 we get



[ (Y __1 1 ZVNF Y (Z—ran=1 L7 Zz=an)

Z T 5(Z+3) 5(Z+8) 7—a 7—a
Z z
F(Z) “5(z+3)  5(z+8)

=Z" [s(zzﬂ] B 5(zz+a)]

Lz [A] -2 A

=2 [(=3)" — (=8)"]
R Z 1
2.Find 4 [gz+1lz+z4] ~ [(=3)" — -8 "] the Inverse Z-Transform of
Z-1)(Z-2)
Z Z
Solution:- let F(Z) = (z-1)(Z-2) here we can resolve F(Z) into partial
fractions directly as follows
1 1 1
F(Z) =Z] ]= Z[ — ]
(Z-1)(Z-2) zZ-2  Z-1
Z Z
F(2) =7-2 z-1
hence z-1lF ¢ ) = 71— 2|22 | 7]
— — Z-27-1

=2n— 1n



[(52—1)(52+2)]
Z(3Z+1)

Solution:-let F(Z) =z, _)s7+2) then
Fz) 37+1 __A B . .
7 = Gz-1(6z+2) — 57-1 +7,., — 1(bypartial fractions)
3Z+1 _A(5Z+2)+B(52—1)
(52—=1)(5Z+2) ~  (5Z-1)(5Z-2)
3Z+1 = A(5Z+2)+B(5Z-1)
put2=? = A= 5 g
lop-21
put Z=5 ~ 15substituting A and B values in
equation-1 we get
F(z) _ 8 1 11
Z  155Z-1 155242
F@z) _ 8 _1 +2_1
- 1 2
RREICE AR )

3.Find Z-1 37247



8 7z 1
75 'g(z—% + s EJ%?Z
27 e =27 [ (G55) +5: (o)

iz_l (Z ?ﬂ 2) 75 Z (z—(i[},z}})

(D 2)" -I- ( -0 4)
_ 37247
“Z [(52-1)(52+2) 2 (0.2)" + - (—0.4)"

hence F(Z) =

Geometric Progression:a)

Finite —
3 +ar+ari+ard+-------- +ar™ 1 4 qr® = ‘-‘1(1:":“]

b) ) 3 _ . Infinite —
a+ar+ar +ar’+-------- +ar™ 1_|_m.ﬂ+___=E
+r4+r24+r34- oo S T :l_ir

eg; 1



4.Find Z™* [(z +3)§(Z_2}] (repeated Linear factor of form (ax 4+ b) 2 times)

Z
Solution:-let F(Z) = (=32, )

F(zZ) 1
z  (z+3)2(z-2)
F(Z) ~ 1 A B c 1
Z  (Z43)2(z-2) "z-2 T 743 T (Z+3)2 -
1 _ A(Z+3)*+B(Z-2)(Z+3)+c(Z-2)
(Z+3)2(2-2) (z-2)(z+3)2
1 =A(Z + 3)24+B(Z -2)(Z + 3 ezt 2){Z-2=0>Z=28&2+3=0 =>2z=-3}put Z=2 =>1=A(2 +
3)?
1 =A(25)
1
A =
25
put Z=-3 =>1=c(-3-2)
1=-5cc=

-1
5

now comparing the co-efficients of Z2on both sides
0=A+B



-1
B=75 substituting A,B and C

values in equation-1,we get

F(Z) 1 21 1 1 1 1 1

Z  (Z+3)%(z-2) 25°Z-2 25 Z+3 5 (Z+3)2
1 zZ 1.z 1 .z

F(Z) = 25 Z-2 25Z+3 5 (Z+3)2

7Z-1 l(z+3)22(2—2):] Z-1[251.2Z—2 — 251 Z+23 — 15. (Z+23)2]

oy U3 (-3)
—19n_ —_3n_1n(=3)"
l( 25 ( )15_ 5

~WZ-1 Z+3Z27Z-2 =2512n— 2?1(—3 - 15 n(—3)n

Solutions Of Difference Equations

Difference Equations:-
Just as the Differential equations are used for dealing with continuous process in nature, the
difference equations are used for dealing of discrete process.

Definition:-

A difference equation is a relation between the difference of an unknown function at one (or)
more

general value of the argument.



thus Ayn+ 2y»= 0 and
A%y, + 5Ay,+6y,, = 0 are difference equations

Solution:-

The solution of a difference equation is an expression for y, which satisfies the given
difference equation

General Solution:-.

The general solution of a difference equation is that in which the number of arbitrary constants is
equal to the order of the difference equation.

Linear Difference Equation:-
The Linear difference equation is that in which yn+1, Yn+2, yn43——— - - - - etc occur to the 1st
degree only and are not multiplied together.
The difference equation is called Homogeneous if f(n)=0,0therwise it is called as

NonHomogeneous equation (i.e:-f(n)# 0)

Working rule (or) Working Procedure:-
To solve a given linear difference equation with constant co-efficient by Z-transforms.

Step-1:- Let Z(y»)=Z[y(n)] =Y(Z)

Step-2 :-Take Z-Transform on bothsides of the given difference equation.



Step-3 :-Use the formulae Z(y») =Y )

Z[yn+ 1] =Z[Y(Z)-yo]

Zlyn+ 2] = Z2[Y(2)-yo— y1Z-1]
Step-4:-Simplify and find Y(Z) by transposing the terms to the right and dividing by the co-efficient of y(Z).
Step-5:-Take the Inverse Z-Transform of Y(Z) and find the solution y»

This gives ynas a function of n which is the desired solution. Problems:-

1.Solve yn+1— 2yn= 0 using Z —Transforms.
Solution:-let Z[y.] = Y%

]
Zyn+1] =27 Y[Z(—)yo taking Z-Transform of the given equation we get Z[yn+1] —

[ () ny — _Z
2YZ g0, 2 =5
Z
Y(2)[z-
Y(Z) =z—2y0
7.y gl =Z—1LZ_—Jyo => Z[Y(n)]=Y(Z)
yn =2nyo Z—l[Y% )] = Vn

2.Solve the difference equation using Z-Transforms



Un+2 — 3Un+1 + 2Un= 0 Given that
to=0 , u1=1
Solution:-let Z(um=u 7 )
Z(pn+1) = Z[ € ) — po]
Z(un+2) = Z2 ulZ(r)to — Hz1 nUv} taking Z-Transform on both sides of

the given equation we get

Z(pn+2) — 3Z(pn+1) + 2Z(pn) = 0Z2— po — uz!
_u(Z) -3Z[u Z_J o] +2;£ Z)z 0 using tlge %iven

- conditigns it reduces to
Uz ﬂ

() ()
Z2—0—1-3ZuluZ Z( —2 0] = 3+2Zu+ 22 =0
z () —3
U
Z=72-3Z+2 4 =7 (or)
—2 -1

=(Z-1)(z-2)

=2z —z ]



VA VA

=7-2—7-1
on taking Inverse Z-Transform on both sides we get

Z-1u/t =Z-1y z—1Z
[N = o=

]
Z_ | _7_1lZ_
=71 Z Z-1 1 ,

Un = 2n—1

3.Solve the difference equation using Z-Transform

Yn+2 — 4yn+t1+ 3yn=10
Given that yo=2 and y1=4

Solution:- let Z[y,] =Y £ )
Z[yn+1] = Z)L _) o]Z[yn+z] =Z2Y 7 — yo— ylZ—l]
taking Z-Trans ogm of the given equation we get
Z(Yyn+2) — 4Z(yn+1) + 3Z(yn) =0

72V £ yo— y1z-11-4 7 v 7-Gk3v(2) = 0 using
the given conditiTns it reduces to

ZZ% J 2—47-1-4ZYZ—-2%3Y(2)=0



e Y(2)[Z2—4Z + 3] —222—4Z +8Z =0
Y(2)[Z2— 4Z + 3] =2(2Z-4)

YZ _ 27-4
z  [z2-4z+3]
_ 2Z—4
(Z-1)(Z-3)
v(z) 1 1 . . :
.= = + Z3 (reducing by partial fractions)

Y(Z)=Z2-1 Z-3on taking Inverse Z-Transform on both
sides we obtain

Z-1[VZ) = Z-1 ‘ z—l +Z-1 ‘ z—l

yn = 1+3n

Z—-1 7Z-3



