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1. COURSE OBJECTIVES
The objectives of this course is to

e This course aims at providing the student with the knowledge on Various numerical
methods for solving equations, interpolating the polynomials, evaluation of integral
equations and solution of differential equations.

e The theory of Probability and random variables.

2. PREREQUISITES

Students should have knowledge on

1. Students should have knowledge on Numerical Techniques
2. Students should have knowledge on Probability Theory

3. SYLLABUS
UNIT I

Solution of Algebraic & Transcendental Equations:

Introduction-Bisection method-Iterative method-Regula falsi method-Newton
Raphson method System of Algebraic equations: Gauss Jordan method-Gauss
Siedal method.

4. COURSE OUTCOMES

At the end of the course, the student will be able to

e Apply numerical methods to solve algebraic and transcendental equations
(L1)

e Derive interpolating polynomials using interpolation formulae (L2)

e Solve differential and integral equations numerically (L3)

e Apply Probability theory to find the chances of happening of events. (L4)

e Understand various probability distributions and calculate their statistical

Constants. (L5)
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5. Co-PO / PSO Mapping

NMPT ‘POl ‘ PO2 PO3 PO4 POS5S ‘ PO6 ‘ PO7 PO8 PO9‘ P10 ‘ PO11 PO12 PSO1 PSO2

CO1 3

6. LESSON PLAN

LECTURE WEEK TOPICS TO BE COVERED REFERENCES
1 1 Infroduction to Algebraic and Transcendental
Equations
2 Root of an equation TB1/RB2
3 Bisection Method TB1/RB2
4 Problems Bisection method TB1/RB2
5 Problems on Bisection method TB1/RB2
6 False Position Method TB1/RB2
! 2 Problems on FP method TB1/RB2
8 Problems on FP method TB1/RB2
9 Newton Raphson method TB1/RB2
10 Problems on NR method TB1/RB2
11 Iteration Method TB1/RB2
12 Problems on Iteration method TB1/RB2
13 3 Gauss Jordan method TB1/RB2
14 Problems on GJ method TB1/RB2
15 Problems on GJ method TB1/RB2
16 Gauss Siedal Method TB1/RB2
17 Problems on Gauss Siedal method TB1/RB2
18 Problems on all methods TB1/RB2

7. ACTIVITY BASED LEARNING

1. To Solve Ordinary Differential Equations by using Numerical Techniques
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8. LECTURE NOTES

Solutions of Algebraic and Transcendental equations:

1) Polynomial function: A function f(x) is said fo be a polynomial function

if f(x) is apolynomialin x.
ie, f(x)=apx"+a x4 A x +ay,
wherea, =0, the co-efficients ay,a,.......... a, are real constants and nis a

non-negative integer.
2) Algebraic function: A function which is a sum (or) difference (or) product of

two polynomials is called an algebraic function. Otherwise, the function is

called a transcendental (or) non-algebraic function.
Eg: (i) f() =cie™ + e =0 () f() = e =2 +3=0

3) Root of an equation: A number « is called aroot of an equation f(x)=0 if

f (a)=0.We also say that & is a zero of the function.

Note: The roots of an equation are the abscissae of the points where the graph

y = f (x) cuts the x-axis.

Methods to find the roots of f (x) =0

Direct method:

We know the solution of the polynomial equations such as linear equation
ax + b =0, and quadratic equation ax? +bx+c =0,using direct methods or
analytical methods. Analytical methods for the solution of cubic and

quadratic equations are also available.
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1.1.

Bisection method:

Bisection method is a simple iteration method to solve an equation. This method is
also known as Bolzano method of successive bisection. Sometimes it is referred to
as half-interval method.

(i)

(il

(il

(iv)

(V)

Suppose we know an equation of the form f (x)=0 has exactly one real
root between two real numbers x,, x, .The number is chosen such that
f(x,) and f(x)wil have opposite sign.

Let us bisect the interval [x,, x ] into two half intervals and find the mid

point x, = X°J2rxl If f(x,)=0 then x, is aroof.

If f(x) and f(x,) have same sign then the root lies between x, and xa.
The interval is taken as [x, x,]. Otherwise the root lies in the interval[x,, x,] .

Next calculate x 3, x4, x5---,until two consecutive iterations are equal.
Then we stop the process after getting desired accuracy.

This method is known as Bisection Method

PROBLEMS
1). Find a root of the equation x*-5x+1=0 using the bisection method in 5 -
stages
— .3 _ f(0)>0
Sol Let f(x) =x°—5x+ 1. We note that F(1) <0 and

. One root lies between 0 and 1

Consider x,=0 and x, =1

By Bisection method the next approximation is

X, =

o t% _Lios1)=05
2 2

= f(x,)=f(0:5)=-1375<0and f(0)>0
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We have the root lies between O and 0.5

Now x, = 0+20'5 =0.25

We find f(x,)=-0.234375<0 and f(0)>0
Since f(0)>0, we conclude that root lies between x, and x,
The third approximation of the rooft is
Xo+Xx3 1
x4 === =-(0+025) = 0.125
We have f(x,)=0.37495>0
Since f(x,)>0and f(x)<0, theroof lies between

X, =0.125 and x, =0.25

Considering the 4t approximation of the roots

X+ X,

X; = - 1(0.125+0.25)=0.1875
2

f (x)=0.06910>0, since f(x)>0 and f(x,)<0 the root must lie between

x5 = 0.18758 and x3 = 0.25

Here the fifth approximation of the root is

X, =%(x5+x3)

- 1(0.1875+0.25)
2

=0.21875

We are asked to do up to 5 stages
We stop here 0.21875 is taken as an approximate value of the root

and it lies between 0 and 1
SINMPT-UNIT-I



2) Find a root of the equation x* -4x—-9=0 using bisection method in four stages
Sol Let f(x)=x>-4x-9
We note that f(2)<0 and f(3)>0

.. One root lies between 2 and 3

Consider x, =2 and x, =3

By Bisection method x, =

%*% o5
2

Calculating f(x,)=f(2.5)=-3.375<0

-. The root lies between x, and x;

2543 275

The second approximation is x; = %(x1 +x,) = =

Now f(x3) = f(2.75) = 0.7969 > 0

. The rooft lies between x, and x,

Thus the third approximation to the root is
1
X, = E(x2 +X%,)=2.625

Again f(x,)=f(2.625)=-1.421<0
. The root lies between x, and x,

Fourth approximation isxs = %(x3 +x,) = %(2.75 + 2.625) = 2.6875
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1.2. False Position Method ( Regula - Falsi Method)

In the false position method we will find the root of the equation f (x)=0 Consider
two initial approximate values x, and x, near the required root so that

f(x,) and f(x) have different signs. This implies that a root lies betweenx, and x, .
The curve f(x) crosses x- axis only once at the Point x, lying between the

poinfs x, andx,. Consider the point A=(x,, f(x,)) and B=(x, f (x)) on the graph

and suppose they are connected by a straight line. Suppose this line cuts x-axis
atx,. We calculate the value of f(x,) at the point. If f(x,) and f(x,) are of

opposite signs, then the root lies between x, and x, and value x, is replaced by x,

Otherwise the root lies between x, and x, and the value of x, is replaced by

x,.Another line is drawn by connecting the newly obtained pair of values. Again

the point here cuts the x-axis is a closer approximation tfo the root. This process is

repeated as many times as required to obtain the desired accuracy. It can be
observed that the points

X,, X3, X, ....00TAINed converge to the expected root of the equationy = f (x)

The below graph shows how to execute Regula Falsi Method

Y
g (x1, £ (%))
- (x0, ./ (x9))
xO X2
N A/ s
x0 \N
(x1, £ (x1)) (x0, f(x))

To Obtain the equation to find the next approximation to the root
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Let A=(x,, f(x))and B=(x,f(x)) be the poinfs on the curve y=f(x) Then the

y—f(x0) — fOe)—fx) (1)

X—Xo X1—Xo

equation to the chord AB is

At the point C where the line AB crosses the x — axis, where f(x) =0ie, y =0

From (1), we get x=x0—fxi;);°(x())f(xo)— .............. (2)

(x)-

X is given by (2) serves as an approximated value of the root, when the interval in

which it lies is small. If the new value of x is taken as x, then (2) becomes

A ¥y
A pFo- S (xp))
f(—"])
X, -
O X0 X
f(xl)
(x1./(x1))
By =1
(% —%)
=%, - f
X2 XO f(X1)—f(Xo) (XO)
% (%) -%f (%)
= —>(3) e (3)
- fn) )

Now we decide whether the root lies between
X, and x, (or)x, and x

We name that interval as (x,x,) The line joining(xy, 1), (x2,y,) meets x — axis at x,

% (%)=%f(x)
f(xz)_ f (Xl)

is given by x, =
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This will in general, be nearest to the exact root. We continue this procedure fill

the root is found to the desired accuracy
The iteration process based on (3) is known as the method of false position

The successive intervals where the root lies, in the above procedure are named

as
(XO’ Xl)’(xll Xz)y(ng X3) eTC
Where x; < x;41 andf (xo), f(x;+1) are of opposite signs.

Xia f (Xi)_xi f (Xi‘l)

f(x)—f(x,)

Also x;,, =

PROBLEMS:

1. By using Regula - Falsi method, find an approximate root of the equation

x*—x-10=0 that lies between 1.8 and 2. Carry out three approximations

Sol. Let us take f(x)=x*-x-10 and x,=1.8,x =2

Then f(x,)=f(1.8)=-13<0 and f(x)=f(2)=4>0

Since f(x,) and f(x)are of opposite signs, the equation f(x)=0 has a root

petween x, and x,

The first order approximation of this root is

woox "%
SRTEVETER MY

2-18
4+13
=1.849

=1.8

x(—1.3)

We find that f(x,)=-0.161 so that f(x,) and f(x) are of opposite signs. Hence

the root lies between x, and x, and the second order approximation of the root is
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SIS

~1.8490 | 2-1849 x(-0.159)
0.159

=1.8548
We find that f(x,)= f (1.8548)
=-0.019

So that f(x,)and f(x,) are of the same sign. Hence, the root does not lie between
x, and x,.But f(x,) and f(x) are of opposite signs. So the root lies between

x, and x, and the third order approximate value of the root is  x, =x3 —
X1—X3
[l o)

18548 _ 2— 18548 (—0.019)
=1. ——————x (-0.
4+ 0.019

= 1.8557
This gives the approximate value of x.
2. Find out the roots of the equation x®* —x—4=0 using False position method
Sol. Let f(x)=x*-x-4=0
Then f(0)=—4,f(1)=-4,f(2)=2

Since f (1) and f(2) have opposite signs the root lies between 1 and 2

By False position method x, = Xo: ((Xl)_xlf (’;o)

X)) = (%
o (x2)-2(-4)
2-(-4)
=£=E=1.666
6 6
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f (1.666)=(1.666)" ~1.666—4
=-1.042

Now, the root lies between 1.666 and 2

| 1.666x2—2x(~1.042)

=1.780

& 2-(-1.042)

f (1.780)=(1.780)’ ~1.780— 4
=-0.1402

Now, the root lies between 1.780 and 2

_ 1.780x2—2x(~0.1402)

=1.794

. 2-(-0.1402)

f(1.794)=(1.794)’ -1.794 -4
=-0.0201

Now, the root lies between 1.794 and 2

. 1794x2-2x(-0.0201)
° 2-(-0.0201)
f (1.796) = (1.796)’ ~1.796 — 4 = —0.0027

=1.796

Now, the root lies between 1.796 and 2

_1796x2-2x (—0.0027)

=1.796
% 2-(-0.0027)

The rootis 1.796

1.3. Newton- Raphson Method:-

The Newton- Raphson method is a powerful and elegant method to find the
root of an equation. This method is generally used to improve the results obtained by

the previous methods.
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Let x, be an approximate root of f(x)=0 and let x, =x,+h be the correct root

which implies that f(x)=0. We wuse Taylor's theorem and expand
f(x)="f(x+h)=0

= f(x,)+hf'(x,)=0

f (%)
(%)

Substituting this in x, ,we get

=h=-

X =% +h

. X, is a befter approximation than x,

Successive approximations are given by

f(x)

X2, X3 weevenvee e Xy Where x;., = x;

)

T(%)

JS(x2)

PROBLEMS:

1. Apply Newton — Rapson method to find an approximate root, correct to three
decimal places, of the equation x®-3x-5=0, which lies near x=2

Sol:- Here f(x)=x*-3x-5=0 and fl(x)=3(x2—1)

.. The Newton — Raphson iterative formula
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% =3%-5_ 2x°+5

ATk 1) 3(xi o)

i+1 i

i=012..(1)

To find the root near x=2, we take x, =2 then (1) gives

2x°+5 1645 21
= = =—=2.3333
& 3(x°-1) 3(4-1) 9

C2x°+5  2x(2.3333)°+5

3(x*-1) 3[(23833)" 1] - 22600

2

_2x3+5  2x(2.2806)%+5
T 3(x3-1)  3[(2.2806)2 — 1]

X3 =2.2790

2% (2.2790)% + 5

- =2.2790
3[(2.2790)% — 1]

X4
Since x, and x, are identical up to 3 places of decimal, we take x, =2.279 as
the required root, correct to three places of the decimal
2. Using Newton — Raphson method
a) Find square root of a number
b) Find reciprocal of a number
Sol. ) Square root:-

Let f(x)=x*-N=0, where N is the number whose square root is to be found.
The solution to f(x) is then x=vN

Here f '(x)=2x

By Newton-Raphson technique
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Using the above iteration formula the square root of any number N can be
found to any desired accuracy. For example, we will find the square root of
N=24.

Let the initial approximation be x, = 4.8

1 (48 N 24) 1 (23.04 + 24) 4704
1=\ T1g) T2 a8 ~ 96
- 4_9+2_4] _1(2401+24) 4801, oo
2 49) 2\ a9 98
v~ 1 4g0g, 24 |_1(239904124) 479904 _, o0
2 4898) 2\ 4898 9.796

Since x, = x,, therefore the solution fo f(x)=x*-24=0 is 4.898. That means,

The square root of 24 is 4.898

b) Reciprocal:-

Let f(x) =1— N =0 where N is the number whose reciprocal is to be found
X

1

. . 1 —
The solution to f (x)is then x = <. Also, fl(x)=—2

X
To find the solution for f (x)=0, apply Newton — Raphson method

GE-Y)

—1/x?

Xiy1 = X — = x;(2 = x;N)

For example, the calculation of reciprocal of 22 is as follows

Assume the initial approximation be x, =0.045
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- % =0.045(2-0.045x 22)
= 0.045(2-0.99)
= 0.0454(1.01) = 0.0454
X, = 0.0454(2—0.0454x 22)
= 0.0454(2-0.9988)
= 0.0454(1.0012) = 0.04545
X, = 0.04545(2 — 004545 22)
= 0.04545(1.0001) = 0.04545

x, = 0.04545(2 — 0.04545 X 22)
= 0.04545(2 — 0.99998)

= 0.04545(1.00002)
= 0.0454509

-. The reciprocal of 22 is 0.04545

3. Find by Newton's method, the real root of the equation xe* —2 = 0 correct to

three decimal places.

Sol. Let f(x)=xe*-2—(1)
Then f(0)=-2 and f(1)=e-2=0.7183
Soroot of f(x) lies between 0 and 1
Itis nearto 1.So we take x,=1 and f*(x)=xe*+e* and f'(1)=e+e=>5.4366

.. By Newton's Rule

: o f (%)
First approximation x, =x, ————=
(%)
1 0.7183 _ 0.8679
5.4366

o f(%)=00672  f'(x)=4.4491
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The second approximation x, = x, - ffl((xl))
X,

~0.8679- 2072

4.4491
=0.8528

.. Required root is 0.853 correct to 3 decimal places.

1.4.GAUSS JORDAN METHOD:

SYSTEM OF NON HOMOGENEOUS LINEAR EQUATIONS

An equation of the form a;X; + a,X, +...ccceeuuue. +a,X, =b wherex; xo..... Xn Qre
unknowns and Qi, Q2. an , b are constants is called linear equationin n
unknowns .

Definition: Consider the system of m linear equations in n unknowns xi, Xx2,....... Xn QS given
below:

Ay, Xy + 8, X s +a, X, =D

By, Xy + 8y Xy F s +a, X, =,

A, X F Xy F e, +a, X, =b,

By Xy 8, X, o, +a, X, =h,

................ bm are constants. An
Xn ) safisfying all the equations simultaneously is called a

The number gj's are known as coefficient and b, b,
ordered n-tuple (xi, x2
solution of system.

...........

Non-Homogeneous system:

If all biZ 0 i.e.afleast one bi# 0.

1I6|[NMPT-UNIT-I



Matrix Representation:

The above system of linear non Homogeneous equations can be written in Matrix form as
AX=B

Ay Qe a, | % b,
Ay Ay a, || X3 | = bz
aml am2. amn n bm

Augmented Matrix:

Itis denoted by [A/B] or [A B]is obtained by Augmenting A by the column B.

~[A/Bl= |ay, a, a,, b,
a

ml

By reducing [A /B] info its row echelon form the existence and uniqueness of solution
AX = B exists.

NOTE:

Given a system, we do not know in general whether it has a solution or not .If there is at
least one solution , then the system is said to be consistent .If does not have any solution
then the system is inconsistent.

CONGSISTENT: A system is said to be consistent if it has at least one solution

NOTE: Here rank is denoted by o

Gauss Jordan Method: In Gauss Jordan method augmented matrix [A/B] can be reduced
to identity matrix and column matrix by elementary row operations. Finally last column

gives solutions of given linear system.

The Augmented matrix [A/B] can be reduced as follows by elementary row

operations

17ZINMPT-UNIT-I



1 1 2 4 1 0 Oa
[A/B]=|2 -1 3 9|=|0 1 0p
3 -1 -1 2 0 0 1y
Then last column is the solution set of given linear system
For Non Homogeneous System, The system AX = B is consistent i.e it has a solution.

The system is inconsistent i.e. it has no solution.

NOTE: Find the rank A and rank [A /B] by reducing the augmented matrix [A /B] to
Echelon form by elementary row operations. Then the matrix A will be reduced to Echelon

form.
This procedure is illustrated through the following examples.
Example 1: Find whether the following equations are consistent, if so solve them

By Gauss Jordan method x+y + 2z=4; 2x -y +32=9; 3x-y-z=2.

1 1 2]||x 4
Solution: The given equations can be written in the matrix formas |2 -1 3 |[|y| =19
3 -1 -1}||z 2

i.,e. AX=B Use Gauss Jordan method

1 1 2 4
The Augmented matrix [A/B] =2 -1 3 9
3 -1 -1 2

Applying R2=>R2-2R; and R3—>Rs3-3R;
1 1 2 4

[A/B] =|0 -3 -1 1

0 -4 -7 -10

Applying  R3—> 3R3 - 4R

1I8INMPT-UNIT-I



1 1 2 4
[A/B] =|0 -3 -1 1
0 0 -17 -34

Since Rank of A=3 & Rankof [A/B] =3
Since the number of non-zerorows of matrix Ais 3
Since the number of non-zero rows of matrix [A /B]is 3
Rank of A= Rank of [A B]

i.e. p(A)=p(AB)

1 1 2 ||x 4

0 -3 -1]}lyl=|1

0 0 -17||z -34
= R3« R3/(-17)

1 1 2 ||x 4

0 -3 -1||y|=|1

0 0 1]|z 2

= R1«< R1-2R3 and R2—R2+R3
1 1 O0]|x 0
0 -3 0f|y|=13
0 0 1|z 2

Next perform R2/(-3) and R1—R1-R2

1I9INMPT-UNIT-I



X 1
y|=1-1
. |z 2
Then solution sef X=
~x=1, y=-1 ,z=2 sthe solution.

Example 2: Using Gauss Jordan method solve linear equations given below

X+2y+272=2;3x-2y-z2=5:2x-5y +3z=-4; x + 4y + 6z = 0.

Solution: The given equations can be written in the matrix form as AX = B

1 2 2 « 2
.13 -2 -1 5
le. y| =

2 -5 3 , -4

1 4 6 0
1 2
. 3 -2
The Augmented matrix [A/ B] = ) _5
1 4

Use Gauss Jordan method

Applying R2—>R2-3Rj; R3—>R3 - 2R3;
1 2
0 -8
A /B] =
(A8l = o
0 2

Applying R3z—>8R3 - 9R2;

12
0 -8

A/B] =

[ABL =10

0 O

Applying

20[NMPT-UNIT-I

2 2
-1 5
—4

R+s—R4—R;

2
-7
-1

4

2
-1
-8
-2

R4—4R4 +R2 ,we get

2 2

-7 -1
95 -55
9 -9

R3—R3/55; R4—R4/9



1 2 2 2

0 -8 -7 -1
A /B] =~
A 78] 0O 0 1 -1
0O 0 1 -1
Applying Rs—>R4-R3
1 2 2 2
0 -8 -7 -1
A /B] =~
A /B] 0O 0 1 -1
0O 0 0 O

Since Rank of A=3 & Rank of [A/B] =3
Rank of A = Rank of [A /B]
i.e. p(A) = p(AB)

The given system is consistent, so it has a solution.

1 2 2 y 2

0 -8 -7 -1
We have y| =

0O 0 1 , -1

0O 0 O 0

12 0], 4
0 -8 0 _|-8
o o 1|7 " |21
0 0 ol 0

Next R2/(-8) and R1-2R2 then
10 0] 2
010 !
00 1|7 " |-1
00 ot 0
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~x=2,y =1 ,z= -1 Isthe solution.

1.5. Gauss Siedel Method:
Algorithm: Consider the linear system of equations as
(i) a) x+by+ciz=d;
Qox+boy+Coz=d>
asx+bay+czz=ds

(ii) If a1,b2, c3 are large as compared with other coefficients , then solve them for x,y,z
respectively .

The system can be written in the below form

X = i (di-bry-ciz)
Y = b—lz (do-a2x-C2z)
7= — (ds-asx-bay)

(iii) First iteration: We can calculate first iteration values in the following equations
X1 = — (di-bryo+ciz9)
Y1 = i (d2-apx1-c220)
7'= — (da-aax'-bay')

(iv) Second iteration: Formulas for second iteration

_ 1
X2 =— (di-bry'+cizl)
Y2= biz (d2-a2x2-c2z')

12= é (ds-asxz-bay?)

First take initial values zeroes as new approximation for an un known value found, it is
immediately used in next step. We continued these processes up to two successive
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iterations are approximately equal. This procedure is called as Gauss Siedal iteration
method.

PROBLEMS:

1. Solve by Gauss Siedal method 10x+y+z=12, 2x+10y+z=13 , 2x+2y+10z=14
Sol. Given equations are 10x+y+z=12----(1)
2x+10y+z=13----(2)
2x+2y+10z=14---(3)
From (1) x=— (12-y-2)
From (2) y=— (13-2x-2)
From (3) z = 1—10 (14-2x-2y)
First iteration: X = % (12-y0-z0)= 1—10 (12-0-0) = 1.2
Y= (13-2¢1-20) = — (13-2(1.2)-0)=1.06
7'= = (14-2¢-2y1) = — (14-2(1.2)-2(1.06)) =0.948
Second iteration: X2 = 1—10 (12-y1-z1)= 11—0 (12-1.2-1.06) = 0.999
Y2 = = (13-2x2-71) = — (13-2(0.999)-0.948)=1.005
72= — (14-2x2-2y?) = — (14-2(0.999)-2(1.005)) =0.999
Third iteration: X3 = = (12-y2-72)= — (12-1.005-0.999) = 1
Y3 = 1—10 (13-2x3-22) = 1—10 (13-2(1)-0.999)=1
75=— (14-263-2y%) = — (14-2(1)-2(1)) =1
Fourth iteration: X4 = % (12-y3-z3)= 1—10 (12-1-1) =1
Y4= = (13-2x4-28) = — (13-2(1)-1)=1
Z4= — (14-2¢4-2y4) = = (14-2(1)-2(1)) =1

Since third and fourth iterations are equal then desired set of solutions are
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X=1,y=1,z=1

2. Using Gauss Siedal method solve the linear system 20x+y-2z=17,3x+20y-z=-18,2x-
3y+20z=25

3. Solve éx+y+z=105,4x+8y+3z=155,5x+4y-10z=65 by Gauss Siedal method.

9. Practice Quiz

1. Newton'’s iterative formula for finding the Cube root of a number N is xn+1 = [b

g{mn l}
Q) *n

g[zxn Ag}
b) X

]

2. Iteration formula in Newton-Raphson method is

o]
f(x,)
Xpa =X, +
o " Fe)
., fx,)
b) n+l n fl(Xn)
1
Xn+1_xn +f (Xn)
c f(x,)
1
Xny = n_f (Xn)
d) f(Xn)
3. Which of the following is an algebraic equation ........... b ]
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al x> —logx-1.2=0
b) X +2X* +x+1=0
c)COSX = Xe*

d) xe*=1=0
4. Which of the following is a transcendental equation... [a ]

a) x* —logx=1.2
o) X° +2X* +x+1=0
C) X3_3X_5:O

d) X’ =5x+1=0

5. Using the false position method, the formula for the approximate root of the equation

f(x)=0is............. [a ]

- af (b)—bf (a)

TR
- bf (b)—af (a)

b) f(b)-f(a)
- af (b)+bf (a)

o) f(b)+ f(a)
. bf (b)+af (a)

q) f(b)+ f(a)

6. If the root of the equation x*-6x+4=0 lies between 0 & 1, then the first

approximation of the required root using Newton-Raphson method is....... [c ]

0)0.55555
0)0.4444

c)0.77777
d)0.66666

7. The nfh order difference of a polynomial of nth degree is [a ]
a) Constant
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b) O
c) Polynomial of first degree
d) Polynomial of (n—1)th degree

10. Assignments

S.No Question BL co
1 Find and approximate value of the real root of x3 — x — 1 = 0 using 1 1
Bisection method.
2 Find real root of the equation xlog,,(x) = 1.2 using false position 1 1
method.
3 Using Newton-Rapshon method find the root of the equation 1 1
x + log,o(x) = 3.375 and correct to four significant figures.
4 Solve the system 2x —y+4z=12;3x+2y+z=10;x+y+z =6 by 3 1
Gauss Jordan method
5 Express the following system in matrix form and solve by Gauss-seidal 3 1
method, 4x-y—-z=3;-2Xx+6y+z2=9—x+y+72=-6.
11. Part A- Question & Answers
S.No Question& Answers BL co
Write formula for Regular Falsi method.
1 sol g ) -bf@) 1 1
f(b)—f(a)
Locate the negative root of x*® -2x+5=0 approximately.
2 Sol. f(x)= x* -2x+5 ] ]
f(-1)=-1+2+5=6>0, f(-2)=-8+4+5=1>0, f(-3)=-27+6+5=-16<0.
Root lies between -2 & -3
Find f(x1) an approximate value of the equation x* +x-1=0,
using the method of regular falsi.
Sol. f(x)= x*+x-1=0
f(0.5)=-0.675 and f(1)=1
. Hence the root lies between 0.5 and 1 1 1
a=0.5 and b=1
Xo= M =0.64
f(b)-f(a)

f(0.64) =-0.0979 <0
.. the root lies between 0.64 and 1
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= (064)(1) - ()(-0.0979) _, .
1-(~0.0979)

Write formula for Newton-Raphson method.
Sol. Xy =X — fl(xi)
(%)

State the order of convergence and convergence condition for
NR method?
Sol: The order of convergence is 2

Condition of convergence is | f(x)f 11(x)| < | f 1(x)|2

Develop an algorithm using Newton-Raphson method, to find
the square root of a positive number.
Sol. The square root of the a positive number N is the root of
the equation. x> =N =0
f(x)=x*-N , f1(x)=2x
By Newton-Raphson tfechnique, we have

e f) i -N _%ﬂj

X ., = = X =
i+l i fl(Xi) i 2X

Write merits and demerits of Newton-Raphson method.
Sol. Merits: 1. In this method convergence is quite fast provided
the starting value is close to the desired roof.
2. It is single point iteration method and it can be used
for solving
algebraic and transcendental equations. It can also
be used when the roots are complex.
Demerits: 1. It is not applicable to find the approximated
values of a reaped root.
2. The method should not be used in case where
the graph of the function when it crosses the x axis is nearly
horizontal.

12. Part B- Questions

S.No Question BL Cco

Find and approximate value of the real root of x3 — x — 1 = 0 using

1 . . 1 1
Bisection method

2 Find real root of the equation xlog;¢(x) = 1.2 using false position method. 1 1

3 Fit root of equation x3 — 4x — 9 = 0 using Bisection method in four 1 1
stages.

4 Find by Iteration method, the real root between 0 and 1 of the equation 1 1

x3 — 6x + 4 = 0 correct to five decimal places
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Find the root of the equation xsinx + cox = 0. Using Newton-Raphson 1 1

e method.
Test the system by Gauss Jordan method 2x +y + 5z = 4;3x — 2y + 2z =
6 - 3 1
2;5x — 8y —4z =1 solve them.
- Solve the following system in matrix form and solve by Gauss-seidal method, 3 1
4Xx—-y—-2=3-2X+6y+2=9—-X+y+72=-6.
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1. COURSE OBJECTIVES
The objectives of this course is to

e This course aims at providing the student with the knowledge on Various numerical
methods for solving equations, interpolating the polynomials, evaluation of integral
equations and solution of differential equations.

e The theory of Probability and random variables.

2. PREREQUISITES

Students should have knowledge on

1. Students should have knowledge on Numerical Techniques
2. Students should have knowledge on Probability Theory

3. SYLLABUS
UNIT II

Interpolation:
Finite differences-Newton’s forward and backward interpolation formulae —
Lagrange's formulae. Gauss forward and backward formula, Stirling’s
formula, Bessel's formula.
4. COURSE OUTCOMES

At the end of the course, the student will be able to

Apply numerical methods to solve algebraic and transcendental equations
(L1)

e Derive interpolating polynomials using interpolation formulae (L2)

e Solve differential and integral equations numerically (L3)
e Apply Probability theory to find the chances of happening of events. (L4)
e Understand various probability distributions and calculate their statistical

Constants. (L5)

IINMPT-UNIT-11



5. Co-PO / PSO Mapping

NMPT ‘POl ‘ PO2 PO3 PO4 POS5S ‘ PO6 ‘ PO7 PO8 PO9‘ P10 ‘ PO11 PO12 PSO1 PSO2

CO1 3

6. LESSON PLAN

LECTURE WEEK TOPICS TO BE COVERED REFERENCES
1 1 Infroduction to Finite Differences
2 Problems on Forward-Backward Differences LG
3 Newton's Forward formula TB1/RB2
4 Problems Newton's Forward formula TB1/RB2
5 Newton’s Backward Formula TB1/RB2
6 Problems on Newton's Backward formula TB1/RB2
7 2 Lagrange's Interpolation formula TB1/RB2
8 Problems on Lagrange’s Interpolation formula TB1/RB2
9 Problem’s on Lagrange'’s Interpolation formula TB1/RB2
10 Gauss's Forward Interpolation formula TB1/RB2
1 Problems on Gauss's Forward formula TB1/RB2
12 Problems on on all formulas TB1/RB2
13 3 Gauss Backward Interpolation formula TB1/RB2
14 Problems on Gauss Backward formula TB1/RB2
15 Stirling’s Formula TB1/RB2
16 Problems on Stirling’s Formula TB1/RB2
17 Bessel's Formula TB1/RB2
18 Problems on Bessel's Formula TB1/RB2

7. ACTIVITY BASED LEARNING

1. To Solve Ordinary Differential Equations by using Numerical Techniques
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8. LECTURE NOTES

Interpolation

Infroduction:-

If we consider the statement y = f (x)x, <x<x, we understand that we can find
the value of y, corresponding to every value of x in the range x, < x<x, . If the function
f (x) is single valued and continuous and is known explicitly then the values of f(x)

for certain values of X like Xy, X;,..cc..... X, can be calculated. The problem now is if we

are given the set of tabular values

XiX, X Xyorrene X,

Yi¥o Vi YoV
Satisfying the relation y=f(x) and the explicit definition of f(x) is not known,
then it is possible to find a simple function say f(x) such that f(x) and ¢(x) agree at
the set of tabulated points. This process to finding ¢(x) is called interpolation. If ¢(x) is

a polynomial then the process is called polynomial interpolation and ¢(x) is called

interpolating polynomial. In our study we are concerned with polynomial

interpolation

Errors in Polynomial Interpolation:-

Suppose the function y(x) which is defined at the points (x;,;)i=0,1,2,3———-n is
continuous and differentiable (n+1) times let ¢,(x) be polynomial of degree not
exceeding n such thatg,(x)=V,i=12---n—(1) be the approximation of y(x)

using this ¢, (x;) for other value of x, not defined by (1) the error is o be determined
Since  y(X)=¢,(x)=0 for x—xg,X,...x, we put
y(X) =4, (x) = Lz,.1(X)
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Where 7, (X) = (X=X )eeerenee. (x-x,)—>(3) and L to be determined such that the

equation (2) holds for any intermediate value of x such as x=x*, x, < x < x,
Clearly L= Y

We construct a function F(x) such thatF(x)=F(x,)=F(x'). Then F(x) vanishes
(n+2) times in the interval[x,,x,]. Then by repeated application of Rolle’s theorem.
F'(x)Must be zero (n+1) times, F*(x) must be zero n fimes........ in the interval[x,, x| .
Also F“*l(x)zo once in this inferval. Suppose this point is X=¢, x, <& < x, differentiate
(5) (n+1) times with respect to x and putting x=¢, we get

yn+1(g)

(n+1)!

y"(&)-L(n+1)!=0 Which implies that L=

Comparing (4) and (6) , we get

()0 00) =L L )

This given the required expression x, < ¢ < x, for error

2.1. Finite Differences:-

1. Infroduction:-

In this chapter, we introduce what are called the forward, backward and

central differences of a functiony=f(x). These differences and three standard

examples of finite differences and play a fundamental role in the study of differential

calculus, which is an essential part of numerical applied mathematics
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2. Forward Differences:-

Consider a function y= f(x)of an independent variable x. let y,,y,,¥,,....y, be
the values of y corresponding fo the values x,,x,x,...x, of x respectively. Then the
differences vy, -y, Y,-Y,————— are called the first forward differences of y, and we
denote them by Ay,,Ay,,....... that is

AYo = Y1 = Yor A1 = Yo = Y1, AY, = Y3 = Yoo

In general Ay, =y,,—-y, .r=01,2————-

Here, the symbol A is called the forward difference operator

The first forward differences of the first forward differences are called second forward

differences and are denoted by A?y,,A%y,...... that is

A’ Yo = Ayl - Ayo
A’ Y, = AY2 _Ay1

In general A’y =Ay,,—Ay, r=0,12....... similarly, the n'» forward differences are

r

defined by the formula.
A"y, =AYy, —A"Y, 1=0,12.......

While using this formula for n=1, use the notation A’y =y and we have
A"y, =0vn=12...... and r=0,2,......... the symbol A" is referred as the nth forward

difference operator.

3. Forward Difference Table:-

The forward differences are usually arranged in tabular columns as shown in the

following table called a forward difference table
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Values Values First Second Third differences Fourth
of x ofy differences differences differences
X, Yo
AYy=Y1— Yo
X, Y1 Az Yo = A)/1 —Yo
AylzyZ_yl ASyo:Azyl_Azyo
Az — A _A A4 _ A3 _A3
X, Y, y, =4y, \% Yo =AY, Yo
Ayz =Y;—Y, Aay1 =A2yz_A2y1
Xq Ys A? Y, = A3/3 - Ayz
X4 Y, =Yi—Ys

Example -finite forward difference table for y = x°

X y=f(x) Ay Ay A%y A*y
1 1
7
2 8 12
19 )
3 27 18 0
37 )
4 64 24 0
61 6
5 125 30
21
6 216
4. Backward Differences:- As mentioned earlier, let y,,y,.....Y,...... be the values of a
function y=f(x) corresponding to the values X, X, Xy.ooeerenneee. Xpoveens of x respectively.

Then, Vy, =y, - Y., VY, =¥, — ¥, V¥, = Y. — ,,.... are called the first backward differences
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In general Vy, =y, -y, r=123..... —(1)

The symbol Vis called the backward difference operator, like the operator A, this

operator is also a linear operator

Comparing expression (1) above with the expression (1) of section we immediately

note that Vy, =Vy,;,r=012....—>(2)

The first backward differences of the first background differences are called

second differences and are denoted by v?y,,V?y, ——-V? ————
i.e.,..V?y,=Vy,-Vy, VY, =Vy, - Vy, ..........

In general V?y, =Vy, —Vy,,,r =2,3....>(3) similarly, the nih backward differences are
defined by the formulaV"y, =V"'y, =V"'y_,,r =n,n+1...—>(4) While using this formula,

forn = 1 we employ the notation v°y, =y,

If y=f(x) is a constant function, then y = c is a constant, for all x, and we get

Vv"y, =0vn the symbol V" is referred to as the nthbackward difference operator

5. Backward Difference Table:-

X Y vy V2y Viy
X Yo

i =y1-y0
X, Yy V7Y,

Vy,=y2-y1 V3y3
X, Y, VY,

Vy, =y3-y2
X Ys
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6. Central Differences:-

With ¥4, Y1, ¥,....y, as the values of a function y= f(x) corresponding fo the values

X, X, X,.... OF X, we define the first central differences

O0Yy2r0Y32,0Ys, ———— Qs follows
Vs = Y17 Y0 OYa2 = Yo = Y1:0Ys, = Y5 — Yo ————

é‘yr—1/2 = yr - yr—l - (1)

The symbol ¢ is called the central differences operator. This operator is a linear
operator comparing expressions (1) above with expressions earlier used on forward

and backward differences we get
Oy, =AYy =VY;,0Yy, =AY, =VY,.....
In general 8y,,,, =AYy, =Vy,,;,n=0,12....—>(2)

The first central differences of the first central differences are called the second

central differences and are denoted by 5%y,,8%Y,...
ThUs 8%, = 8y, =8 Y15, 87 Y, = Gy = S gyennenn

52 Yo = 5yn+1/2 - 5yn—]l2 - (3)

Higher order central differences are similarly defined. In general the nth central

differences are given by
i) forodd n:8"y, , ="'y, ="y, 4, r=12....—(4)
i) foreven n:8"y, ="y, ., =" Y, 4 F =1,2.... > (5)
while employing for formula (4) for n=1, we use the notation 8°y, =y,

If y is a constant function, that is if y=c¢ a constant, then

o'y, =0 for all n>1
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7. Central Difference Table

Xo Yo sy 5y 5y sty
OYu,
X, 2 5%,
6y2/2 §3y3/2
X, Y, 5%y, 5%y,
5Ys12 5 Yers
X3 Y, 52y3
Y,
Xy Y,
E
X
ample: Given f (—2):12, f (—1):16, f (O):15, f (1):18, f (2):20 the central

difference table and write down the values of 8Y,,,5%y, and &%y, by taking x, =0

Sol. The central difference table is

X y=f(x) oy 5%y 5y sty
2 12
4
-1 16 -5
-1 9
0 15 4 -14
3 -5
1 18 -1
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2 20

5. Symbolic Relations and Separation of symbols:
We will define more operators and symbols in addition toA, V and J already

defined and establish difference formulae by symbolic methods

Averaging Operator-Definition:- The averaging operator g is defined by the equation
1

MY, = E[yrﬂ/z + yr—llz]

Shift Operator-Definition:- The shift operator E is defined by the equation Ey, =vy,,,.

This shows that the effect of E is to shift the functional value vy, to the next higher value

¥r.i- A second operation with E gives E?y, =E(Ey, ) =E(Y,..) = Y.
Generalizing E"Y' =v,,,
Relationship Between Aand E

We have AYy=Y1— Y,
=Ey, - Y, =(E_:l-)YO
=>A=E-y(or)E=1+A

AYo=Y.— Yo
:EYO_YO:(E_]-)YO
=A=E-y(or)E=1+A

Some more relations

Ay, =(E-1)'y, =(E*-3E°+3E -1}y,
= Y3_3y2 +3y1_y0

Inverse Shift Operator-Definition

Inverse operator E* is defined as E™'y, =y, ,

In general E™y, =Y, _,
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We can easily establish the following relations
i) Vv=1-E*

”) 5 = E1/2 _ E—1/2

i) == (Y2 + E7)
2

iv) A=VE =E"

V) ,u251+%52

Differential Operator-Definition The operator D is defined as Dy(x) :g[y(x)]

Relation between the Operators D and E

. : . h? h®
Using Taylor's series we have, y(x+h)=y(x)+ hyl(x)+§ y“(x)+ay1“(x)+————
This can be written in symbolic form

h’D*> h°D? hD
ny_{1+hD+ o 3 +————})§ =e".y,
We obtain in the relation E =e"™ — (3)
o If f(x) is a polynomial of degree n and the values of x are equally spaced then
A"f (x) is constant

Proof:

Let f(x)=aX"+ax" +————— +a, ,Xx+a, where a;,a,a,...a, are constants anda, #0. If

his the step- length, we know the formula for the first forward difference
AF (%)= F (x+h)= F (x) =] 8 (x+h)" +a, (x+h)"™" + ===+, (x+h)+a, |
—[aX" +ax"t +————+a, x+a, |
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n-3

n-1 n-2
=a,nhx" +b,x"* +bx"" +————+b, ,Xx+b,,

Where b,y,b,,....0h_, are constants. Here this polynomial is of degree(n-1), thus,

the first difference of a polynomial of nth degree is a polynomial of degree (n-1)

Now

AP (x)=A[ Af (x) ]

= A[aonh.x“‘l +b, X"+, X"+ ————+b _X+D

- aonh[(x+h)"_l —x"’l]+b2 [(x+ h)"? —x”’2}+———+ b, [ (x+h)=x]

=a,n" "2 4o X" —— +C, X+C,_
Where c,...c,_; are constants. This polynomial is of degree (n-2)

Thus, the second difference of a polynomial of degree n is a polynomial of
degree (n—-2) continuing like this we get A"f (x)=a,n(n-1)(n-2)————- 2.1h" =ash"(n!)

.. wWhich is constant

Note:-

1. As A"f (x) is a constant, it follows that A™ f (x)=0,A"*f (x)=0,........

2. The converse of above result is also frue that is, if A"f(x) is tabulated at
equal spaced intervals and is a constant, then the function f(x) is a
polynomial of degree n

Example:-

1. Form the forward difference table and write down the values of Af (10),

A?f (10),A°f (15) and A*y(15)
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X 10 15 20 25 30 35
y 19.97 21.51 22.47 23.52 24.65 25.89
Sol.
X Y Ay A’y Ay A'y A’y
10 19.97f(10)

1.54Af(10)
15 21.51(15) -0.58A%f(10)

0.96 0.67
20 22.47(20) 0.09 -0.68

1.05 - 0.01A3f(15) 0.72
25 23.52f(25) 0.08 0.04

A*f(15)

1.13 0.03
30 24.65f(30) 0.11

1.24
35 25.891(35)

We note that the values of x are equally spaced with step- length h =5

Note: - . x,=10,x, =15-—---X, =35 and

yo = T (%)=19.97
y, = f(x)=2151

ys = f(X;)=25.89

ys = f (%) =25.89
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From table

Af (10) = Ay, =1.54
A*f(10)= A%y, =-0.58
A*f (15) =A%y, =-0.01
A*f(15) =A%y, =0.04

2. Evaluate

(i)Acosx

(ii)A%sin(px+q)

(iii)AneaX+b

Sol. Let h be the interval of differencing

(i)Acosx =cos(x+h)—cosx

. ( hj. h
=-2sin| X+— |sin—
2 2

(i) Asin(px+g)=sin| p(x+h)+q]-sin(px+q) Af(x) = f(x + h) — f (x).for ward formula
) o, o
—2cos(px+q+ 5 Jsm 5

:25inp—hsin(£+ px+q+p—h)
2 2 2
Vfilx)=f(x)— f(x—h)backward formula

A? sin(px+q)=23inp7hA{sin(px+q)+%(7r+ ph)}

. ph ? 1
= 25|n7 sin px+q+5(7z+ ph)
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(iii)Aeax+b _ ea(x+h)+b _eax+b

_ a(b) (eah—l)

A2 = A[A(ea“b )] - A[(ea“ ~1)(e™ )}

(e -1 ’ Ae™™")

( ax+b

Proceeding on, we get A" (e™*)= (e —1)n g

)
;

eah _
e -1

e

3. Using the method of separation of symbols show that

n(n_l) Hy o +____+(_1)n Hyn

Anlux—n =My Ny +

Sol. To prove this result, we start with the right hand side. Thus

n(n-1) ]
HX=NpX =14 = X =24 === == +(-2)" ux—n
= ﬂX—nElﬂXJr@ B ux+-——-- +(-1)" E7"ux
et e e
1Y (E-1)'
= 1—— = —
( Ej =g

n

A
:E,uX:A”E_”,uX

=A"u,_, Thisis left hand side

4, Find the missing term in the following data
X 0 1 2 3 4
Y 1 3 9 - 81

Why this value is not equal to3* . Explain
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Sol.  Consider A'y, =0

X Y A A2 A3 A4

0 1 2 4 x-19 124-4x=0
1 3 6 x-15 105-3x

2 9 X-9 90-2x

3 X 81-x

4 81

=4y, -4y, +5y, -4y, +Yy,=0 124-4x=0— x=124/4=31

Substitute given values we get

81-4y,+54-12+1=0=y,=31

From the given data we can conclude that the given function is y=3*. To find

Y, . we have to assume that y is a polynomial function, which is not so. Thus we

are not getting y=3*=27
2.2. a. Newton’s Forward Interpolation Formula:-

Let y= f(x) be a polynomial of degree n and taken in the following form

y=1f(X)=bg+b (x=x)+b, (X=X ) (X=X ) +b; (X=X, ) (X=X ) (X=X, )+ ===
+b, (X=X ) (x=% ) ————=(X=%, ;) = (1)

This polynomial passes through all the points [xi; yi] fori =0 to n. there fore, we

can obtain the y,'s by substituting the corresponding x;'s as

at x=Xx,,Y,=b,
at x=x,y, =b, +b, (% —%,)
at X=X, Y, =by+b, (X, =% ) +b, (%, =%, ) (X, =%, ) > (1)

Let ‘h’ be the length of interval such that x;'s represent
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Xgs Xo + N, X, +2h, X, +3h————=X, + xh
This implies x, —x, =h, X, =X, —2h, X; =X, =3h————x, —X, =nh — (2)
From (1) and (2), we get

Yo =Dy

¥, =Dy +bh

Y, =b, +b,2h+b, (2h)h

Y, =b, +b3h+h, (3h)(2h)+b3 (3h)(2h)h

Y, =b, +b (nh)+b, (nh)(n-1)h+———+b, (nh)[(n-1)h][(n-2)h]—(3)
Solving the above equations for by,b,,,b,....b,, we get b, =y,

Yi—by  Vi—Y, Ay
b1:1 0 _ 21 0 _=Jo

h h h
bzzyz_bo_b12h: _(yl_yO)Zh

2h? Y2~ Yo h

Y2_yo_2y1_2yo — y2_2y1+yo — Azyo
2h? 2h? 2h?

n A%,

b = 21h?

Similarly, we can see that

b :A3y0 :A4y0 _____ b :%
3Tt 4! " nth"
A 2

Y= 1(x)= Yot T2 (x30)+ 502 (x= %) (x-%,)

Y,
+3|h§(x—xo)(x—xi)(x—x2)+———+

"y
n!hr?(X_XO)(X_Xl)___(X_Xn—l)_)(3)

If we use the relafionship x =X, + ph= x—-X, = ph, where p=0,12,.....
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Then

X=X =X—(X,+h)=(x=x,)—=h
=ph-h=(p-1)h

X—X, =x—(%+h)=(x-x)-h
=(p-1)h-h=(p-2)h

Equation (3) becomes for h

p(p-1)

V= ()= f(%+ph)=yo+ PAY, +——

p(p-1)(p-2)-———(p-(n-1))

n!

p(p-1)(p-2)
3!

A%y, + A%y, +————+

A"y, —(4)

2.2. b. Newton’s Backward Interpolation Formula:-

If we consider

Yo (X)=ag+a, (X=X, )+a, (X=X, ) (X=X ) +as (X=X, ) (X=X, ) (X=X, ) +————(X—%)
and impose the condition that y and y, (x) should agree at the tabulated
poINts X, X, =1,.....%,, X, X,

We obtain

p(p+1)

yn(X):yn+pvyn+ 2| szn +—-——-

p(p+1)————[p+(n—1)] vy, +—————>(6)

Where p = X_hx”
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This uses tabular values of the left of y, . Thus this formula is useful formula is useful

for interpolation near the end of the table values
Formula for Error in Polynomial Interpolation:-

If y=f(x) is the exact curve and y=4¢,(x) is the interpolating curve, then the error

in polynomial interpolation is given by

Error = f (x)— ¢, (X) = (X‘X°)(X‘(>;1)+‘1)‘!“(X‘X") £ (2) > (7)

for any x, where X, <x<Xx, and x, <& <X,

The error in Newton'’s forward interpolation formula is given by

(X)—d () = p(p-1)(p-2)...... (p—n)An+lf ()

Where p=2"%

The error in Newton's backward interpolation formula is given by

P(P+L)(P+2)cccee(PH+N) i1 o X—X

f(x)- = h f(g)Wh = n

(¥)=¢: (%) (n+1)! y"*f (¢) Where p -
Examples:-

1. Find the melting point of the alloy containing 54% of lead, using appropriate

interpolation formula

Percentage  of

lead(p)-X 50 60 70 80
temperature 205 | 225 248 |274
(Qc)-Y
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Sol. The difference table is

X Y A A? A®

50=Xo 205=Yo

20=AY0
60 225 3=A%Yo

23 0=A3Yp
70 248 3

26

80 274

Let temperature = f (x),X=54

X, + ph=24,x,=50,h =10
50+ p(10)=54 (or)p=0.4

By Newton's forward interpolation formula

P(P-D) o, P(P=D(P-2)

f(X°+ph):y0+pAyo+ 2! Yo n! Yo+t ———
f(54)= 205+o.4(2o)+w(3)+ (0.4)(0.4-1)(0.4-2) )
2! 31
=205+8-0.36
=212.64

Melting point = 212.64

2. Using Newton's forward interpolation formula, and the given table of values

X 1.1 1.3 1.5 1.7 1.9
f(x) 021 0469 [1.25 |1.89 |2.61
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Obtain the value of f(x) when x=1.4

Sol.
X y=f(x) A A? A® A*
1.1 0.21
0.48
1.3 0.69 0.08
0.56 0
1.5 1.25 0.08 0
0.64 0
1.7 1.89 0.08
0.72
1.9 2.61

If we take x, =1.3 then y, =0.69,

Ay, =0.56,A%y, =0.08,A%, =0,L=0.2,x=1.3

X, +ph=1.4(or)1.3+p(0.2)=1.4,p :%

Using Newton's interpolation formula

1(1_1)
f(14)=069+2x056+ 22 /5008
2 2!

=0.69+0.28—-0.01=0.96
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3. The population of a town in the decimal census was given below. Estimate the

population for the 1895

Year x 1891 1901 1911 1921 1931
Population

46 66 81 93 101
of y

Sol. Putting L=10,x,=1891,x=1895 in the formula x=X,+ ph we obtain p=2/5=0.4

X Y A A? A | A*
1891=x0 | 46=y0
20Ay0
1901 66 ;Azyo
15 2
1911 81 -3 -3
12 -1
1921 93 -4
8
1931 101

y (1895) = 46 +(0.4)(20) + (0'4)(2'4_1) —(-5)

_(0.4-1)0.4(0.4-2)

5 (2)
, (04)(0.4-1)(0.4-2)(0.4-3)
24

=54.45 thousands

2.3. Gauss’s Interpolation Formula:- We take x, as one of the specified of x that lies
around the middle of the difference table and denote x,—-rh by x—r and the
corresponding value of y by y—-r. Then the middle part of the forward difference

table will appear as shown in the next page
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X Y Ay A%y Ay A'y Ay
X4 Y4

X5 Y4 Ay,

X, Y., Ay, Ay,

X, Y., Ay, APy, Ay,

X Yo Ay, A%y, Ay, A'y,

X, Vi AY, A%y, Ay, Aty Ay,
X, Y Ay, A%y, Ay, A'y, Ay,
X, Ya AY, A%y, A%y, Ay, Ay,
X, Y AY, A%y, Ay, Ay, Ay,

AYO = Ay_1 +A’ Y
A2yo = AZyf1 +A° Y,
A Yo = A Y.+ A* Y

Ay—l = Ayfz +A? Yo,
A2yf1 = Azyfz +A°® Yo,
A® y,.= A Yo+ A“y,?_

By using the expressions (1) and (2), we now obtain two versions of the following

Newton's forward interpolation formula

Vo =[¥o + p(Ayo)+—p(2!_1)(A2yo)+ p(p_lc,,)!(p_z)A"'yo

L P(p-1)(P-2)(P-3)
41

T Fpp— 3
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Here vy, is the value of y at x=x, =X, + ph ,P=(x-x0)/h

2.3.a. Gauss Forward Interpolation Formula:-

Substituting for A%y,,A%y,,.... from (1)in the formula (3), we get

1 _1)(p-2
Yo =[¥o + P(AY, )+ p(; )(A2y1+A3yl)+ dt: 3)|(p )Asy—l
+A'y + p(p—l)(p—2)(p—3)A4yil+A5yil+____]

41

yp :[y0+ p(AyO)+¥(A2yl)+ p(p‘i']:;’)l(p_l) A3y71

, P(p+1)(P-1)(p-2)
41

(y.)+--—]
SubstitutingA®y, from (2), this becomes

Y, =[Yo+ p(Ay,)+ p(gl_l)

L(p+h(p-Yp(p-2)
41

(P+1)p(P-1) s
31

O R 4

A’y +

Y

Note:- we observe from the difference table that
AYy =38Yyy, A’y =52y, A%y , =8%,,,A"y , =8"Y, and so on. Accordingly the formula

(4) can be written in the notation of central differences as given below

-1 +1 -1
yp=[y0+p6ym+—p(z, gy, + (2 );(p Loy,
+(|0+1)(|0—1)|f>(|f>—2)54y0+____] _________________ s

4!
2.3.b. Gauss’'s Backward Interpolation formula:-

Let us substitute for Ay,,A%y,,A®Y, - from (1) in the formula (3), thus we obtain
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- - 2
yp=[yo+p(Ay1+A2y1)+%(A2yl+A3y1)+(p 1)5!('0 )(A3y1+A“y1)+
~1)(p-2)p(p-3
(p )(p4!)p(p )(A“y_1+A5y_1)+————]

=[y,+p(Ay,)+

Mp(Azyl)+(p+1)p(p—1)As (p+1)p(p—1)(p—2)(A4yl)+____]

Substituting for A%y, and A%y, from (2) this becomes

1 1 1
ypz[y0+p(Ay1)+(p;!)p 7l+(P+ )?f’!(p )

+(p+1)p(i;”(p_z)@Vy4+¢fy4)+———_]

(Asy—l +A* Yo, )

2.4. Lagrange’s Interpolation Formula:-

Let X5, %, X,,.... X, be the (n+1) values of x which are not necessarily equally
spaced. Let Yy, Vi Yoereeen y, be the corresponding values of y=f(x) let the
polynomial of degree n for the function y=f(x) passing through the (n+1)

points (%, F (%)) (X f(%))———=(x,., T (x,)) be in the following form

Where a;,a,,a,.... a" are constants

Since the polynomial passes through(X,, f(%,)). (%, f(%))em (X0 F(X,)). The

constants can be determined by substituting one of the values of

Xos X, X, fOr x in the above equation
Putting x=x, in (1) we get, f(x,)=a,(x=x%)(X =X, )(X —X,)

f (%)
X=X ) (Xg =X, )eee(X — %, )

:>ao=(
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Putting x=x_in (1) we get, f(x)=a,(x=%)(%—=%,)———=(%—X,)

f(x)
X = %) (% =% ) e (X% = X,)

:>a1=(

Similarly substituting x=x, in (1), we get

Continuing in this manner and putting x=x, in (1) we

f(x)
(Xn _XO)(Xn _Xl)____(xn _Xn—l)

get a, =

Substituting the values of ay,a,,4,...a,, we get

f(x1)+(X_X°)(X_X1)(X_X2) ..... (x=x,) (%) + (X =% ) (X=X )erre(X =%, 1) f(x,)

Examples:-

1. Using Lagrange’s formula calculate f (3) from the following table

X 0 1 2 4 |5 |6

Sol.Given X, =0,x, =1,X, =2,X; =4,% =6,X, =5
f(x)=1"f(x)=14,f(x,)=15,f(x)=5 f(x,)=6,f(x)=19

From langrage’s interpolation formula
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X

§§xl5+§§x5—2§x6+}2x19
48 48 60 40

3 then

Here X

© ~—~ ‘©
| © |
o |
N’ 1n(6\
LN ~— 7
L] _u_uu_u_
m | O o
— = 2| 232
Sl =X ==
4. B A
| | [ |
o (O
— = 2 d
NN NN
| | | | _ |
MO m|—d M|
— N | T |
— o
_1__0 _ n_uO
| |
™Mo —
(,\3(,3\2
Il
—~
™
N—
(Y-

14+

12 18
———X

240 60
0.05-4.2+11.25+3.75-1.8+0.95

(3-0)(3-1)(3-2)(3-5)(3-6) y

(4-0)(4-1)(4-2)(4-5)(4-6)
(3—0)(3—1)(3—2)(3—4)(3—6)><

(5-0)(5-1)(5-2)(5-4)(5-6)

(3-0)(3-1)(3-2)(3-4)(3-5)
(6—-0)(6-1)(6—-2)(6—4)(6-5)

=10

£(3)=10
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2. Find f(3.5) using Lagrange method of 2™ and 3" order degree polynomials.
x1l 2 3 4
f(x) 1 2 9 28

Sol: By lagrange’s interpolation formula

=0.0625+(-0.625)+8.4375+8.75

=16.625
f(x) = (x—2)(x_—63)(X—4) (1)+(X—1)(X;3)(X_4)(2)
g5 n D3 g
T i TR P i i PP 1
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X} —7x*+14x-8 x3—6x*+11x—6

3 2
_ X —9x +26X—24+X3_8X2+9X_12+ (9)+ (28)
) 6

-6
[—x?’ +OX2 26X+ 24+ 6X° —48X% +114x — 72— 27x% +189%% — 378X + 216 + 308X + 28x° —168x> —168]
B 6

6x> —18x> +18x
5 =

f (x)=x>—3x"+3x

- £(35)=(3.5)"~3(3.5)" +3(3.5)=16.625
Gavuss Formula Example:

1. Find y(25), given that yoo= 24,y24 = 32, y28 = 35 ,y32 =40 using Gauss forward

difference formula :

Solution: Given

X 20 24 28 32
Y 24 32 35 40
By Gauss Forward difference formula

-1 +1)p(p-1
yp=[yo+p(Ayo)+—p(2, )Azyﬁ(p );(p )

+(p+1)(p_4]!-) p(p_z)(A4y_2)+————]—>(4)

We take xo= 24 as origin.
Xo=24,h=4,x=25p = (x-x)/ h, p=(2524)/4=0.25

Gauss Forward difference table is

X Y Ay A%y A’y
20=x-1 24=y-1

24=x0 32=y0 Ay =8

28=x1 35=y1 Ay, =3 A’y ,=-5

32=x2 40=y2 Ay, =5 A’y,=2 Ay =7
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By gauss forward interpolation Formula

0.25)(0.25-1)

270y (—5) +

(0.25+1)(0.25)(0.25—1)

We get y(25) = 32 +0.25(3) + ( (7) = 32 +0.75
+0 46875 - 0.2734 = 32.945
Y(25) = 32.945.

2. Example:

Use Gauss Backward interpolation formula to find f(32) given that f(25) = 0.2707,
f(30) = 0.3027, f(35) =0 .3386 , f(40) =0 .3794.

Solution: let xo = 35 and difference table is

X Y Ay A%y A%y

25=x-2 0.2707=y-2

30=x-1 0.3027=y-1 0.032

35=x0 0.3386=y0 0.0359 | 0.0039

40=x1 0.3794=y1 0.0408 | 0.0049 0.0010

From the table yo = 0.3386 ,h=5,P=(x-x0)/h=(32-35)/5=-0.6

2

Ay, _ A%y 3
F= 0035977 20,0049, A2 =0.0010, %0 = 32 p = (- x0)/h = (32-35)/5 = -0.6

By Gauss Backward difference formula

(p+1)p(p-1)
3!

(A4y_2 +A5y_2)+____]

+1
yp=[yo+|0(Ay_1)+('02,)ID

L(pry)p(p-1)(P-2)
41

A%y +

(Asy—l +A* Y, )

f(32) = 0.3386 + (-0.6)(0.0359) + (-0.6)(-0.6+1)(0.0049)/2 + (-0.6)(0.36-1)(0.00010)/6 =0 .3165

30INMPT-UNIT-11



2.5 Stirling’s Formula:

Stirling’s formula is arithmetic mean of Gauss forward interpolation and Gauss

Backward Interpolation formulae

We know that from Gauss forward formula

P(P-1) oy, (PHYP(PY) s
2! - 3! N
+(p+1)(p—4? p(p—Z)(A4y_2)+____]_)(4)

Y, =[Yo + P(AY,)+

And from Gauss backward formula

(p+1)p (p+1)p(p-1)

Vo =Dy + P(AY.1)+ 2 oAy + 3 (A%, +A'y,)
L(p+l) p(p—l)(p—2)(A4y_z+Asy_z)+____]
4 —(5)

From 4,5, we found arithmetic mean the Stirling’s formula is defined as
P=X—XO
h

Y(x)=yo+P|

, where h=x1-xo

AY—1+AY0

4 N
5 A*Y o+

]+P72 AZY +[P(P2—1)] [A3Y—2+A3Y—1]+P2(P2—1)

3! 2 4!

2.5 Bessel’s Formula:

Y=f(x) is a function with data (x;, yi) with P=% . where h=x;-xo then Bessel’'s formula is

defined as follows

Y (X)= Yo+PAYO0 +

P(P-1) [Az Y0+A2Y—1] . (P—i)P(P—l) A3Y + P-D(P+1)(P-2) A% Y—2+A4Y—1] o
2! 2 3! 4! 2

Examples:

1. Using Striling’s formula, compute f(1.22) from the following data

X 1.0 1.1 1.2 1.3 1.4

F(x) 0.841 0.891 0.932 0.963 0.985
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0 122-12
T 01

Sol. Chose X0=1.2 s origin and length h=0.1 and P—X_hX

=0.2

Next we construct central difference table by using above data and evaluate required

value by Stirling’s formula

X Y Ay A%y A’y A*y
X,=1.0 y_,=0.841
X, =1.1 y ,=0.891 Ay ,=0.05
X,=1.2 Yy, =0.932 Ay ,=0.041 A%y, =-0.009
x=1.3 y,=0.963 Ay,=0.031 A’y ,=-0.01 A’y ,=-0.001
X,=1.4 y, =0.985 Ay, =0.022 A?y,=-0.009 A’y ,=0.001 A*y ,=0.02
Use Stirling’s formula

Yix) = yo+ P [T B p2 v 4 p(p2 — 1)/3) [EXEY A ) pay
Then Y(1.22) = 0.932+0.200 000 4 028 (.0 1)+ 220240 (0,002) = 0.93899
2. Find f(16) by Stirling’s formula from the following table
X 0 5 10 15 20 25 30
F(x) 0 0.0875 0.1763 0.2679 0.364 0.4663 0.5774
Examples:
1. Use Bessel’s formula to compute f(1.95) from the following data
X 1.7 1.8 1.9 2.0 2.1 2.2 2.3
F(X) 2.979 3.144 3.283 3.391 3.463 3.997 4.491
Sol. Choose the origin at Xo =2.0, given h=0.1 and P= === 1572905

Next by using Bessel's formula and central difference Toble we can evaluate the required

solution

32INMPT-UNIT-1I




X Y Ay A%y A%y A'y A’y

X,=1.7 Y =2.979

X,=1.8 y,=3.144 Ay ,=0.165

x,=1.9 y,=3.283 Ay,=0.139 | A’y ,=-0.026

X,=2.0 Y, =3.391 Ay ,=0.108 | A%’y ,=-0.031 Ay, =-0.005

X =2.1 y, =3.463 Ay,=0.072 | A’y ,=-0.036 | .., =0.005 | A*y,=0

X,=2.2 y, =3.997 Ay, =0.53 A?y,=0.462 xy,=0.498 A, asy  =0.503
=0.503

X, =2.3 Yy, =4.491 Ay,=0.494 A%y, =-0.04 aty, =-0.502 Aty =1 sy, =-1.503

Bessel's formula Ay_; = —2.006 )

Y(X)= Yo+PAYO + P(Pz'!—l) [A2 Y0+2A2Y—1] + (P—E):!(P—l) A3 Y+ P(P—l)(};-!l-l)(P—Z) A* Y—2;—A4Y—1] b

Y(1.95) = 3.391+(-0.5)(0.072) +

(-0.5)(~0.5-1)(~0.036+0.462) , (~0.5-0.5)(~0.5)(~0.5-1)(~0.5-2)(0.503—1)

2.2 24.2
Y(1.95) = 3.3629
2. Compute Y(25) by using Bessel's formula to the following table
X 20 24 28 32
Y 2854 3162 3544 3992

9. Practice Quiz

1. Newton's backward Interpolation formula is

a.

Y, =[Yo+ P(Ay,)+

(p+

(P p(p-1)(pP-2)

1)p

(p+1)p(p-1)

A%y +

41

. y+yo
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d. None
2. The i Interpolation formula is used to estimate vy, if the x-values are
unequally spaced. [ c ]

a. Newton formula

b. Gauss formula

c. Lagrange’s formula

d. Bessel's formula

3. Averaging Operator formula [ d ]
a.A

b.v

c.u

= 3Dz +¥r2e]
d. MY, = 5 Yoz T Y

4. The relation between A and E [ c ]

a.A=E

b.V=E

C.A=E—-1

d.A=E+1

5. Find the missing term in the following data [ c ]
X 0 1 2 3 4
Y 1 3 9 - 81
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a. 10

L. 19

c.27

d.0

6. The relation between V.and E-
a. V=1-E*

b. §=E""-E™

C. ,u=%(El’2 +E™?)

1
d. y?=1+=652
H 4

7. The relation between § and E
a.V=1-E*
b 5 = E1/2 _ E—1/2

C. ,u=%(Ell2 +E™?)

o}

1
Lt =1+=62
H 4

8. The relation between u and E
a.V=1-E*

b. s=E"?-E™

C. ,u=%(E”2 +E™?)
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1
d. y?=1+=52
H 4

9. The relation between uand § d ]
a.V=1-E*
b. s=E"?-E™
C. ﬂ =1(E112 + E—l/Z)
2
1
d. 4 =1+=6?
H +4
10. The relation between E and D d
a.V=1-E*
b 5 = EllZ _ E—1/2
C. ﬂ =1(E112 + E—l/Z)
2
d.E=ehb
10. Assignments
S.No Question BL CO
Using Newton'’s forward interpolation formula, and the given table of
values.
1 X 1.1 1.3 1.5 1.7 1.9 1 2
F(X) 0.21 0.69 1.25 1.89 2.61
Obtain the value of f(x) when x = 1.4
2 Use Gauss back ward interpolation formula to find f(32) given 1 2
that £(25) = 0.2707, £(30) = 0.3027, f(35) = 0.3386, f(40) = 0.3794.
3 Evaluate f(10) given f(x) = 168,192,336 at x = 1,7,15 respectively. Use 5 2
Lagrange interpolation.
4 Apply Bessel's formula to obtain 1E(25)given 1 2
f (20) = 2854, f (24) = 3162, f (12) = 3544, f (12) = 3992.
5 Apply Stirling’s formula to obtain f(35) given : )

f(20) = 512, f (30) = 439, f (40) = 346, f (50) = 243.

36|[NMPT-UNIT-11




11. Part A- Question & Answers

S.No

Question& Answers

Distinguish between interpolation and extrapolation
Sol. Interpolation: It is the estimation for some such values
which lie inside the given Values.

Extrapolation: It is the estimation for some such values
which lie outside the given Values.

BL

Cco

Write relation between E and A.

Sol. Af(x) = f(x+h)- f(x) Forward Definition
=Ef (x) - f(x) Shift Definition
=(E-1)f(x)

Prove that (1+A)1-V)=1
Sol. We know that (1+A)=E,(1-V)=E™
(1+A)A-V)=EE™" =1

Evaluate Atan™ x
Sol. Atan~' x =tan~"(x+h) —tan* x

-1 X+h—X 1( h )
=tan | ——— | =tan —
1+ (x+h)x 1+ x° +hx

Evaluate Ae’if h=1.
Sol. We know that Ae* =e*" —g*
— e><+1 _ex

=(e—1e"

Evaluate A°|(1- ax)(1— bx?)(1 - ox*)(1— dx*)|.
Sol.  Let f(x)=A|d-ax)(-bx?)1—cx®)1—dx*)]
f(x) is a polynomial of degree 10 and the coefficient of x™ is

abcd.
A°|(1- ax)(1 - bx?)(1 - cx®)(1 - dx*)|= abcdAx™° = abcd 10!

Write Newton-Gregory forward interpolation formula.

Sol.
-1 ~)(p-2
Y= Yo + PAY, + |0(|c;I )A2y0+ p(p ;(p )A3y0+ ________

Write Newton-Gregory backward interpolation formula.

Sol.
Y=Y, +pVy, +wvzyn + p(p”;,(p”)vsyn Fommm e

State Langrage’s interpolation formula.
Sol. Let X1,X2,X3wcemeee xn be the values of x which are not equally
spaced and yi1,y2,y3—yn be the Corresponding values of y.
Thus Lagrange’s interpolation formula is

—h
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(X X)(X %) === —(x=%,)

Y1+
(Xl B Xz)(X1 B Xs) - __(Xl - Xn)
(x=x)(X=%;) ————(x—X,)
Y2 +
(Xz - Xl)(XZ - Xs) - _(Xz - Xn)
(X=X )(X=X;) === —=(X = X,.4)
(Xn B Xl)(Xn B Xz) - _(Xn B Xn—1) '
Write Stirling’s Formula
10 Sol. Y(X) =yo+ P [AY—12+AY0] +P72 A2 Y.+ [P(P;—l)] 9
[AS Y—2;A3y—1]+P2(112!—1) A Y 4o
12. Part B- Questions
S.No Question BL (o{0)
Forx =0,1,2,4,5; f(x) = 1,14,15,5,6. find f(3) using forward
1 . 1 2
difference table.
Find the values of cos1.747 using the values given in the table
2 below 1 2
X 1.70 1.74 1.78 1.82 1.86
F(X) 0.9916 0.9857 0.9781 0.9691 0.9584
Using Newton'’s forward interpolation formula, and the given
table of values.
3 X 1.1 1.3 1.5 1.7 1.9 1 2
F(X) 0.21 0.69 1.25 1.89 2.61
Obtain the value of f(x) when x = 1.4
4 Use Gauss back ward interpolation formula to find f(32) given 1 2
that f(25) = 0.2707, f(30) = 0.3027, f(35) = 0.3386, f(40) = 0.3794.
Use Lagrange interpolation.
5 Evaluate f(10) given f(x) = 168,192,336 at x = 1,7,15 5 2
respectively.
Find the unique polynomial p(x) of degree 2 or less such that
6 p(x) =1,p(3) = 27,p(4) = 64 using Lagrange'’s interpolation 1 2
formula.
. Given f(2) = 10, f(1) = 8, £(0) = 5, f(—1) = 10 estimate f(%) by s »
using Gauss forward formula
Using Lagrange’s Interpolation formula, find y(10)from the
following table
X 5 6 9 11
8 Y 12 13 14 16 ! 2
Fit the second difference of the polynomial x* — 12x3 + 42x? —
30x + 9 with interval of differencing h = 2
9 Apply Bessel's formula to obtain f(25) given ] 9

f (20) = 2854, f (24) = 3162, f (12) = 3544, f (12) = 3992.
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Apply Stirling’s formula to obtain f(35) given
10 f(20) =512, f(30) = 439, f (40) = 346, f (50) = 243. 1 2

13. Supportive Online Certification Courses:

» An Introductory Method to Numerical Analysis (NPTEL)
» Probability & Statistics (NPTEL)

14. Real Time Applications:

e Application of Numerical methods as a way of tfransforming linear equations
and differential equations

15. Content beyond the Syllabus:

e Numerical Differentiation and Applications

16. Prescribed Text Books and Reference Books:
Text Books:
1. B. S. Grewal, Higher Engineering Mathematics, 44/e, Khanna Publishers, 2017.

2. Erwin Kreyszig, Advanced Engineering Mathematics, 10/e, John Wiley & Sons,

2011.
3. Ronald E. Walpole “Probability and Statistics for Engineers and Scientists™, PNIE

Reference Books:

1. B.V.Ramana, “Higher Engineering Mathematics”, Mc Graw Hill publishers.
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1. COURSE OBJECTIVES
The objectives of this course is to

e This course aims at providing the student with the knowledge on
Various numerical methods for solving equations, interpolating
the polynomials, evaluation of integral equations and solution of
differential equations.

e The theory of Probability and random variables.

2. PREREQUISITES

Students should have knowledge on

1. Students should have knowledge on Numerical Techniques
2. Students should have knowledge on Probability Theory

3. SYLLABUS
UNIT Il

Numerical Integration & Solution of Initial value problems to Ordinary
differential equations

Numerical Integration: Trapezoidal rule — Simpson’s 1/3 Rule — Simpson'’s
3/8 Rule Numerical solution of Ordinary Differential equations: Solution
by Taylor’s series-Picard’s Method of successive Approximations-
Modified Euler’'s Method-Runge-Kutta Methods.

4. COURSE OUTCOMES
After the completion of course, students will be able to

1. Apply numerical methods to solve algebraic and transcendental
equations

2. Derive interpolating polynomials using interpolation formulae

3. Solve differential and integral equations numerically

4. Apply Probability theory to find the chances of happening of
events.

5. Understand various probability distributions and calculate their

statistical constants.
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5. Co-PO / PSO Mapping

NMPT PO1 PO2 PO3 PO4 PO5 PO6 PO7 PO8 PO9 P10 POI11 PO12 PSO1 PSO2
Co1 3 3
CO2 3 3
COo3 3 3
CoO4 3 3
CO5 3 3

6. LESSON PLAN

LECTURE WEEK TOPICS TO BE COVERED REFERENCES

1 1 Intfroduction to Numerical Integration TB1/RB2
2 Trapezoidal Rule TB1/RB2
3 Problems on Trapezoidal Rule TB1/RB2
4 Simpson’s 1/3 Rule TB1/RB2
5 Problems on Simpson’s 1/3 Rule TB1/RB2
6 Simpson's 3/8 Rule TB1/RB2
7 2 Problems on Simpson’s 3/8 Rule TB1/RB2
8 Infroduction to Numerical solutions of O.D.E. TB1/RB2
9 Taylor's Series Method TB1/RB2
10 Problems on Taylor's Series Method TB1/RB2
11 Picard’s Method of Successive Approximation TB1/RB2
12 Problems on Picard’s Method TB1/RB2
13 3 Euler-Modified Euler’'s Method TB1/RB2
14 Problems on Modified Euler's Method TB1/RB2
15 Runge Kutta Methods TB1/RB2
16 RK Method of ILIILIV th Orders TB1/RB2
17 Problems on RK Methods TB1/RB2
18 Problems on RK Methods TB1/RB2
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7. ACTIVITY BASED LEARNING
1. To Solve Ordinary Differential Equations by using Numerical
Techniques

8. LECTURE NOTES
3.1 Numerical Integration

This is the most popular and widely used numerical integration
formula. It forms the basis for a number of numerical integration
methods.
3.2 Trapezodial Rule

Here the function f(x) is approximated by a first-order polynomial, h is
the length of interval and n is number of sub-intervals

Then [77 f(x) dx = 2[(vo + ) + 20 + Y2 + Y3 + -+ yn_y)]

=> f;:)”f(x) dx = %[Sum of first and last ordinates + 2 X
The remaining ordinates]

First divide the interval [x,, x,] into n sub-intervals with the length of
interval h, then substitute all values of y and simply which gives the

value of f;‘o" f(x) dx
Problems

1. Evaluate fol x3dx with five sub-intervals by Trapezodial rule
Sol:Herea=0,b=1,n=5andh =%=%= 0.2

The values of x and y are tabulated below

y 0 0.008 0.064 0.216 0.512 1

Trapezodial rule
[ F () dx = 2[00 + ys) + 201 + Y2 + 3 + 93)]

J, x3dx = "2—2 [(0 + 1) + 2(0.008 + 0.064 + 0.216 + 0.512)]

=0.26
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2. Solve fon t sint dt using the Trapezodial rule

Sol: Divide the interval [0, ] into é parts each of width h = =

The values of f(t) = t sint are given below

T
6

' T 21 3 4r 5t
6 6 6 6 6
Y=tsint 0.2618 0.9069 1.5708 1.8138 1.309 0
Trapezodial rule
n h
[t ) dx = 2[00 +¥5) + 201 + vz + y3 + 4]
fol x3dx = % [(0+0) +2(0.2618 + 0.9069 + 1.5708 + 1.8138 + 1.309)]
=3.07
3.3 Simpson’s 1/3 Rule:
This is another popular method. Here the function f(x) is
approximated by a second order polynomial
Then
Xn
h
[ 1@ dx = 3100+ 300+ 400+ 354 35+ )
Xo
+2(2+yatyet oo + Yn-2)]
First divide the interval [x,, x,] intfo n(even) sub-intervals with the
length of interval h, then substitute all values of y and simply which
gives the value of f;)”f(x) dx.
1. Find the value of ffidx by Simpson's 1/3 rule.
Sol: Divide the interval [1, 2] into 8 parts each of width h = 0.125
The values of f(x) = i are given below
1 1.125 1.25 1.375 1.5 1.625 1.75 1.875 2
1| 0.8888 0.8 0.7272 0.6666 0.6153 0.5714 0.5333 0.5
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Then by Simpsons 1/3 rule

Xn

h
[ 700 dx = 3100+ 700 + 400 + 35 + ¥+ 770 + 20 + 34 + 3

X0

0.125

2
1
f; dx =——[(1+0.5) +4(0.8888 + 0.7272 + 0.6153 + 0.5333)

3
1

+2(0.8 4+ 0.6666 + 0.5714)]

= 0.6931

2. Evaluate f06l—ixdx by Simpson’s 1/3 rule.

Sol: Divide the interval [0, 6] into 6 parts each of width h =1

The values of f(x) = ﬁ are given below

Y=f(x) = — 1| 05 0.3333

0.25

0.2 0.1666

0.1428

Then by Simpsons 1/3 rule

Xn h
[ reax = 3100 + 76+ 40n + 5 +35) + 205 + 3]

0

‘ 1 1
]; dx = 3 [(1+0.1428) + 4(0.5+ 0.25 + 0.1666) + 2(0.3333 4+ 0.2)]
1

=1.9659
3.4 Simpson’s 3/8 Rule:

This is another popular method. Here the function f(x) is
approximated by a second order polynomial

Then

Xn
3h
jf(x) dx=§[(yo+yn)+3(y1+yz+y4+ys+ ------ + Yn-1)

X0

+2(y3+ys +yo +
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First divide the interval [x,, x,] intfo n(even) sub-intervals with the

length of interval h, then substitute all values of y and simply which

gives the value of f;)"f(x) dx.

1. Evaluate foﬁlsz dx by Simpson's 1/3 rule.

Sol: Divide the interval [0, 6] into 6 parts each of width h =1

The values of f(x) = 1-|-1x2 are given below

X 0 1 2 3 4 5 6
Y=f(x) = 1+1X2 1 0.5 0.2 0.1 0.0588 0.0385 0.0027
Then by Simpsons 3/8 rule
Xn
3h
f fe) dx =10 +¥e) + 301 + 2 + ya +y5) + 2(13)]
Xo
: 1 1
]; dx = 3 [(1+0.0027) + 3(0.5 + 0.2 + 0.0588 + 0.0385) + 2(0.1)]
1
=1.3571
2. Evaluate fol\/l + x* dx using Simpson’s 3/8 rule
Sol: Sol: Divide the interval [0, 1] into 6 parts each of width h = %
The values of f(x) = V1 + x* are given below
1 2 3 4 5
X 0 - - — — -z 1
6 6 6 6
Y=f(x) = V1 + x* 1 1.0004 1.0062 1.0301 1.0943 1.2175 1.4142

Then by Simpsons 3/8 rule

Xn

3h
[ 700 dx =100+ 70 + 300 + 32 + 31+ 39) + 201
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dx =

K| =
W =

2
f [(1+ 1.4142) + 3(1.0004 + 1.0062 + 1.0943 + 1.2175)
1

+2(1.0301)]
=1.0894

Numerical solutions of ordinary differential equations

1. The important methods of solving ordinary differential equations
of first order numerically are as follows

1

2

Taylor's series method

Picard’'s method

4
5

)
)

3) Euler's method
) Modified Euler’'s method of successive approximations
)

Runge- kutta method

To describe various numerical methods for the solution of ordinary

differential egn’s, we consider the general 1st order differential egn
Given O.D.Egn. dy/dx=f(x,y)------- (1)

with the initial condition y(xo)=Yyo. X1=Xo+h, X2=X1+h,we have fo

evaluate Y,,Yo etc
The methods will yield the solution in one of the two forms:

i) A series fory in terms of powers of x, from which the value of y

can be obtained by direct substitution.

i) A set of tabulated values of y corresponding to different

values of x
The methods of Taylor and Picard belong to class(i)

The methods of Euler, Runge - kutta method, Adams, Milne etc,

belong to class (ii)
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3.4 TAYLOR'S SERIES METHOD

To find the numerical solution of the differential equation

Y fxy)>(1)
dx

With the initial condition y(X,) =Y, 2> (2)
y(x) can be expanded about the point X, in a Taylor's series in
powers of (X—X,) as

09 =30+ 2y £ 0y o 2 ) 5

In equ3, Y(X,) is known from I.C equ2. The remaining coefficients
Y'(%), Y'(X)eeeeenn. y"(X,) etc are obtained by successively differentiating
equl and evaluating at x,. Substituting these values in equ3, y(x)at

any point can be calculated from equ3. Provided h=x-x, is small.

When x, =0, then Taylor’s series equ3 can be written as

y(x) = y(0) + x.y'(0) + % Y(0) 4 oot % Y (0) + s > (4)

1. Using Taylor's expansion evaluate the value of y'-2y=3e*,y(0)=0,
ata) x=0.2

b) Compare the numerical solution obtained with exact

solution .
Sol: Given equation can be written as 2y +3e* =y, y(0) = 0x0=0, yo=0

Differentiating repeatedly w.r.t fo ‘x’ and evaluating af x=0

y'(x) =2y +3e*,y'(0) = 2y(0) +3e° = 2(0) +3(1) = 3

y'(x)=2y'+3e*,y"(0) =2y'(0) +3e° =2(3) +3=9

y"(X) = 2.y"(x) +3e*,y"(0) =2y"(0) +3e’ =2(9) +3=21

vV (x) = 2.y"(x) +3e*, y"(0) = 2(21) + 3e® =45

v (X) =2.y" +3e*, y"(0) = 2(45) +3e® =90 +3 =93

In general, y™(x)=2.y™(x)+3e* or y"?(0)=2.y™(0)+3e°
8INMPT-UNIT-III



The Taylor’s series expansion of y(x) about X, =0 is

2 3 4 5
X

1A X 14 m X " X mn
y(X)=y(0)+xy(0)+5y(0)+ay (0)+Zy (0)+5y (0) +....

Substituting the values of y(0),y'(0), y"(0), y"(0),..........

Y(X)=0+3X+%X2+%1X3+£X4+£x5+ ........

9 7 1
X)=3X+= X+ =X+ ="+ =X +....... > equl
y(x) 2 2 40 9
Now put x=0.1 in equl
¥(0.1) = 3(0.1) +%(o.1)2 +%(0.1)3 +§(o.1)4 ; 2—3(0.1)5 _ 0.34869

Now put x=0.2 in equl

y(0.2) =3(o.2)+%(o.2)2 +%(o.2)3 +%(0.2)4 +%(o.2)5 —0.811244

¥(0.3) :3(0.3)+%(o.3)2 +£(o.3)3 +%(0.3)4 +j—;(o.3)5 _1.41657075

Analytical Solution:

The exact solution of the equation 3—y=2y+3ex with y(0)=0 can be

X
found as follows

%—Zyzi%eXWhich isalineariny.
X

Here P=-2,Q=3¢"
P =[] e
General solution is y.e™>* :.[Bex.e‘zxdx+c =-3¢* +c,dividing by e™?* on b.s.
s y=-3"+ce®wherex=0,y=0, 0=-3+c=c=3
The particular solution is y =3e* —3e* or y(x) =3 —3e*
Put x=0.1in the above particular solution,

y =3.%% —3e*! =0.34869

Similarly put x=0.2
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y =3e° —3¢°2 = 0.811265
putx=0.3
y =36 —3¢°3 =1.416577

There is negligible error between numerical solution and analytical
solution.

2. Using Taylor’s series method, solve the equation % = x> +y? for
X

Xx=0.4 given that y=0when x=0
Sol: Given that %:x2+y2 and y=0 when x=0 i.c. y(0)=0
X

Here y,=0, X,=0
Differentiating repeatedly w.r.t ‘x’ and evaluating at x=0
y'(X)=x*+y? y(0)=0+y*(0)=0+0=0
y"(x) =2x+y"2y,y"(0) = 2(0) + y'(0)2.y = 0
y"(X)=2+2yy"+2y".y', y"(0) = 2+ 2.y(0).y"(0) + 2.y'(0)> =2

y"(x)=2.y.y"+2.y"y'+4.y"y',y"'(0) =0
The Taylor's series for f(x) about x, =0 is

N

y(x) = y(0)+xy(0)+ y"(0)+ y’”(0)+ y"”(0)+

Substituting the values of y(0), y'(0), y"(0),.....

3 3
y(x)=0+x(0)+0+23L|+0+ ........ =X€+ (Higher order terms are
neglected)
.y(0.4) = 04 4y 0 064 =0.02133

3. Solve y'=x-Yy? y(0)=1 using Taylor’s series method and compute

Y(0’1 )IY(0.2)
Sol: Given that y'=x-y? y(0)=1

Here y, =1, X, =0

Differentiating repeatedly w.r.t ‘x’ and evaluating at x=0
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y'(x)=x-y*y(0)=0-y(0)*=0-1=-1

y'(x) =1-2y.y',y"(0) =1-2.y(0)y'(0) =1-2(-1) =3

y"(x) =1-2yy'-2(y")*, y"(0) = -2.y(0).y"(0) = 2.(y'(0))* = 6 -2=-8

y"'(x) ==2.y.y"=2.y".y'=4.y".y", y"'(0) = -2.y(0).y"(0) —6.y"(0).y'(0) =16 +18 = 34

The Taylor's series for f(x) about xo =0 is

2 3

= 1 1 X_ 11 X_ 111
y(x) =y(0) + u” (0) + oY (0) + ™\ (0) +.....
Substituting the value of y(0), y'(0), y'1(0),.....

y(x) =1 —x+§x2— §x3+ %x4+ .....
2 6 24
3 . 4 17

X)=1-X+=x2- =x3+ —x4+..... (I
v 2 3 12 (1)

now put x=0.11n (1)
3 4 17
0.1)=1-0.1+=(0.1)2+ = (0.1)3+ — (0.1)4+ .....
y(0.1) 5 012+ 2 (0.1)7+ 2 (0.1)
=0.91380333 ~ 0.21381

Similarly put x =0.2in (1)

3 4 17
02)=1-02+-(0.2)2- - (0.2)3+ —(0.2)4+.....
v(0.2 >(02)2- 2 (0.2 + 2(02)

=0.8516.
4. Solve y!' = x2-vy, y(0) =1, using Taylor's series method and
compute y(0.1), y(0.2), y(0.3) and y(0.4) (correct to 4 decimal

places).
Sol. Giventhaty'=x2—-yandy(0) =1
Here xo =0, yo=1 ory =1 when x=0
Differentiating repeatedly w.r.t ‘x’ and evaluating at x = 0.
Yi(x) =x2-y, y(0)=0-1=-1
Vi{x) = 2x =Y\ y(0) = 2(0) = y(0) =0~ (-1) = |
Yi{x) = 2=yl y1(0) = 2-y1(0) =2~ 1=1,
YVIX)=-y1, yv(0) =y (0) =-1.

The Taylor's servies for f(x) about xo=0is
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3 4

y(x) = y(0) + %y'(O) ¥ %y”(o) " %y“'(O) ¥ %y'V(O) _—

substituting the values of y(0) , y'(0) , y'1(0) , y'(0) ,......

X2 X3 X4
Shax () + (1) + () + (1) +
Vi) =T+ (1) + 2 (1) + (1) + 2 ()
X2 X3 X4
=l-x+ —+ —-—+..... S(]
" 26 (1)
Now put x=0.11in (1),
2 3 4
y(0.1)=1_o.]+(0-1) +(0.1) (0 N
6 24

=1-0.1+0.005+0.01666 —0.0000416 -0.905125 ~ 0.9051
(4 decimal places)
Now putx=0.2ineq (1),
y(0.2)=1-0.2+ (0'22)2 + (0'62)3 - (Oéi)A
=1-0.2+0.02 +0.001333 - 0.000025
=1.021333 - 0.200025
=0.821308 ~ 0.8213 (4 decimails)
Similarly y(0.3) =0.7492 and y (0.4) = 0.6897 (4 decimal places).

5. Solve % -1 = xy and y(0) = 1 using Taylor’s series method and
X
compute y(0.1).

Sol. Given that % -1=xyandy(0) =1
X

Here%:1+xycmdyo=1,xo=0.
X

Differentiating repeatedly w.r.t ‘x’ and evaluating at xo =0
yi(x) =1+xy, y'(0) = 1+0(1) = 1.

Y'(X) =xy'+y, y'(0) = 0+1=1

ylx) =xy" +yl+y,  yi0) =0.(1) +20(1) =2

YV(x) = xyll +yI+ 291 yv(0) = 0+3(1) =3.

y\/(x) = Xyl\/ + y||| +2y|||’ yV(O) =0+2+ 2(3) =8
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The Taylor series for f(x) about xo=0is
2 3 4 5

y(x) =y(0) +xy!(0) + % Y1 (0) + %ymw) + %V'V(O) + %ywow .....

Substituting the values of y(0) , y!(0) , y'(O) , ....

x> X x* x®
X)=1T+x+ — + —(2)+ —(3) + —(8) +....
y(x) 5 6() 24() 120()
¥ X xr X
X)=T+X+ —+ — + — + — + ... 21
y(x) 5 YR (1)
Now putx=0.Tinequ (1),
2 3 4 5
y(O.]):1+O.1+(O'1) +(O'1) +(O'l) +(0.1) + o
2 3 8 15

=1+0.1 +0.005 + 0.000333 + 0.0000125 + 0.0000006
= 1.1063461

6. Given the differential equ y! = x2 + y2, y(0) = 1.Obtain y(0.25), and
y(0.5) by Taylor’s Series method.

Ans: 1.3333, 1.81667

7. Solve y' = xy2 + y, y(0) =1 using Taylor’s series method and compute

y(0.1) and y(0.2).
Ans: 1.111, 1.248.

Note: We know that the Taylor's expansion of y(x) about the point xo

in a power of (x — xo)is.

1) = ylxo) + ED yie) + XDy %y"w s ()
Or
y(x) = yo+ —(X;X") Yo * —(X_Z),(°) ) —(X;),((’) o
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If we let x—xo = h. (i.e. x =xo + h = Xx1) we can write the Taylor’s
series as

h h? h? h*
y(x) =y(x1) =yo+ m Yy + 5 ys + 3 ya' + E yo o+
. h h? h® h"
ey =yot S Ve T or Wt Yo Y >(2)
Similarly expanding y(x) in a Taylor’s series about x = x;. We will
get.
— h | hz 1 h3 1 h4 \%
yz—y1+ﬂyl+§yl TR RS R >(3)
Similarly expanding y(x) in a Taylor’s series about x = x2 We will
get.
h h? h?® h*
y3=y2+ Hyzl +zy2” +§y2'” +Zyzw+ ...... > (4)
In general, Taylor's expansion of y(x) at a point x= xn is
h h? h? h*
YH+1ZYH+Ey,: +§y,:' +§yr'," +Eyr',v + ... > (5)

8. Solve y' = x-y2, y(0) = 1 using Taylor’s series method and evaluate
y(0.1), y(0.2) by step size h=0.1.

Sol:  Givenyl=x-y2 2>(1)
and y(0) =1 2>(2)
Here xo=0, yo=1.

Differentiating (1) w.r.t 'x’, we get.

yh=1-2yy ~>(3)
ym=-2(y y'+ (y')?) ~> (4)
yv = 2ly Yyl ytE 2y v 2 (9)
=-2(3yl. yl+y yl) ...
Putxo=0, yo=11in (1),(3).(4) and (5),
We get
y, =0-1=-1,

Yo =1-2(1) (-1)=3,
Yo =-2[(-1)2) + (1) (3)]=-8
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Yoo =-2[3(-1) (3) + (1) (-8)] = -2(-9 -8) = 34.

Take h=0.1
Step1: By Taylor’s series, we have
— h | h2 1 h3 1l h4 v
Y1 =Yo+ ﬂyo +Zy° gyo Ey" + ... ->(6)

on substituting the values of yo, vy , vy . etc in equ (6) we get

. 1 1)° 1
yo.1) =y =1+ 2100+ (O 3+ O g+ O 5y,
1 3] 24
=1-0.1+0.015-0.00133+0.00014 + ...

=0.91381

Step2: Let us find y(0.2), we start with (x1,y1) as the starting
value.

Here xi =xo+ h=0+0.1 =0.1 and y; =0.91381

Put these values of x; and y1in (1),(3).(4) and (5),we get
y, =x1- y>=0.1-(0.91381)2=0.1 - 0.8350487 = -0.735
yi =1-2y1-y] =1-2(0.91381) (-0.735) =1+ 1.3433 =2.3433

v =S 20yl )2+ yr ey ] = - 2[(-0.735)2 + (0.91381) (2.3433)] = -5.363112
Y =-2080y oy vy

= - 2[3.(-0.735) (2.3433) + (0.91381) (-5.363112)]

= -2[(-5.16697) — 4.9] =20.133953

By Taylor’s series expansion,
— + E Iy h_z yn h_s y||| h_4 y
Y2 =Y1 1 Y1 o 1 1

~y(0.2) =y2=0.91381 + (0.1) (-0.735) +

(021) (2.3433) +

O 5363112 + (01) (20.133953) + ...

y(0.2) =0.91381 - 0.0735 + 0.0117 - 0.0008% + 0.00008 =0.8512

9. Tabulate y(0.1), y(0.2) and y(0.3) using Taylor’s series method given
thaty!' =y2+ x and y(0) = 1
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Sol: Given y! =y2 + x >(1)

and y(0) =1 2>(2)
Here xo=0, yo=1.

Differentiating (1) w.r.t 'x’, we get
y' =2y 41 >(3)
y" =20y vyt + ()2 ~>(4)
=20y y" +ylyt2yiy]

=2[y- y" +3y'y"] ~>(9)

Putxo=0,yo=11in (1), (3), (4) and (5), we get

Yo =(1)2+0=1

ye =2(1) (1) +1=3,

Yo =2((1) (3) +(1)2) =

Y =2[(1)(8) +3(1)(3)]

=34

Take h =0.1.

Step1: By Taylor’s series expansion, we have

h h? h® h*
y(x1) =yr=yo+ ﬁyg —y0 —y:;' —Iy;V+.... >(6)

on substituting the values of yo, y; . yg etcin (6),we get

y(0.1) = yi= 1+ (0.1)(1) + (01) + B g (021) )+
=1+0.1+0.015+0.001333 +0.000416

y1=1.116749
Step2: Let us find y(0.2), we start with (xi,y1) as the starting values
Here xi =xo+h=0+0.1=0.1 and y; = 1.116749
Putting these valuesin (1),(3),(4) and (5), we get
y, = y2+x; =(1.116749)2+ 0.1 = 1.3471283

yi =2y y; +1=2(10116749) (1.3471283) + 1 = 4.0088
v = 2(yr v+ (y))2) = 2((1.116749) (4.0088) + (1.3471283)2]

1I6|NMPT-UNIT-11II



= 12.5831

[\

yY =2y v 6yl oyt = 2(1.116749) (12.5831) + 6(1.3471283) (4.0088)

= 60.50653
By Taylor's expansion
h h? h® h*
yba) =y2=yi+ sy S !
~Y(0.2) =y2=1.116749 + (0.1) (1.3471283)

(0 1)° (0.9 1)
2

(4.0088) +

(12.5831) + Q17 D"
24

(60.50653)

y2=1.116749 + 0.13471283 + 0.020044 + 0.002097 + 0.000252
= 1.27385

y(0.2) =1.27385
Step3: Let us find y(0.3) we start with (x2,y2) as the starting value.
Here xo =x1 + h=0.1 +0.1 =0.2 and y2 = 1.27385
Putting these values of xo and y2in eq (1), (3). (4) and (5).
we get

yl = y2 +x2=(1.27385)2 + 0.2 = 1.82269
yi=2yo yi +1=2(1.27385) (1.82269) + 1 = 5.64366

= 20y2 y! + (y})2] = 2[(1.27385) (5.64366) + (1.82269)7]
= 14.37835 + 6.64439 = 21.02274
2y2+ y," 6y,

v —

Y2

= 2(1.27385) (21.00274) + 6(1.82269)+(5.64366)

= 53.559635 + 61.719856 = 115.27949
By Taylor's expansion,

h h? h® h*
y(x3) =y3=y2+ EYQ + §y2" —YQ" _'y;v

v(0.3) = ya = 1.27385 + (0.1) (1.82269)

, 0.1° 0.9)° 1)

(5.64366) + (21.02274)

L 0.°

(115.27949)

=1.27385 + 0.182269 + 0.02821
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+0.0035037 + 0.00048033 = 1.48831
v(0.3) = 1.48831

10. Solve y'= x2 -y, y(0) = 1 using Taylor’s series method and evaluate
y(0.1),y(0.2),y(0.3) and y(0.4) (correct to 4 decimal places)
Sol: Givenyl=x2-y 2>(1)

and y(0) =1 2>(2)
Here xo =0, yo =1
Differentiating (1) w.r.t 'x’, we get
y'=2x-y'>(3)
ylil=2-yl >(4)
ylV = -yl > (5)
put xo =0, yo=11in (1),(3).(4) and (5), we get
Vo= X -yo=0-1=-1,
Yo =2x0- yp =2(0) = (-1) =1
Yo' =2-y) =2-1=1,

v =yt =1 Take h =0.1

Step1: by Taylor's series expansion

o h ,  h , h , ht

y(xi) =yi=yo+ 1 Yo * o Yo * ayo + Eyo T ~>(6)

On substituting the values of yo, vy, . ys etcin (6), we get
0.1)° 0.2)° 0.2)*
y(0.1) =y =1+ (0.1) (-1) + %(1) + %(1) + %(—1)#...
=1-0.1 + 0.005 + 0.01666 — 0.0000416
=0.905125 ~ 0.9051 (4 decimal place).

Step2: Let us find y(0.2) we start with (x1,y1) as the starting values
Here xi=xo+h=0+0.1=0.1 and y;=0.905125,
Putting these values of x; and y1 in (1), (3), (4) and (5), we get
From 1,3,4,5 we get
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y; = x2 -y =(0.1)2-0.905125 = -0.895125
y,'=2x1 - y; =2(0.1) - (-0.895125) = 1.095125,
M=2-y' =2-1.095125=0.90475,

1

v _

V= _yM =.0.904875,

By Taylor's series expansion,

(X): — +n I_'__2 Il+h_3ylll+h_4lv+
YIX2) =Y2=Y1 1 Y1 o1 Y1 31 a1 i T
2
y(0.2) = y2=0.905125 + (0.1)(-0.895125) + ©.1) (1.09125)
3 4
+ OO 4 605105) + O (15.904875)+....

y(0.2) =y2=0.905125 - 0.0895125 + 0.00547562 + 0.000150812
=0.8212351 ~ 0.8212 (4 decimal places)
Step3: Let us find y(0.3), we start with (x2,y2) as the starting value
Here xo =x1 + h=0.1+ 0.1 =0.2 and y2 = 0.8212351
Putting these values of xo and y2in (1),(3).(4), and (5) we get
y; = X5 -y2=(0.2)2-0.8212351=0.04 - 0.8212351 = - 0.7812351

yi=2x2- yi =2(0.2) + (0.7812351) = 1.1812351,
yl'=2- y!' =2-1.1812351 = 0.818765,
M=yl =.0.818765,

By Taylor's series expansion,

2
11

Yool =yamyor Doy Doy B B,
() I | IR | I

(0.2)?

y(0.3) =y3=0.8212351 + (0.1)(-0.7812351) + (1.1812351)

(0.)°

3
N (0-61) (0.818765) + (-0.818765)+....

y(0.3) =y3=0.8212351-0.07812351+ 0.005906 + 0.000136 —
=0.749150 ~ 0.7492 (4 decimal places)

Step4: Let us find y(0.4), we start with (x3,y3) as the starting value
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Here x3=x2+ h=0.2+ 0.1 =0.3 and y3 = 0.749150

Putting these values of x3s and yz in (1),(3).(4), and (5) we get
y; = xZ -y3=(0.3)2-0.749150=-0.65915,

Vs =2x3- y: =2(0.3) + (0.65915) = 1.25915,

ya'=2- yl =2-1.25915=0.74085,

y)' = -y =-0.74085,

By Taylor's series expansion,

— — ﬂ I h_z I h_3 1 _4 v
yixa) =ya=yst st Ys Ve Y e

1! 21 31
2 3
V(04 =y =0.749150 + (0.1)(0.65915) + 21 (125915 +
4
(0.74085) + % (0.74085) ...

y(0.4) = y4=0.749150 - 0.065915+ 0.0062926+ 0.000123475 — 0.0000030
=0.6896514 ~ 0.6896 (4 decimal places)

11. Solve y! = x2—-y, y(0) = Tusing T.S.M and evaluate y(0.1),y(0.2),y(0.3)
and y(0.4) (correct to 4 decimal place ) Ans : 0.9051, 0.8212, 07492,
0.6896

12. Given the differentiating equation y! = x! + y2, y(0) = 1. Obtain y(0.25)
and y(0.5) by T.S.M.

Ans: 1.3333, 1.81667
13. Solve y!' =xy2 + vy, y(0) = 1 using Taylor's series method and evaluate
y(0.1) and y(0.2)
ANs: 1.111, 1.248.

3.6 Picard’s Method

Consider the differential equation % = f(x,y)
Given thaty =y, for x = x,

Theny®™ =y, + f):)“ f(X,y(“_l)) dx, n=1,23,

Problems
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1. Find the value of y for x=0.4 by Picard’s method, given that % -

x? +vy2%, y(0) = 0.
Sol: Given Z—Z =x%2+4+y2 y(0)=0
By Picard’s method y™ =y, + fx’:‘ f(x, y®P)dx, n=1,23,

For the first approximation, replace y, by 0

3

X X
y<1>=0+f (< +0) dx ==
0

. . . 3\ 2 6 3
Second approximationis y® = [7(x? + (X?) )dx = [)(x? +%) dx = X? +

x7

63
Calculation of y® is tedious and hence approximate value is y®

3 7
Forx=0.4,y = —(0:) + (0:3)

= 0.02133 + 0.00026 = 0.0214

2. Solve Find the value of y at x=0.1 by Picard’'s method, given that

ay _ y-x _
dx  y+x’ (O)_l

- Gi v _yx —
Sol: Given i y+x,y(O) =1

By Picard’s method y™ = yo + [ f(xy®~V) dx = yo + [ 577 dx

0 y+x

For the first approximation, replace y, by 1

<D=1+J
Y o 1+x

X X

_ dx=1+J -1+ dx
0

1+x
yD =1+ [—x + 2log(1 + X)X
y@D =1 —x + 2log(1 + x)

. . . 2 — X 1-x+2log(1+x)—x
Second approximation is y 1+, T 2los(1r Tx

Which is very difficult to integrate
Hence we use the first approximation itself a s the value of y

Lyx) =y® =1—x+2log(1+x)
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Put x=0.1, we get
y(0.1) =1 — 0.1 + 2log(1 + 0.1) = 1.0906

3.6 EULER'S METHOD

It is the simplest one-step method and it is less accurate. Hence it has
a limited application.

Consider the differential equation % = f(x,y) 2>(1)
X

With y(xo) = yo=>(2)
Consider the first two terms of the Taylor's expansion of y(x) at x = xo
y(X) = y(xo) + (x —Xo) y'(xo) ~>(3)

from equation (1) y'(xo) = f(xo.y(xo0)) = f(Xo0.Yo)
Substituting in equation (3)

= Y(X) = y(xo) + (X = xo) f(x0,yo)
At X =x1, y(X1) = y(xo) + (X1 = Xo) f(xo.,Yo0)

Y1 =Yoo+ hf(xoyo) whereh=x;-xo
Similarly at x =x2, y2=vy1 + h f(xi,y1),
Proceeding as above, yn+1 = Yn + h f(Xn,Yn)

This is known as Euler's Method

1. Using Euler's method solve for x = 2 from % =3x2 + 1,y(1) = 2, by
X

taking step size
(1) h=0.5and (Il) h=0.25
dy
Sol: Here dX =f(x,y) =3x2+ 1, x0=1,y0= 2

Euler’s algorithm is yn+1 =yn + h f (Xn,yn), N =0,1,2,3,..... ->(1)
(1) h=0.5 wX1=x0+h=1+0.5=1.5
Takingn=0in (1), we have Xx2=xX1+h=15+0.5=2

y1= Yo+ h f(xo,yo)
ie. yi=y(1.5) =2+ (0.5) f(1,2) =2+ (0.5) (3+ 1) =2 + (0.5)(4)=4

Here xi=xo+h=1+05=1.5
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~y(1.5) =4 =y,
Takingn=1in (1),we have
y2=y1 +hf(xiy)
i.e.y(x2) =y2=4+(0.5) f(1.5,4) =4+ (0.5)[3(1.5)2+ 1] =7.875
Here xa=x4+h=15+0.5=2

~y(2) =7.875

(1) h=0.25 Xxo=1y0=2 sX1=1.25,x2=1.50, x3 = 1.75, X4
=2

Takingn =0in (1), we have
y1= Yo+ hf(xo.yo)
ie. y(xi)=yr=2+(0.25) f(1,2) =2+ (0.25) (3+ 1) =3=y(1.25)

y(x2) =y2=y1 + hf(xiy)
i.e.y(x2) =y2=3+ (0.25) f(1.25,3)
=3+ (0.25)[3(1.25)2 + 1]
= 4.42188
Herexo=x1+h=1.25+0.25=1.5

~y2=y(1.5) = 4.42188
Takingn=2in (1), we have
i.e. y(xs) =ys=y2th f(x2,y2)
= 4.42188 + (0.25) f(1.5,2)
= 4.42188 + (0.25) [3(1.5)2+ 1]
= 6.35938

Here xa=x2+h=15+0.25=1.75
~y(1.75) =6. 35938 =y3
Takingn =4in (1), we have
y(x4) =ya=ys+hf(xsys)

i.e.y(xs) =ys=6.35938 + (0.25) f(1.75,2)
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= 6.35938 + (0.25)[3(1.75)2 + 1]
Y (x4)= 8.90626=y(2)

Note that the difference in values of y(2) in both cases (i.e. when h =
0.5 and when h = 0.25).The accuracy is improved significantly when h
is reduced to 0.25 (Example significantly of the egnis y = x3+ x and
with this y(2) =y2 =10

2. Solve by Euler's method,y! = x +y, y(0) = 1 and find y(0.3) taking
step size h = 0.1. compare the result obtained by this method

with the result obtained by analytical solution

Sol: Given D.E.isy! =f(x,y)=x+vV, y(0) =
1,h=0.1,%x0=0,x1=0.1,%x2=0.2,x3=0.3,y0=1

From Euler’'s method

y1=Yyo+ h f(xo,yo)=140.1(0+1)=1.1

y(x2) =y2=y1 +hf(x;,y1)=1.1+0.1(0.1+1.1)=1.22
y(x3) = ys = y2th f(x2,y2) =1.22+0.1(0.2+1.22)=1.362

y1=1.1=y(0.1),
y2=y(0.2) =1.22
ys =y(0.3) = 1.362
Analytical method (linear d.e. method)
yl=x+y
dy/dx-y=x
P=-1,Q=x
|.F.=eAint(Pdx)=eAint(-dx)=e/-x
Sol. Y(I.F.)=int(Q(i.f.)dx+c
Y (eA-x)=int(xeA-x)dx+c=eN-x(-x-1)+C
Divide by eA-x on b.s.
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Solution y=-x-T+ceAx

Put x=0,y=1 then

1=-0-1+c

C=2

General

solufion y=-x-1+2e/\x

Particular solution is y(x) = 2ex— (x + 1)

Hence analytical values y(0.1) = 1.11034, y(0.2) = 1.3428, y(0.3) =

1.5997

We shall tabulate the result as follows

X 0 X1=0.1 X2=0.2 X3=0.3
Euler . 1 . 1.22 1 362
y(numerical)
Hnear ] 1.11034 1.3428 13997
y(analytical)

The value of y deviate from the execute value as x increases. This

indicate that the method is not accurate

3. Solve by Euler's method y! + y = 0 given y(0) = 1 and find

y(0.04) taking step size

h=0.01 Ans: 0.9606
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Using Euler's method, solve y at x = 0.1 from y'! = x+ y +xy, y()) =

1 taking step size

h = 0.025.

Given that g— = xy ,y(0) = 1 determine y(0.1),using Euler’s
X

method. h =0.1
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Sol: The given differentiating equation is j—= xy,y(0) =1 ,a=0,b=0.1
X

Here f(x,y) =xy ,Xxo=0and yo =1

Since his not given much better accuracy is obtained by breaking up

the interval (0,0.1) in fo five steps.

Euler's algorithm is yn+1 = yn + h f(Xn,yn) >(1)
~.From (1) form =0, we have
y1=Yyo+h f(x0,yo)
=1+ (0.02) f(0,1)
=1+ (0.02) (0)
=1
Next we have x; =xo+h =0+ 0.02 = 0.02
~.From (1), form = 1,we have
y2 =y1 +hf{xiyi)
=1+ (0.02) f(0.02,1)
=1+ (0.02) (0.02)
= 1.0004
Next we have x; = x; + h = 0.02 + 0.02 =0.04
~.From (1), form = 2,we have
ys =2+ hf(x2,y2)
=1.004 + (0.02) (0.04) (1.0004)
=1.0012
Next we have x3 = x2 + h =0.04 + 0.02 =0.06
~.From (1), form = 3,we have
ya=y3+ hf(xs,ys)
=1.0012 + (0.02) (0.06) (1.00012)
= 1.0024.
Next we have x4 = x3 + h =0.06 + 0.02 =0.08

~.From (1), form = 4,we have
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Y5 = Y4+ N f(xa,y4)
=1.0024 + (0.02) (0.08) (1.00024)
= 1.0040.
Next we have xs = x4+ h = 0.08 + 0.02 =0.1
When X = Xs, y~Ys
-y = 1.0040 when x = 0.1

6. Solve by Euler's method y! = 2y given y(1) = 2 and find y(2).

X

7. Given that % = 3x2 +y, y(0) = 4. Find y(0.25) and y(0.5) using
X
Euler’'s method

Sol: given 3— =3x2+yandy(0) = 4.
X

Here f(x,y) =3x2+vy ,x0=0,y0=4
Consider h =0.25
Euler's algorithm is yn+1 = yn + h f(Xn,yn) > (1)
~.From (1), forn =0, we have
y1 = Yo * h f(xo,yo)
=2+ (0.25)[0 + 4]
=2+1
=3
Next we have xi =xo+h=0+0.256=0.25
When x =xi, yi~y
~y1=3whenx; =0.25
~.From (1), forn =1, we have
y2=y1+hf(xiyi)
=3+ (0.25)[3.(0.25)2 + 3]
= 3.7968
Next we have xo=x1 +h=0.25+0.25=0.5
When x =X,y ~ y2
=y =3.7968 when x = 0.5.
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8. Solve first order differential equation % = ? y(0) =1 and
X

+x
estimate y(0.1) using Euler's method (5 steps).h=0.02
AnNs: 1.0928
9. Use Euler’'s method to find approximate value of solution of %X
X

=y-x + 5 at x = 2-1 and 2-2with initial contention y(0.2) = 1

3.7 Modified Euler's method

Working rule :
i)Modified Euler's method

i) When i=1y°_, can be calculated from Euler's method
i) K=0, 1......... gives number of iteration. i=1,2...

gives humber of times, a particular iteration k is repeated
Suppose consider dy/dx=f(x, y) -------- (1) with y(xo) =yo----------- (2)
To find y(x1) =y1 af x=x1=xo+h

Now take k=0 in modified Euler's method
We get y,W =y, +h/2[f (X, Yo )+ f (x1 yl(i‘l))} ........................... (3)

Taking i=1, 2, 3..k+1 in egn (3), we get
v =y, +h/2[ f(%,.¥,)] (By Euler's method)

v =y, +h/2[f (Xos Yo )+ f (X1 yl(o))}

y1(2) = yo+h/2|:f (XO'yO)+ f (Xllyl(l)):|

Y = Yot 12 T (00 v0)+ T (% 0.%)

k+1)

If two successive values of y,*,y,** are sufficiently close to one

another, we will take the common value as y, = y(x,)=y(x +h)
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We use the above procedure again

1) using modified Euler's method find the approximate value of x
when x=0.3given that dy/dx=x+y and y(0)=1

sol: Given dy/dx=x+yand y(0)=1
Here f(x,y)=x+Y,% =0, and y,=1
Take h = 0.1 which is sufficiently small
Here x,=0,x,=%X,+h=0.1,x,=x+h=0.2,x,=%,+h=0.3

The formula for modified Euler's method is given by

=3 ) )]0

Stepl: To find yi1=y(x1) =y (0.1)
Taking k =0in egn(1)
Yea = Yo +h/2[f (% + o)+ (X1 yl(ifl))} —(2)
when =1 ineqgn (2)
W = yo 012 £ (%0, %0)+ 1 (3,

First apply Euler's method to calculate yio) =Y

D =y +h (X%, Vo)
= 1+(0.1)f(0.1)
= 1+(0.1)
=1.10
now[ X, =0,Y, =1,% =0.1,y,(0)=1.10]

S =y, +0.1/2[f (% Yo)+ f (X1 yl(O))}

= 1+0.1/2[f(0,1) + f(0.1,1.10)
= 1+0.1/2[(0+1)+(0.1+1.10)]
=1.11

When i=2 in egn (2)

V= Yo+ 012 1 (0 30)+ (%) |
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= 1+0.1/2[f(0.1)+(0.1,1.11)]
=1+ 0.1/2[(0+1)+(0.1+1.11)]
=1.1105

W = Yo +h/2] £ (%.¥0)+ (.37

= 1+0.1/2[f(0,1)+f(0.1, 1.1105)]
= 140.1/2[(0+1)+(0.1+1.1105)]
=1.1105

Since y,? =y,®

Soy1=1.1105

Step:2 To find y2 = y(x2) = y(0.2)

Takingk=1inegn (1), we get

V0 =y, n 12 £ (% 3)+ (3 37) | (3) 1=1.234,....

Fori=1

yz(l) = yl+h/2|:f (Xl! y1)+ f (XZ’ yZ(O))i|
y,%is to be calculate from  Euler's method
Y2(0) = y1+h f (Xv yl)

=1.1105+ (0.1) f(0.1, 1.1105)
= 1.1105+(0.1)[0.1+1.1105]

=1.2316

-y, = 1.1105+0.1/2[ f (0.11.1105)+ f (0.2,1.2316)

=1.1105 +0.1/2[0.1+1.1105+0.2+1.2314]

= 1.2426
V.7 =y h /2] £ (g 0)+ 1 () |

=1.1105 + 0.1/2[f(0.1, 1.1105) , f(0.2 . 1.2426)]

=1.1105 + 0.1/2[1.2105 + 1.4426]
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=1.1105 + 0.1(1.3266)

=1.2432

y,® = y1+h/2[f (%, y,)+ f (xzyz(z))}
= 1.1105+0.1/2[f(0.1,1.1105)+f(0.2 , 1.2432)]
= 1.1105+0.1/2[1.2105+1.4432)]

=1.1105 + 0.1(1.3268)

=1.2432
Since y,% =y,
Hence yo = 1.2432

Step:3
To find ys = y(x3) =y y(0.3)

Taking k =2 in egn (1) we get

v =y, +h/2[f (X, Y, )+ f (x3, ys(i‘l))} —(4)
Fori=1,

v, =y, +h/2[f (X, ¥, )+ f (x3, ys(o))]

y,” is to be evaluated from Euler's method .

V% =y, +h f(x,,Y,)
= 1.2432 +(0.1) (0.2, 1.2432)
= 1.2432+(0.1)(1.4432)
=1.3875
Ly =1.2432+0.1/2[f(0.2, 1.2432)+f(0.3, 1.3875)]
= 1.2432 +0.1/2[1.4432+1.6875]
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= 1.2432+0.1(1.5654)

=1.3997
v =y #0121 (0 v2)+ (%)

= 1.2432+0.1/2[1.4432+(0.3+1.3997)]
= 1.2432+ (0.1) (1.575)

= 1.4003
V=Y, #0121 (% y)+ 1 (%)

= 1.2432+0.1/2[f(0.2, 1.2432)+f(0.3 , 1.4003)]
= 1.2432 +0.1(1.5718)

= 1.4004
v, =y, +h/2[ (%0 ¥,)+ f (X3' y3(3))}

=1.2432 + 0.1/2[1.4432+1.7004]
= 1.2432+(0.1)(1.5718)

= 1.4004
Since y,® =y,¥

Hence y,=1.4004 .. The value of y aft x =0.3 is 1.4004

2 . Find the solution of % =x-y, y(0)=1atx=0.1,0.2,0.3,0.4and 0.5
X
. Using modified Euler’'s method

Sol . Given % =x-yand y(0) =1
X

Here f(x,y) =x-y ,xo=0and yp =1
Consider h=0.1 so that
X=0.1,%x =0.2,%x3=0.3,x4=0.4and x5=0.5

The formula for modified Euler's method is given by
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yk+l(i) =Y +hi2f (Xk' yk)"‘ X0 yk+1(i_l) — (1)

Where k=0,1, 2, 3,..... i=1,23,.....
f (Xk’ Yi ) =X = Y %[f (X ¥y )+ (XM, yk+1(i_1)):| yk+1(i) =Yt h/2[f (X Vi) + (Xk+11 yk+1(i_l))_
§ |
K
0
0. |0-1=-1 - 14(0.1)(-1)=0.9 = y,®
0
0.1(i=1) 0-1=-1 1+(0.1)(-0.9)=0.91
14(-1-0.8) = 0.9
0.1(i=2) 0-1=-1 V2(-1-0.81)= -0.905 | 1+(0.1)(-0.905)=0.9095
0.1(i=3) 0-1=-1 V(-1-0.80.95)= - 1+(0.1)(-
0.90475 0.90475)=0.9095
K=1
0.1 0.1-0.9095=- |- 0.9095+(0.1)(-
0.8095 0.8095)=0.82855
0.2(i=1) -0.8095 0.9095+(0.1)(-
72(-0.8095-0.62855) | 0.719025)=0.8376
0.2(i=2) -0.8095 14(-0.8095-0.6376) | 0.9095+(0.1)(-
0.72355)=0.8371
0.2(i=3) -0.8095 14(-0.8095-0.6371) | 0.9095+(0.1)(-
0.7233)=0.8372
0.2(i=4) -0.8095 4(-0.8095- 0.9095+(0.1)(-
0.6372) 0.72355)=0.8371
K=2
0.2 0.2-0.8371=- i 0.8371+(0.1)(-
0.6371 0.6371)=0.7734
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0.3(i=1) = 0.6371 15(-0.6371- 0.8371+(0.1)(-
0.4734) 0.555)=0.7816

0.3(i=2) = 0.6371 15(-0.6371- 0.8371-
0.4816) 0.056=0.7811

0.3(i=3) = -0.6371 15(-0.6371- 0.8371-
0.4811) 0.05591=0.7812

0.3(i=4) = 0.6371 15(-0.6371- 0.8371-0.055915
0.4812) =0.7812

K=3

0.3(i=1) 0.3-0.7812 - 0.7812+(0.1)(-

0.4812) = 0.7331

0.4(i=1) -0.4812 15(-0.4812- 0.7812-0.0457 =
0.4311) 0.7355

0.4(i=2) -0.4812 15(-0.4812- 0.7812-0.0458 =
0.4355) 0.7354

0.4(i=3) -0.4812 15(-0.4812- 0.7812-0.0458 =
0.4354) 0.7354

K=4

0.4 -0.3354 - 0.7354-0.03354 =

0.70186

0.5 -0.3354 15(-0.3354- 0.7354-0.03186 =
0.301816) 0.7035

0.5 -0.3354 15(-0.3354- 0.7354-0.0319 =
0.30354) 0.7035

3. Find y(0.1) and y(0.2) using modified Euler’s formula given that
dy/dx=x2-y,y(0)=1

[consider h=0.1,y1=0.90523,y2=0.8214]

4. Given dy/dx=-xy? y(0)=2compute y(0.2) in steps of 0.1
Using modified Euler's method
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[h=0.1, y1=1.9804, y>=1.9238]

5. Given y! = x+siny, y(0)=1 compute y(0.2) and y(0.4) with h=0.2 using
modified Euler’s

method

[y1=1.2046, y2=1.4644]

3.8_Runge - Kutta Methods

. Second order R-K Formula

yie1 = Yit1/2 (Ki+K2),

Where Ki = h (x Vi)

K2 =h (xi+h, yitki)
Fori=0,1,2------

Il. Third order R-K Formula

yit1 = yit1/6 (Ki+4Ko+ K3),
Where K1 = h (xi, i)
Ko =h (xith/2, yotki/2)
Kz = h (xi+h, yi+2ko-ki)
Fori=0,1,2-—----

Ill. Fourth order R-K Formula

yie1 = yit1/6 (Ki+2Ko+ 2K3+Ky),
Where Ki = h (xi Vi)
Ko =h (x+h/2, yitki/2)
Kz = h (xi+h/2, yitka/2)

K4 =h (xith, yitks)
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1. Using Runge-Kutta method of second order, find y(2.5) from 3— =
X

X+y

« . y(2)=2, h=0.25.

d X+
d—y XY v =2.
X X

Sol: Given

Here f(x, y) = Xy xo=0,yo=2and h=0.25
X

oo X1 =Xo+th =2+0.25 = 2.25, xo = x1+h =2.25+0.25= 2.5
By R-K method of second order,

Yia = Y; +1/2(k, +k, ),k —hf (X +h,y, +k,),i=0,1... > (1)

Step -1:-

To find y(x1)i.e y(2.25) by second order R - K method taking i=0 in
ean(i)

We have vy, = y0+%(k1+k2)

Where ki= hf (xo.yo ), ko= hf (Xo+h,yo+ki)

f (xo0,yo0 )=f(2,2)=2+2/2=2

ki=hf (xo,y0 )=0.25(2)=0.5

ko= hf (xo+h,yo+k1)=(0.25)f(2.25,2.5)
=(0.25)(2.25+2.5/2.25)=0.528

S Y1=y(2.25)=2+1/2(0.5+0.528)

=2.514

Step2:

To find y(x2) i.e., y(2.5)

i=1in (1)

x1=2.25,y1=2.514,and h=0.25
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y2=y1+1/2(ki+ko)
where ki=h f((x1,y1 )=(0.25)f(2.25,2.514)
=(0.25)[2.25+2.514/2.25]=0.5293

k,=h (% +h,y,+k)=(0.1) f (0.11-0.1) = (0.1)(~0.9) = ~0.09

=(0.25)[2.5+2.514+0.5293/2.5]
=0.55433

Y, =Y (2.5)=2.514+1/2(0.5293+0.55433)

=3.0558
-y =3.0558 when x = 2.5
Obtain the values of y at x=0.1,0.2 using R-K method of

(ijsecond order (ii)third order (iii)fourth order for the diff egn
y'+y=0,y(0)=1

Sol: Given dy/dx = -y, y(0)=1

fixy) =-y, %=0,y0=1

Here f (x,y) =-y, X0=0, yo= 1 take h = 0.1

s X1 =xoth =0.1,

x2=x1+h =0.2

Second order:

step1: To find y(xi) i.e y(0.1) or y;

by second-order R-K method,we have
y1=yot1/2(ki+ko)

where ki=hf(xo,yo)=(0.1) f(0,1) = (0.1)(-1)=- 0.1
ko= hf (xo*+h, yot+ki)= (0.1) f (0.1, 1-0.1) = (0.1)(-0.9) = -0.09
y1=y(0.1)=1+1/2(-0.1-0.09)=1-0.095=0.905
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-y =0.905 when x=0.1

Step2:

To find yz2i.e y(x2) i.e y(0.2)

Here x; = 0.1, y1=0.905 and h=0.1

By second-order R-K method, we have

y2=y(x2)= y1+1/2(ki+ke)

Where k =h f (x,y,)=(0.1)f(0.1,0.905)=(0.1)(-0.905)=-0.0905

k,=h f(x +hy +k)=(
—(0.1) f (0.2,0.8145) =
=-0.08145

) f (0.2,0.905-0.0905)
1)(-0.8145)

0.1

(0.

y2= Yy(0.2)=0.905+1/2(-0.0905-0.08145)
= 0.905- 0.085975 = 0819025

Third order

Stepl:

To find yi i.e y(x1)=y(0.1)

By Third order Runge kutta method

Y = Yo +1/6(k, +4k, +k;)

where ki = h f(xo, yo) = (0.1) f (0.1) = (0.1) (-1) =-0.1

k,=hf(x,+h/2,y,+k /2)=(0.1) f (0.1/2,1-0.1/2) = (0.1) f (0.05,0.95)

(0.1)(~0.95) = —0.095

and ks = h f((xo+h,yo+2k2-k1)

(0.1) f (0.1,14+2(-0.095)+0.1)= -0.905

Hence y1 = 1+1/6(-0.1+4(-0.095)-0.09) = 1+1/6 (-0.57) = 0.905

v1=0.905 i.e y(0.1)= 0.905
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Step2:

To find y2,i.e y(x2)= y(0.2)

Here x;=0.1,y1=0.905 and h = 0.1

Again by 2nd order R-K method

y2 = y1+1/6(ki+4katks)

Where ki=h f(xi, y1) = (0.1)f (0.1,0.905)= -0.0905

ko= h f (x1+h/2,y1+k1/2)=(0.1)f(0.1+0.2,0.905 - 0.0905)= -(0.1) f (0.15,
0.85975)= (0.1) (-0.85975)

and ks = h f((xi+h,y1+2k2-k1)=(0.1)f(0.2,0.905+2(0.08975)+0.0905= -
0.082355

hence y2=0.905+1/6(-0.0905+4(-0.085975)-0.082355)=0.818874
-y =0.905 when x = 0.1
And y =0.818874 when x =0.2

fourth order:

step1:

x0=0,y0=1,n=0.1 To find y; i.e y(x1)=y(0.1)

By 4h order R-K method, we have
y1=Yyot+1/6(ki+2ko+2ks+ka)

Where ki=h f(xo,y0)=(0.1)f(0.1)=-0.1

ko=h f (xo+h/2, yotk1/2) = -0.095

and ks= h f((xo+h/2,yotk2/2)=(0.1)f (0.1/2,1-0.095/2)
= (0.1)(0.05,0.9525)

=-0.09525

and ks= h f(xoth,yotks)

= (0.1) f(0.1,1-0.09525)=(0.1)f(0.1,0.90475)

=-0.090475

Hence yi=1+1/6(-0.1)+2(-0.095)+2(0.09525)-0.090475)
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=14+1/6(-0.570975)+1-0.951625 = 0.9048375
Step2:

To findy,,ie., y(x,)=y(0.2),y, = 0.9048375,ie., y(0.1) = 0.9048375

Here x; = 0.1, y1=0.9048375 and h = 0.1

Again by 4 order R-K method, we have

y2 = y1+1/6(ki1+2ko+2ks+ka)

Where ki=h f(x;,y1)=(0.1)f(0.1,0.9048375)=-0.09048375

ko= hf (x1+h/2,y1+k1/2)=(0.1)f(0.1+0.1/2,0.9048375 -0.09048375 /2)=-
0.08595956

and ka=hf(x;+h/2, y1+k2/2)=(0.1)§(0.15,0. 8618577)= -0.08418577
ks=h f(xi+h,y1+ks)=(0.1)f(0.2,0.86517)
=-0.08186517

Hence vz = 0.09048375+1/6(-0.09048375-2(0.08595956)-2(0.08618577)-
0.08186517

=0.9048375-0.0861065
=0.818731
y = 0.9048375 when x =0.1 and y =0.818731

3. Apply the 4t order R-K method to find an approximate value of y
when x=1.2 in steps of 0.1,given that y! = x2+y2,y (1)=1.5

sol. Giveny!=x2+y2,and y(1)=1.5

Here f(x,y)= x2+y2 yo=1.5 and xo=1,h=0.1

So that x1=1.1 and x2=1.2
Stepl:
To find yiie, Y(x1)

by 4 order R-K method we have
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y1=yot1/6 (ki+2ka+2ks+ka)
ki=hf(xo,y0)=(0.1)f(1,1.5)=(0.1) [12+(1.5)2]=0.325
ko= hf (xo+h/2,yo+k1/2)=(0.1)f(1+0.05,1.5+0.325)=0.3866

and ks=hf((xo+h/2,yo+k2/2)=(0.1)(1.05,1.5+0.
3866/2)=(0.1)[(1.05)2+(1.6933)?]

=0.39698
ka=hf(xo*+h,yo+ks)=(0.1)f(1.0,1.89698)
=0.48085

Hence

Vi =1.5+%[o.325+ 2(0.3866) + 2(0.39698) +0.48085 |
—1.8955

Step2:

To find yz2, i.e., y(x,)=y(1.2)

Here x1=0.1,y1=1.8955 and h=0.1

by 4th order R-K method we have

y2 = y1+1/6(ki1+2ko+2ks+ka)

ki=hf(x1,y1)=(0.1)f(0.1,1.8955)=(0.1) [12+(1.8955)2]=0.48029

ko= hf (x1+h/2,y1+k1/2)=(0.1)f(1.1+0.1,1.8937+0.4796) =0.58834

and ks=hf((xi+h/2,y1+k2/2)=(0.1)f(1.5,1.8937+0.58743)
=(0.1)[(1.05)2+(1.6933)]

=0.611715
ka=hf(x1+h,y1+ks)=(0.1)f(1.2,1.8937+0.610728)
=0.77261

Hence y,=1.8937+1/6(0.4796+2(0.58834)+2(0.611715)+0.7726) =2.5043
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-y =2.5043 where x=0.2

4. Using R-K method, find y(0.2) for the eqn dy/dx=y-x,y(0)=1,take
h=0.2

Ans:1.15607

5.Given that y'=y-x,y(0)=2 find y(0.2) using R- K method take h=0.1
Ans: 2.4214

6. Apply the 4" order R-K method to find y(0.2) and y(0.4) for one

equation 103—y _x2+y%,y(0)=1takeh=0.1  Ans. 1.0207, 1.038
X

7. using R-K method, estimate y(0.2) and y(0.4) for the egn dy/dx=y2-
x2/ y2+x2,y(0)=1,h=0.2

ANs:1.19598,1.3751

8. use R-K method, to approximate y when x=0.2 given that
y'=x+y,y(0)=1

Sol: Here f(x,y)=x+y,yo=1,%0=0

Since his not given for better approximation of y
Take h=0.1

~.x1=0.1, x2=0.2

Stepl

To find yi i.e y(x1)=y(0.1)

By R-K method,we have

y1=yot1/6 (Ki+2ko+2ka+ka)

Where ki=hf(xo,yo)=(0.1)f(0,1)=(0.1) (1)=0.1

ko= hf (xo+h/2,yo+k1/2)=(0.1)f(0.05,1.05)=0.11
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and ka=hf((xe+h/2,yo+k2/2)=(0.1)§(0.05,1+0. 11/2)=(0.1)[(0.05)
+(4.0.11/2)]

=0.1105
ka=h f (xo+h,yo+ks)=(0.1)F(0.1,1.1105)=(0.1)[0.1+1.1105]

=0.121056

Hence ..y, =y(0.1) =1+%(o.1+ 0.22+0.240+0.12105)

y=1.11034

Step2:

To find y2i.e y(x2) = y(0.2)

Here x;=0-1, y1=1.11034 and h=0.1

Again By R-K method,we have

y2=y1+1/6(ki+2ko+2ks+ka)

ki=h f(x1,y1)=(0.1)f(0.1,1.11034)=(0.1) [1.21034]=0.121034
ko=h f (x1+h/2, y1+ki/2)=(0.1)f(0.1+0.1/2,1.11034+0.121034/2)
=0.1320857

and ks=h f((x1+h/2,y1+k2/2)=(0.1)f(0.15,1.11034+0.1320857/2)
=0.1326382

ks=h f(x1+h,y1+ks)=(0.1)f(0.2,1.11034+0.1326382)
(0.1)(0.2+1.2429783)=0.1442978

Hence y2=1.11034+1/6(0.121034+0.2641714+0.26527 64+0.1442978
=1.11034+0.1324631 =1.242803

Yy =1.242803 when x=0.2

9.Using Runge-kutta method of order 4,compute y(1.1) for the eqn
y'=3x+y2,y(1)=1.2 h = 0.05
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ANns:1.7278

10. Using Runge-kutta method of order 4,compute y(2.5) for the eqgn
dy/dx = x+y/x, y(2)=2 [hint h = 0.25(2 steps)]

Ans:3.058

9. Practice Quiz

1. The trapezoidal rule is j ydx = [a]
h

a) E[YO +2(y,+Y, +____+yn—1)+yn]

b) h[Yo +2(y, +Y, +___=yn—1)+yn]
h

c) 5[y0+(y1+yz+ ————— +Yaa) + Yl

d) h[Yo +3(y, +Y, =~ +Yoa)+ Yn]

2. To apply Simpson’s 1/3rd and 3/8th rules both the interval must be

divided into minimum of intervals. [C]
a) 10
b) 12
c)é
d) 4
3. Simpson’s 1/3 rule forn =2s [a]

h
a)y =§[yo +4y, +Y,]

3h
b) y=§[yo +4y, +Y,]

4l

c)y=3 Yo +2Y: +Y,]
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3h
d) y=§[yo +2y, +Y,]

4. To evaluate Il+1x2 dx forh =1, we take n = [c]
a) 2
b) 3
c)4
d) 5

5. In the case of Simpson’s % rule, the number of sub-intervals must be
[o]

a) Small

b) Even

c) Odd

d) Larger

9
6. In Trapezoidal rule, if the interval of If (X)dX is divided info 7 equal

sub-intervals, then his ............ [c]
a) 2
b) 2
c)1
d) 3/2
7. The Taylor's series for f(x) =log(1 + x) is [b]
2 X3 4
Q) Xt —F—F+—+rrrrrrrrrn.
2 3 4
2 3 4
b) x- X X,
2 4
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x? x* x*
C) XX+ —F—F+— 4.,
2 3 4

8. If —==x+Yy, y=1at x=1, using picard method the first

approximation is

a) 1+ x

2
b)1+x+§—
2

c) 1-x—x°
d) none.

9. R. K method 2nd order formula for y; =

1
G) Y=Y, +E(K1 + Kz)

1
C) Y1=Yo _E(Kl"'Kz)

d) none

10. The first order Range-Kutta method is equal to

a) Taylors series
b) Eulers method
c) Picards

d) none
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10. Assignments

S.No Question BL CO

: Solve fon t sint dt using the Trapezodial rule 5 5

2 Evaluate f01\/1 + x* dx using Simpson’s 3/8 rule 5 3
Solve y'=x2-vy, y(0) = 1 using Taylor's series method and evaluate

< y(0.1),y(0.2),y(0.3) and y(0.4) (correct to 4 decimal places) s =
Find the solution of Y x-y,y(0)=1 atx=0.1,0.2,0.3,0.4and 0.5.

4 dx 1 3
Using modified Euler’s method

5 Apply the 4th order R-K method to find an approximate value of y 3 3

when x=1.2in steps of 0.1,given that y! = x2+y2y (1)=1.5

11. Part A- Question & Answers

S.N
o

Question& Answers

State Trapezoida rule

Xo
f;onf(x) dx = %[Sum of first and last ordinates +

2 X The remaining ordinates]

State Simpson’s 1/3 rule

Xn
h
2 f f(x)dx = 3 (Vo +¥) + 4y + Y3 + Y5 + oo e + Yn-1)

X0

+2(y, +ys +ye +or e + Vn_2)]

State Simpson’s 3/8 rule
& 3h
; [ 1o dx =100+ 30

+3(1 t Y2ty tys+oee + Yn-1)
+2(y3+yst+yo+ e + Yn-2)1

State Taylor’s series formula

4 ’ X2 " X" n
y(x)=y(0)+x.y(0)+§y(0)+ ...... +Fy

5 Explain modified Euler’'s method
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Modified Euler’'s method

i) When i=1Y°., can be calculated from Euler’s
method

i) K=0, 1......... gives number of iteration. 1=12...

gives number of times, a particular iteration k is
repeated

Suppose consider dy/dx=f(x, y) -------- (1) with y(xo) =Yyo-

To find y(x1) =y1 at x=x1=xo+h

Now ftake k=0 in modified Euler's method

We get v, =y, +h/2[f (%1 ¥o) + f (Xll yl(i_l))}

State Euler’'s formula
It is the simplest one-step method and it is less

accurate. Hence it has a limited application.

Consider the differential equation % = f(x,y) >(1)

With y(xo) = yo=>(2)
Ynt1 =Ynth f(xn,Yn)

This is known as Euler's Method

State R-K method 4t order formula
yier = yit1/6 (Ki+2Ko+ 2K3+K4),
Where Ki = h (x Vi)
Ko =h (xi+th/2, yitki/2)
Ks=h (xi+h/2, yi+ka/2)

K4 =h (xith, yitka)

Explain Picard’'s method
8 consider the differential equation % = f(x,y)
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Given thaty =y, for x = x,

Theny®™ =y, +f f(x,y® ) dx, n=1,23,

Solve the equation % =x*+y’ for x=0.4 given that

y=0when x=0 by Taylor’s series method

Sol: Given that %=x2+y2 and ¥=0 when x=0 i.e.
y(0)=0
Here ¥,=0, X, =0

Differentiating repeatedly w.r.t ‘x’ and
evaluating at x=0
y'(x)=x*+y%y'(0)=0+y*(0)=0+0=0
y'(x)=2x+Yy"2y,y"(0)=2(0)+y'(0)2.y =0
9 y"(X)=2+2yy"+2y.y', y"(0) = 2+ 2.y(0).y"(0) + 2.y'(0)* = 3 3
y"(x)=2.y.y" +2.y"y' +4.y"y', y"'(0) =0
The Taylor's series for f(x) about X, =0 is
4

y(x) = y(0)+xy(0)+ y(0)+ y’"(0)+ T A

Substituting the values of ¥(0),y'(0), y"(0),.....
3 8

2
y(x):0+x(0)+0+3—xl+0+ ........ =X?+(Higher order

terms are neglected)

(04)° _0.064

y(0.4) = =0.02133

Solve Find the value of y at x=0.1 by Picard’s method,
given that

@ _y=x _
10 dx y+x'y(0) 1 3 3

- Gi @ _yx _
Sol: Given T y+x,y(0) =1

By Picard’s method y™ =y, + f):“ f(x,y V) dx = y, +
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fxu dx

0 y+x
For the first approximation, replace y, by 1

*1—x X 2
y(1)=1+f—dx=1+f -1+——dx
o 1+x 0 1+x

vy =1 4 [—x + 2log(1 + x)[¥
y® =1 —x + 2log(1 + x)

Second approximationis y® =1 +

fx 1-x+2log(1+x)—x
0 1-x+2log(1+x)+x

Which is very difficult to integrate

Hence we use the first approximation itself a s the

value of y
cyx) =y® =1-x+2log(1 +x)
Put x=0.1, we get

y(0.1) =1 — 0.1 + 2log(1 + 0.1) = 1.0906

12. Part B- Questions

S.No Question BL Cco

Solve ["t sint dt using the Trapezodial rule 5 5

1

2 Evaluate foﬁl—ixdx by Simpson's 1/3 rule 5 3

3 Evaluate f01V1 + x* dx using Simpson's 3/8 rule 5 3

4 |Solve y' =x-Yy%,y(0) =1 using Taylor's series 3 3
method and compute y(0.1),y(0.2)
Determine y(0.1),using Euler’'s method. Given

5 that X =xy y(0) =1, h=0.1 5 3

dx
b Find the value of y for x=0.4 by Picard’s 1 3
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method, given that Z—z =x2+vy?, y(0) = 0.

Find the solution of % =x-y, y(0)=1 atx=0.1,

0.2.,0.3,0.4 and 0.5 . Using modified Euler’s
method

Solve first order differential equation a u,
dx  y+X

y(0) = 1 and estimate y(0.1) using Euler’'s method
(5 steps).h=0.02

Apply the 4th order R-K method to find an
approximate value of y when x=1.2 in steps of
0.1,given that y1 = x2+y2y (1)=1.5

10

Apply the 4th order R-K method to find (0.2) & (0.4)

for 10% =x*+y?,y(0)=1take h = 0.1

13. Supportive Online Certification Courses:

» An Introductory Method to Numerical Analysis (NPTEL)

> Probability & Statistics (NPTEL)

14. Real Time Applications:

e Application of Numerical methods as a way of

transforming linear equations and differential equations

15. Content beyond the Syllabus:

e Numerical Differentiation and Applications
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16. Prescribed Text Books and Reference Books:

Text Books:

1. B. S. Grewal, Higher Engineering Mathematics, 44/e, Khanna
Publishers, 2017.

2. Erwin Kreyszig, Advanced Engineering Mathematics, 10/e, John Wiley
& Sons, 2011.

3. Ronald E. Walpole “Probability and Statistics for Engineers and
Scientists”, PNIE

Reference Books:

1. B.V.Ramana, “Higher Engineering Mathematics”, Mc Graw Hill
publishers.

2. Alan Jeffrey, “Advanced Engineering Mathematics”, Elsevier.
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1. COURSE OBJECTIVES

This course aims at providing the student with the knowledge on
e Various numerical methods for solving equations, interpolating the polynomials,
evaluation of integral equations and solution of differential equations.

e The theory of Probability and random variables.

2. PREREQUISITES
Students should have knowledge on
e Basic Mathematics & Calculus

e Permutations and combinations

3. SYLLABUS
UNIT IV: Probability theory

Probability, probability axioms, addition law and multiplicative law of probability,
conditional probability, Baye's theorem, random variables (discrete and continuous),
probability density functions, properties, mathematical expectation.

4. COURSE OUTCOMES
After the completion of course, students will be able to

1. Apply numerical methods to solve algebraic and transcendental equations
Derive interpolating polynomials using interpolation formulae
Solve differential and integral equations numerically

Apply Probability theory to find the chances of happening of events.

O DN

Understand various probability distributions and calculate their statistical constants.

5. Co-PO / PSO Mapping

NMPT PO1 PO2 PO3 PO4‘ PO5 POb‘PO7 PO8 PO%9 P10 PO11 PO12 PSO1 PSO2
CO1 3 3

CO2 3 3

Cco3 3 3

co4 3 3

CO5 3 3
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6. LESSON PLAN

Lecture

No. VEELS Topics to be covered References
1 Introduction of Probability and its basic terms 1, R1
2 Axioms of probability 1, R1
3 1 Problems on Probability 1, R1
4 Addition law & Problems T1,R1
5 Multiplication Law T1, R1
6 Conditional Probability and problems T1, R1
7 ? Bayes Theorem and problems T1, R1
8 Problems on Bayes theorem T1, R1
9 Infroduction of Random Variables TLRI
o Discrete Random Variables and Probability density LRI

3 function
11 Mathematical Expectation and variance TR
12 Problems on Discrete Random Variables TR
13 Properties of Random variables T1, R1
14 ’ Continuous Random Variables and problems T1, R1

7. ACTIVITY BASED LEARNING

1.Probability game on Cards

2.Probability game on dice
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8. LECTURE NOTES

4.1 INTRODUCTION

Suppose a coin is tossed. The toss may result in the occurrence of 'Head' or in the
occurrence of Tail'. Here, the chances of head and tail are equal. In other words, the
probability of occurrence of head is 2 and the probability of occurrence of tail is 'z
Thus, Probability is a numerical measure which indicates the chance of occurrence.
RANDOM EXPERIMENT:

There are two types of experiments. They are

(i) Deterministic experiment and
(ii) Random experiment.

A deterministic experiment, when repeated under the same conditions, results in the

same outcome. It has a unique outcome.

Random experiment is an experiment which may not result in the same outcome when
repeated under the same conditions. It is an experiment which does not have a unique
outcome.

For example:

1. The experiment of 'Toss of a coin' is a random experiment. It is so because when a

coin is tossed the result may be 'Head' or it may be Tail'.

2. The experiment of 'Drawing a card randomly from a pack of playing cards' is a

random experiment. Here, the result of the draw may be any one of the 52 cards.

SAMPLE SPACE

The set of all possible outcomes of a random experiment is the Sample space.
The sample space is denoted by S. The outcomes of the random experiment (elements

of the sample space) are called sample points or outcomes or cases.

A sample space with finite number of outcomes is a finite sample space. A sample

space with infinite number of outcomes is an infinite sample space.
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Ex1. While throwing a die, the sample space is
S={1,2,3,4,5, 6}. This is a finite sample space.
Ex2. While tossing two coins simultaneously, the sample space is
S ={HH, HT, TH, TT}. This is a finite sample space.
Ex3. Consider the toss of a coin successively unfil a head is obtained. Let the number
of tosses be noted. Here, the sample space is
S={1, 2, 3,4....} This is an infinite sample space

EVENT:
Even is a subnet of the sample space. Events are denoted by A, B, C etc.
e Aneventwhich does not contains any outcome is a null event (impossible event).
It is denoted by ©.
e Aneventwhich has only one outcome is an ELEMENTARY EVENT OR SIMPLEEVENT.
e An event which has more than outcome is a compound event.
e An event which contains all the outcomes is equal to the sample and it is called

sure event or certain event.

Ex.1. While throwing a die, A= {2,4,6} is an event. It is the event that the throw results in
an even number. Here, A is a compound event,

Ex.2. While tossing two coins, A={TT} is an event. It is the event that the toss results in
two tails. Here, A is a simple event.

The outcomes which belong to an event are said to be favourable to that event. The

event happens whenever the experiment results in a favourable outcome. Otherwise,

the event does not happen

While throwing a die, the event A = {2,4,6} has three favourable outcomes, namely,

2.4 and 6. Where the throw results in 2,4 or 6, event A occurs.

COMPLEMENT OF AN EVENT:
Let A be an event. Then, Complement of A is the event of non-occurrence of A. It
is the event constituted by the outcomes which are not favourable to A. The

complement of A is denoted by A’ or A or Ac.
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While throwing a die, If A = {2,4,6}, its complement is A’ = {1,3,5}. Here, A is the
event that throw result in an even number. A’ is the event that throw does not result in

an even number. That is, A’ is the event that throw result in an odd number.

EQUALLY LIKELY EVENTS (Equiprobable events)
Two or more events are equally likely if they have equal chance of occurrence.

That is, equally likely events are such that none of them has greater chance of
occurrence than the others.
Ex. 1. While tossing a fair coin, the outcomes 'Head' and 'Tail' are equally likely.
Ex.2. While throwing a fair die, the events A={2,4,6}, B ={1,3, 5} &C={1,2, 3} are

equally likely.

A sample space is called an equiprobable space if the outcomes are equally
likely. For instance, the sample space S = {1, 2, 3, 4, 5, 6} of throw of a fair die is

equiprobable space because the six outcomes are equally likely.

MUTUALLY EXCLUSIVE EVENTS (Disjoint events)

Two or more events are mutually exclusive if only one of them can occur at a
time. That is, the occurrence of any of these events totally excludes the occurrence of
the other events. Mutually exclusive events cannot occur together.

Ex. 1. While tossing a coin, the outcomes 'Head1 and 'Tail' are mutually exclusive
because when the coin is tossed once, the result cannot be Head as well as Tail.

Ex.2. While throwing a die, the events A = {2, 4, 6}, B={3,5} and C = {1} are mutually
exclusive.

If Alis an event, A and A" are mutually exclusive. It should be noted that intersection of

mutually exclusive events is a null event.

EXHAUSTIVE EVENTS (Exhaustive set of events)

A set of events is exhaustive if one" or the other of the eventsin the set occurs whenever
the experiment is conducted.

That is, the set of events exhausts all the outcomes of the experiment

The union of exhaustive events is equal to the sample space.

5|NMPT-UNIT-1V



Ex.1. While throwing a die, the six outcomes together are exhaustive. But here, if any
one of these outcomes is left out, the remaining five outcomes are not exhaustive.
Ex.2. While throwing a die, events A = {2,4, 6}, B = {3, 6} and C ={1,5,6} together are

exhaustive.

CLASSICAL DEFINITION:

Let a random experiment have ‘n’' equally likely, mutually exclusive and
exhaustive outcomes. Let ‘m’ of these outcomes be favorable to an event A. Then,
probability of A is —

Number of favourable outcomes
P(A) =

m
n

Total number of outcomes

Limitations of classical definition:
This definition is applicable only when
(i) The outcomes are equally likely, mutually exclusive and exhaustive.

(i) The number of outcomes n is finite.

4.2 THE AXIOMATIC APPROACH

Consider a random experiment with sample space S. Associated with this random
experiment, many events can be defined. Let for every event A, areal number P(A) be
assigned. Then, P(A) is the probability of event A, if the following axioms are satisfied.
Axiom 1: P(A)=0
Axiom 2: P(S) =1, S being the sure event or Sample space.

Axiom 3: For two mutually exclusive events A and B,
P(AUB) = P(A) + P(B)

Note that the third axiom can be generalised for any number of mutually exclusive

events.
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RESULT 1:
P(A) is a value between O and 1. Thatis, 0 < P(A) < 1.
Proof:
Let a random experiment have ‘n’' equally likely, mutually exclusive and

exhaustive outcomes. Let ‘'m’ of these outcomes be favourable to event A.

Then P(A) == %
Here, the least possible value of mis 0. Also, the highest possible value of m is n.
Andso, 0<m<n.

m

ES SE

n n

S

>0<p4) <1

Thus, P(A) is a value between O and 1.

RESULT 2:
P(A") =1-P(A). Thatis, P(A) =1-P(A).
Proof:

In a random experiment with n equally likely, mutually exclusive and exhaustive
outcomes, if m outcomes are favourable to event A, the remaining (n-m) outcomes
are favourable to the complementary event A'. Therefore,

n-m_n m

P(Al) =22 =2_T_ 1 _ p(a)

n n n

Thus, P(A') = 1 - P(A). Thatis, P(A) = 1 - P(A).

1. Find the probability that a throw of an unbiased die results in
(i) an One (i) an even number (i) a multiple of 3.

Sol: The sample space is S = {1,2,3,4,5,6]. There is n = 6 equally likely, mutually
exclusive and exhaustive outcomes. Let events A, Band C be—
A: throw results in an ace (number 1)
B: throw results in an even number
C: throw results in a multiple of 3
(i) Event A has one favourable outcome.
~Place] =P(A)=m/n=1/6
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(i) Event B has 3 favourable outcomes, namely, 2, 4 and 6.
~P [even number] =P(B) =m/n =3/6= "
(i) Event C has 2 favourable outcomes, namely, 3 and 6
P [multiple of 3] =P(C)=m/n=2/6=1/3

2. A bag contains 3 white, 4 red and 2 green balls. One ball is selected at random
from the bag. Find the probability that the selected ball is
(i) white (i) non-white (iii) white or green.

Sol: The bag totally has 9 balls. Since the ball drawn can be any one of them, there
are 9 equally likely, mutually exclusive and exhaustive outcomes. Let events A, B
and C be
A: selected ball is white
B: selected ball is non-white
C: selected ball is white or green

(i) There are 3 white balls in the bag. Therefore, out of the 9 outcomes, 3 are
favourable to event A.

~P [white ball] = P(A) =3/9=1/3
(i) Event Bis the complement of event A. Therefore,
~ P (non-white ball) =P(B) =1-P(A)=1-1/3=2/3

(i) There are 3 white and 2 green balls in the bag. Therefore, out of 9 outcomes, 5

are either white or green.
~ P [white or green ball] = P(C) =5/9

3. One card is drawn from a well-shuffled pack of playing cards. Find the probability
that the card drawn (i) is a Heart (ii) is a King (iii) belongs to red suit (iv) is a King or a
Queen (v) is a King or a Heart.

Sol:

A pack of playing cards has 52 cards. There are four suits, namely, Spade, Club, Heart
and Diamond (Dice). In each suit, there are thirteen denominations - Ace (1), 2, 3, 10,

Jack (Knave), Queen and King.
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A card selected at random may be any one of the 52 cards. Therefore, there are 52
equally likely, mutually exclusive and exhaustive outcomes. Let events A, B, C, D and
Ebe —
A: selected card is a Heart
B: selected card is a King
C: selected card belongs to a red suit.
D: selected card is a King or a Queen
E: selected card is a King or a Heart
(i) There are 13 Hearts in a pack. Therefore, 13 outcomes are favourable to event A.
~ P [Heart] = P(A) =13/52="4
(i) There are 4 Kings in a pack. Therefore, 4 outcomes are favourable to event B.
~ P[King] = P(B)=4/52=1/13
(iii) There are 13 Hearts and 13 Diamonds in a pack. Therefore, 26 outcomes are
favorable to event C.
~ P [Red card] =P(C) =26/52 ="
(iv) There are 4 Kings and 4 Queens in a pack. Therefore, 8 outcomes are favourable
to event D.
~ P [King or Queen] = P(D) =8/52=2/13
(v) There are 4 Kings and 13 Hearts in a pack. Among these, one card is Heart-King.
Therefore, (4+13-1) = 16 outcomes are favourable to event E.
=~ P [King or Heart] = P(E) =16/52 = 4/13

4. A bag contains 8 tickets which are marked with the numbers 1,2, 3, .. 8. Find the
probability that a ticket drawn at random from the bag is marked with (i) an even
number (ii) a multiple of 3.
Sol: The selection can be any one of the eight numbers. Therefore, there are 8
equally likely, mutually exclusive and exhaustive outcomes. Let events A and B be—
A: selected number is even.
B: selected number is a multiple of 3.
(i) Four of the selections, namely, 2, 4, 6 and 8 are favourable to event A.

~ P [even number] =P(A) =4/8="%
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(i) Two of the selections, namely, 3 and 6 are favourable to event B.
~ P [multiple of 3] = P(B) =2/8 = .

5. A fair coin is tossed twice. Find the probability that the tosses result in
(i) two heads (i) at least one head.

Sol: The sample space is 5 = (HH, HT, TH, TT}, There are four equally likely, mutually

exclusive and exhaustive outcomes. Let events A and B be—

A: the tosses result in 2 heads

B: the tosses result in at least one head.

(i) One outcome, HH is favourable to event A.
~ P [two heads] = P(A) = 4

(i) 3 outcomes HH, HT and TH are favourable to event B.

~ P [at least one head] = P(B) = %

6. Two fair dice are rolled. Find the probability that (i) both the dice show
number 6 (i) the sum of numbers obtained is 7 or 10 (iii) the sum of
the numbers obtained is less than 11 (iv) the sum is divisible by 3.

Sol: The sample space is S={(1,1), (1. 2), (1.3)...... (1,6)

(2,1), (2.2), (2.3) ....  (2.6)
(6,1),{6.2), (6, 3).... (6,6)}
There are 6x6 = 36 equally likely, mutually exclusive and exhaustive outcomes.

Let events A, B, Cand D be —

A: both the dice show number 6

B: sum of the numbers obtainedis 7 or 10

C: sum of the numbers obtained is less than 11.

D: sum of the numbers obtained is divisible by 3.

(i) One outcome, namely, (6, 6) is favourable to event A.
~P [6 on both the dice] = P(A) = 1/36
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(i) Nine outcomes, namely, (6,1), (5.2), (4, 3), (3.4), (2.5), (1.6). (6. 4), (5, 5) and (4,6)
are favourable to event B.
=P [sumis7 or10] =9/36 ="
(i) The complement of event C is— Csumis 11 or 12.
Event C' has three favourable outcomes, namely, (6,5), (5, 6) and (6, é).
P [sumislessthan 11]=1-=P [sumis 11 or 12]
=1-3/36=1-1/12=11/12
The sum is divisible by 3 if it is 3, 6, ? or 12. Therefore, the outcomes favourable to
eventD are (2, 1), (1, 2), (5,1), (4.2), (3.3). (2. 4). (1.5), (6, 3), (5. 4), (4, 5), (3, 6) and
(6, 6). Thus, 12 outcomes are favourable.
P [sum is divisible by 3] = 12/36 = 1/3.

7. A box has 5 white, 4 red and 3 green balls. Two balls are drawn at random from
the box. Find the probability that they are (i) of the same colour (ii) of different
colours.

Sol: The box totally has 12 balls. A random draw of two balls has 12C» equally likely,

mutually exclusive and exhaustive outcomes. Let events A and B be—
A: the balls drawn are of the same colour
B: the balls drawn are of different colours.

(i). Events happens when the drawn balls are both white or both red or both green.

Out of 12C; selections, 5C; selections are both white,4C; selections are both red

And 3C; selections are both green. Thus, 5C2+4C, + 3C2 outcomes are

Favourable to event A.

5C,+4C,+3C,

P [balls of same colour] = e
2

10+6+3= 1_9 = 0.2879
66 66

(ii). Event B is the complement of event A. Therefore,
P [balls of different colours] = 1 - P[same colour]
=1-P(A)
=1-19/66
=47/66

11 |NMPT-UNIT-IV



8. Two cards are drawn at random from a pack of cards. Find the probability that (i)
both are Spades (i) both are Kings (i) one is Spade and the other is a Heart (v)
the cards belong to the same suit (v) the cards belong to different suits.

Sol:

A random draw of 2 cards from a pack of 52 cards has 52C»> equally likely, mutually
exclusive and exhaustive outcomes. Let events A, B, C, D and E be—

A: both the cards drawn are Spades

B: both the cards drawn are Kings.

C: the cards drawn are one Spade and one Heart.

D: the cards belong to the same suit.

E: the cards belong to different suits.

(i) Since there are 13 Spades in a pack, event A has 13C; favourable outcomes.

13C, _ 13x6 _ 1

52C,  26X51 17

Therefore, P [both spades] =

(i) Since there are 4 Kings in a pack, event B has 4C; favourable outcomes.

4C, _ 2x6 1

Therefore, P [both Kings] = = =
52C,  26X51 221

(iii) Here, one card should be a Spade and the other should be a Heart.

From 13 Spades, one Spade can be had in 13C; ways. From 13 Hearts, one Heart

can be had in 13Cy ways. Thus, 13C; X 13C; outcomes are favourable to event C.

_13C1x*3¢y
Therefore, P [a Spade and a Heart] = e
2
_ 13x13 _ 13
T 26x51 102

(iv) Here, the cards should be 2 Spades or 2 Clubs or 2 Hearts or 2 Diamonds. There
are 13 cards of each suit. In each case, a selection of two cards can be made in

13C2 ways. Thus, totally the number of favourable casesis 13C2 + 13C2 + 13Co + 13Co.

13C,+13C,+13¢,+13¢,
52C,

P [cards of same suit] =

_4x78 4
T 26x51 17

(v) Events E is the complement of event D. Therefore,
P [cards of different suits] = 1 — P [cards of same suit]
=1-4/17=13/17
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9. A bag has 9 tickets marked with numbers 1, 2, 3....... 9. Two tickets are drawn at
random from the bag. Find the probability that both the numbers drawn are
(i) even (ii) odd.

Sol:

There are 9C2 equally likely, mutually exclusive and exhaustive outcomes. Let events
A and B be

A: both the selected numbers are even.

B: both the selected numbers are odd.

(i) Out of 9 numbers, 4 numbers, namely, 2,4,6 and 8 are even. Therefore, 4C;

selections will have two even numbers. Therefore,

P [both even] = P(A) =22 = 6/36 = 1/6

9,
(i) Out of 9 numbers, 5 numbers, namely, 1,3,5,7 and 9 are odd. Therefore, 5C;

selections will have two odd numbers. Therefore,

P [both odd] = P(B) = 22 = 10/36 = 5/18

10. A bag contains 3red, 4 green and 3 yellow marbles. Three marbles are randomly
drawn from the bag. What is the probability that they are of (i) the same colour

(i) different colours (one of each colour)?

Sol: There are 10Cz equally likely, mutually exclusive and exhaustive outcomes. Let
events A and B be
A: Selected marble are of the same colour.
B: Selected marbles are of different colours
(i)The marbles drawn should be 3 red or 4 green or 3 yellow.

Therefore, 3C3 + 4C3 + 3C3 outcomes are favourable to events A, Therefore,

3C3+*C3+3C 1+4+1 1
P [marbles of the same colour] = —=—— = =—
10C5 120 20

(i) The marbles should be one of each colour. Therefore, 3C x3C; x 3Cy outcomes
are favourable. Therefore,

. 3C1+%C1+3¢C 3
P [marbles of different colours] = # ==
3
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4.3 ADDITION THEOREM ON PROBABILITY

Statement: For any two events Aand B, P (AUB)=P (A) +P (B)-P (AN B)
Proof:
For events Aand B, B=(ANnB)U (A'nB)
Here, ANB and A'NB are mutually exclusive. Therefore, by axiom 3,
P(B)=P(ANB)+P(A'nB)
P(A*'nB) =P(B)— P(ANB)
Also, AUB = AU (A N B)
Here, ANB and A'NB are mutually exclusive therefore,
P(AUB) = P(A) + P(A' N B)
By above results
P(AUB)=P (A)+P (B)-P (ANB).
1. Three unbiased dice are thrown once. Find the probability that all the three dice
show the number 6.
Sol:

When 3 dice are thrown, there are é6xé6xé = 216 equally, mutually exclusive and
exhaustive outcomes. of these 216 outcomes, 1 outcome, namely, (6, 6, 6) is
favourable. Therefore, probability of all the three dice showing the number 6 is
P [all the three result in the number 6] =1/216

2. A fair coinis tossed five times. Find the probability of obtaining
(i) head in all the tosses, (i) head in at least one of the fosses.
Sol: There are 32 equally likely, mutually exclusive and exhaustive outcomes.
(i) Out of them, one outcome is HHHHH and another outcome is TTTTT. Therefore,
P [head in qil fosses] = 1/32
(i) P [at least one head] = 1 — P [tail in all tosses]
=1-1/32 =31/32
Note: Whenever probability of the event “at least one” has to be found, it is easier to
find it by using the probability of the complementary event as follows.

P [af least one] = P[nhone]
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3. In a college, there are five lecturers. Among them, three are doctorates. If a
committee consisting three lecturers is formed, what is the probability that at least
two of them are doctorates?

Sol:

From the five lecturers, three lecturers can be selected in 5Czways. Thus, there
are 5Cs equally likely, mutually exclusive and exhaustive outcomes. Let events A and
B be —

A: Two of the selected lecturers are doctorates.

B: All the three selected lecturers are doctorates.

Then, events have 3C2 x 2C; favourable outcomes. And, event B has 3Cz favourable
outcomes. Here, events A and B are mutually exclusive.

.. P [at least two doctrates] = P [two or three doctrates]= P(A U B)

3C,%2C 3C.
=P(A)+P(B) ===+

=4 =1=07
4. What is the probability that there will be 53 Sundays in a randomly selected
(i) leap year (i) non-leap year?

Sol:
(i) A leap year has 366 days, out of them, 7*52 = 364 days make 52 complete weeks.
The remaining two days may occur in any of the following pattern ---
(Sunday, Monday), (Monday, Tuesday), (Tuesday, Wednesday), (Wednesday,
Thursday), (Thursday, Friday), (Friday, Saturday) and (Saturday, Sunday).
Out of these 7 cases which are equally likely, mutually exclusive and exhaustive, 2
cases namely (Sunday, Monday) and (Saturday, Sunday) have Sunday. Therefore,

P [leap year has 53 Sundays] =2/7
(i) A non-leap year has 365 days. Out of them, 364 days make 52 complete weeks.
The remaining one day may be Sunday, Monday, ---- Saturday. Out of these 7
possibilities, only one is Sunday. Therefore,

P [non-leap year has 53 Sundays] =1/7
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5. If from a pack of cards, a single card is drawn. What is the probability that it is
either a spade or a king?e
Sol: P (A) =P (aspade card) =12/52=1/4
P (B) =P (a king card) =4/52
P (either a spade or a king card) = P (A or B)
=P (A)+P (B)-P (ANB)
= (12/52) +(1/52) -(12/ (52*52))
=4/13
6. A person is known to hit the target in 3 out of 4 shots, whereas another person is
known to hit the target in 2 out of 3 shots. Find the probability of the targets being
hit at all when they both persons try.
Sol: The prob. that the first person hit the target =P (A) = 3/4
The prob. that the second person hit the target = P (B) = 2/3
The two events are not mutually exclusive, since both persons hit the same target.
P(AorB)=P (A)+P(B)-P (ANB)
=3/4+2/3-(6/12)
=11/12
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4.4 CONDITIONAL PROBABILITY

Let A and B be two events. Then, conditional probability of given A'is the
probability of happening of B when it is known that A has already happened. On
the other hand, the probability of happening of B when nothing is known about

happening of A is called unconditional probability of B.

The conditional probability of B given A is denoted by P(B\A). The unconditional
probability is P{B).

Let P(A) > 0. Then, conditional probability of event B given A is defined as-----

P(ANB)
P(4)

P(B/A) =
If P(A) = 0, the conditional probability P(B\A) is not defined.

If A and B are independent events, occurrence of B will be independent of
occurrence of A. Therefore, the conditional and unconditional probabilities are
equal. Thatis, P(B\A) = P(B).

P(ANB)

PO =%

Thatis, P (A NB) = P(A). P(B)
INDEPENDENT & DEPENDENT EVENTS:

Two events are said to be independent when the actual happening of one
does not influence in any way the happening of the other. Events which are not
independent are called dependent events.

If two events are independent, the occurrence or non-occurrence of one does

not depend on the occurrence or non-occurrence of the other.
Note: Two events A and B are independent if and only if P(AnB) = P(A). P(B)

4.5 MULTIPLICATION LAW OF PROBABILITY
If A & B are two independent events, then

P (AN B)=P (Both A & B will happen)
=P (A) <P (B)
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1. A bag contains 8 white and 10 black balls. Two balls are drawn in
succession. What is the prob. that first is white and second is black?
Sol: Totalno. of balls=8+ 10=18
P (drawing one white ball from8 balls) = 8/18
P (drawing one black ball from 10 balls) = 10/18
P (drawing first white & second black) =10*8/ (18*18)
= 80/324
2. Two persons A & B appear in an interview for 2 vacancies for the same
post. The probability of A's selectionis1/7 and that of B's selection is1/8.
What is the probability that, i) both of them will be selected?

i) none of them will be selected.

Sol: P (A selected) =1/7
P (B selected) =1/8

P (A will not be selected) = 1-(1/7) = 6/7

P (B will not be selected) = 1-(1/8) =7/8

P (Both of them will be selected) =P (A) x P (B)
=1/ (7*8)
=1/56
3. A card is drawn at random from a pack of cards.
(i)  Whatis the probability that it is a hearte
(i) Ifitis known that the card drawn is red, what is the probability that it is a
hearte
Sol: There are 52 equally likely, mutually exclusive and exhaustive outcomes. Let
events A and B be —
A: card drawn is red.
B: card drawn is heart.

There are 26 red cards and 13 hearts in a pack of cards. Therefore, event A has 26
favourable outcomes and event B has 13 favourable outcomes. Event AnB has 13
favourable outcomes because when any of the 13 hearts is drawn ANB happens.

Therefore, P(A) = 26/52. P(B) = 13/52 and P(ANB) =13/52
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(iiThe unconditional probability of drawing a heart is ---
P(B) =13/52="%4

(i) The conditional probability of drawing a heart given that it is red card is-----

_ P(4nB) "%/
P(B/A) = =z = 1/

4. A fair coinis tossed thrice. What is the probability that all the three tosses result in
heads<e
Sol:
Let events A, B, and C be------
A: the first toss results in head
B: the second toss results in head.
C: the third toss results in head.
Then, P(A) =P(B) =P(C) = '

Since A, B, and C are results of three different tosses, they are independent.
Therefore, probability that all the three tosses result in head is ---
P [ 3 heads] = P(ANBNC) = P(A). P(B). P(C)

X=X

N | =
N | =
N | =

1
8

5. Two fair dice are rolled. If the sum of the numbers obtained is 4, find the
probability that the numbers obtained on both the dice are even-

Sol: Let events A and B be —

A: the sum of the numbers is 4

B: the numbers on both the dice are even

Here, we have to find -----

P(ANB)
P(4)

P(B/A) =

Event A has 3 favourable outcomes, namely, (1,3, (2,2) and (3,1)
P(ANB)

P(BIA) =—5os

P [Sum 4] = P(A) = 3/36
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Event (ANB) has 1 favourable outcome, namely, (2,2).
~P [Sum 4 and number even] = P(AnB) = 1/36

1
Thus, P [Number even given Sum 4] = # =1/
36

6. A box has 1 red and 3 white balls. Balls are drawn one after one from the box. Find
the probability that the two balls drawn would be red if
a. the ball drawn first is returned to the box before the second draw is made.
(Draw with replacement).
b. the ball drawn first is not returned before the second draw is made. (Draw
without replacement).
Sol: Let A: the first ball drawn is red
B: the second ball drawn is red.
Draw with replacement:

Here, P(A) =1/4 Also, since the first ball- is returned before the second draw is made,

P(B|A)=1/4

~P [Two balls are red] = P(ANB)
=P(A). P (B|A)
=1/4*1/4=1/16

Draw without replacement:

Here, Since the first ball drawn is not returned before the second draw is made,

P(B|A)=0/4
.. P [Two balls are red} = P(ANB)
=P(A).P(B|A)
=%*0/4=0

7. The probability that a contractor will get a plumbing contract is 2/3 and probability
that he will not get an electrical contract is 5/9. If the probability of getting at least
one of these contracts is 4/5, what is the probability that he will get both?

Sol: Let A: contractor gets plumbing contract

B: contractor gets electrical contract
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Then, P(A) =2/3, P(B") = 5/9 and P(AUB) = 4/5
Therefore, P(B) = 1-P(B") = 4/9
By addition theorem we have,
P(AuUB) = P(A) +P(B) - P(ANB)
Thatis, P(AnB) = P(A) +P(B) — P(AUB)
Therefore,
P [he gets both plumbing and electrical contract] = P(ANB)
=P(A) +P(B) — P(AUB)

=2/3+4/9 — 4/5 = 14/45

8. A cansolve 90 percent of the problems given in a book and B can solve 70

percent. What is the probability that at least one of them will solve a problem

selected at random?
Sol: event A: student A solve the problem
event B: student B solve the problem.
P (at least one solves the problem) = 1-P (none solve the problem)
=1-P(ANnB)

=1-P(4).P(B)
=1-(0.10)(0.30)
= 0.97

The probability that a trainee will remain with a company 0.6, The probability that
an employee earns more ten Rs.10,000 per year 0.5. The probability an employee
is frainee who remained with the company or who earn more then Rs.10,000 per
yearis 0.7. What is the probability earn more than Rs.10,000 per year given that
he is a tfrainee who stayed with the company?¢

Sol: Event A: A trainee will remain with the company
Event B: A frainee earns more than Rs. 10,000.

Given P(A) = 0.6 P(B) = 0.5 P(AUB) = 0.7
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We need to find

_P(ANB) _PA)+P(B)=P(AUB) 04 _
P(BIA) = P4 P(4) =06 ¢

9. Suppose that one of the three men, a politician a bureaucrat and an
educationist will be appointed as VC of the university. The probabilities of their
appointment are respectively 0.3,0.25, and 0.45. The probability that these
people will promote research activities if there are appointed is 0.4,0.7 and 0.8
respectively. What is the probability that research will be promoted by the new
VC

Sol:

event A: Politician appointed as VC

event B: bureaucrat appointed as VC

event C: Educationist appointed as VC

event D: promotion of research activities
=P(ANP)+P(BND)+P(CND).
= P(D|A).P(A) + P(D|B).P(B) + P(D|C).P(C)
= (0.3)(0.4) + (0.25)(0.7) + (0.45)(0.8) = 0.655

10. A box contains 4 green and 6 white bolls another box contains 7 green and 8
white bolls. Two bolls are transferred from box 1 to box 2 and then a boll is drawn
from box 2. What is the probability that it is white?

Sol:

event A: transferred balls are green

event B: fransferred balls are white

event C. Among transferred balls one green & 1 white
event D: selection of a white ball from box 2.

=P(AND)+P(BND)+P(CND)

= P(D|A).P(A) + P(D|B).P(B) + P(D|C).P(C)
4C, 8 6C, 10 4C, x5C, 9

= —+ —t———— X
10C," 17 ' 10C," 17~ 10C, ~ 17

= 0.5412
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11. Probabilities of Husband’s and wife's selection to a post are 1/5 and 1/7
respectively, what is the probability that.

(i) Both of them will be selected.

(i) Exactly one of them will be selected

(i) None of them will be selected

Sol:

event A: selection of Husband P(A) =

ut | =

event B: selection of Husband P(B) =%

(i) P (both of them will be selected) = P(AnB) =P(A). P(B)
1,1 1

577 35

(i) P (exactly one of them will be selected) = P(AN B) + P(B N A)
= P(A).P(B) + P(B).P(A)

4 1 6 1 10
=-X-+oX-=—,
5 7 7 5 35

(iii) P (none of them will be selected) =P(A n B) = P(A).P(B)
4.6 _ 24

577 35

4.6 BAYE'S THEOREM
Statement:

If E,,E,, E5,....E, are ‘n’ mutually exclusive events with P(E;) # 0 for each i
in the sample space S and for any arbitrary event A which is a subset of UjL, E; with

PEDP(A/g,)

————~EP_ fori=lton,
S, PEDP(A/p,)

P(A) > 0 then P(%1/,) =
Proof:

Given E4,E,, Es,....E, are n mutually exclusive

Le ,EfNEj=¢fori+]

Also Eq,E,, Es,....E, are exhaustive events

i.e.,EyUE, UE; U...UE, =S

A=ANS
=ANn(E;UE,UE; U...UE,)

=ANE)UANE,)UANE;)U...U(ANE),)
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P(A) =P((ANE))U(ANE,)U(ANE;) U...U(ANE))
Since (ANE;),(AnE,),(ANnE;),...(AnE,)are n mutually exclusive even
By Axiom-lll

P(A)=P(ANE;))+P(ANE,) +P(ANE3)+...4+P(ANE,)

( Y A) P(lf(g)A :

(1) -2
P (Ei/A) - P(AnEl)+P(A:](EE2:i))fF(’(AA/iiE);)+.+P(AnEn).

JEARE -

P (Ei/ A) = —2;; iE;)(;i)(:éi;il) (By the definition of Conditional Probability)

PROBLEMS:

1. In a certain college, 25% of boys and 10% of girls are studying mathematics. The girls
constitute 60% of the students. (a) What is the probability that mathematics is being
studiede (b) If a student is selected at random and is found to be studying
mathematics, Find the probability that the student is a girl2 © a boy?

Sol: Given P(Boy) = P(B) _E =§

P(Girl) = P(G) ==% =2

100 5
Probability that mathematics is studied given that the student is a boy
25 1
p(M - _Z
Probability that mathematics is studied given that the student is a girl
10 1
M — _
P(%/e) = 100 10
Probability that the student studied Mathematics P(M) = P(G)P(M/)+P(B)P(M/p)

3 1 2 1
= - X — - X =
5 10 +5 4 25
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By Bayes theorem, probability of mathematics student is a girl

P(G)P(M Ix
P(8/) = R = 2 =

P@PM/)+PBP(ME) = 10

By Bayes theorem, probability of mathematics student is a boy

®PM
P(/a0) = s pr ey = S5 = S

PGP +PBP(WE) =

2. The chance that doctor A will diagnose a disease x correctly is 60%. The chance
that a patient will die by his treatment after correct diagnosis is 40% and the chance
of death by wrong diagnosis is 70%. A patient of doctor A, who had disease x died.
What is the probability that his disease was diagnosed correctly?

Sol: Let E;be the event that “disease x is diagnosed correctly by doctor A” and

E,be the event that “a patient of doctor A who disease x died”

Then P(E;) =% = 0.6, P (EZ/E1> =2 _ 04

6
100 100

Which implies that P(E;) = 1 — 0.6 = 0.4 and P (Ez /E_> _ 7% _ o
1

~ 100

By Bayes theorem

P("1/g )= PP (EZ/El)
) e PR )

0.6x0.4 __ 6

T 0.6X0.4+0.4%0.7 13

3. Of the three men, the chances that a politician, a business man or an academician
will be appointed as a vice-chancellor (V.C) of a university are 0.5, 0.3, 0.2
respectively. Probability that research is promoted by these persons if they are
appointed as VC are 0.3, 0.7, 0.8 respectively. Determine the probability that
research is promoted. If research is promoted, what is the probability that VC is an
academician?

Sol: Let A, B, C be the events that a politician, businessmen or an academician will

be appointed as VC of the three men.
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Then P(A)=0.5, P(B)=0.3, P(C)=0.2
The probabilities that research is promoted if they are appointed as VC s are
P(R/y) =03, P(R/g) =07, P(R/) =08
The Probability that the research is promoted
=P(0)P(R/,) + P(BP(R/p) + P(OP(R/)
= (0.5)(0.3) + (0.3)(0.7) + (0.2)(0.8)
=0.52
The probability that research is promoted when the VC is an academician

C/ N POP(R/0)
P( /R) - P(C)P(R/C)+P(B)P(R/;)+P(A)P(R/A)

0.16 4
=—F=—=10.3077
0.15+0.21+0.16 13

4. A businessman goes to hotels X, Y, Z, 20%, 50%, 30% of the time respectively. It is
known that 5%, 4%, 8% of the rooms in X, Y, Z hotels have faulty plumbings. What is
the probability that business man’s room having faulty plumbing is assigned to hotel
12

Sol: Let the probabilities of business man going to hotels X, Y, Z be receptively P(X),
P(Y). P(Z).

20 50 30
Then P(X) = =% =02, P(Y) === =05, P(2)=--=03

Let E be the event that the hotel room has faulty plumbing. Then the probabilities
that hotels X, Y, Z have faculty plumbing are

5 4 8
The probability that the business man’s room having faulty plumbing is assigned to
hotel z
P2)P(E/z)
P(*/g) = £

P2)P(F/7)+P(P(E/y)+POP(E/x)

B 0.3%0.08 4
"~ 0.3X0.08+0.5x0.04+0.2X0.05 9
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5. There are two boxes, in box |, 11 cards are there numbered 1 to 11 and in box I, 5
cards are there numbered 1 to 5. A box is chosen and a card is drawn. If the card
shows an even number, then another card is drawn from the same box. If card
shows an odd number another card is drawn from the other box. Find the
probability that they are from box |2

Sol:
Number of cards in box | =11
Number of cards with even number = 5
Number of cards with odd number = 6
Number of cards in box Il =5
Number of cards with even number = 2

Number of cards with odd number = 3
The probability of choosing any one box=§

Let E be the event that both the cards are even.

For this box is choosen and a card is picked, if the first card is even then the second
card is also picked from the same box and the card is also even.

Let E;be the event that both the cards are from box |

" =3 (17) (i) =1

Let E, be the event that both the cards are from box ll. Then

=300

1 1 31

Let E be the event that both the cards are odd

Then a box is choosen, first card is odd and second card is picked from another box
and that is also odd
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Let E; be the event that the first card odd from box | and second card is odd from

box Il.
) =3(17) (5) = 5

Let E, be the event that first card is odd from box Il and second card is odd from
box |

Then P(E2) =3 (5) () =

11/ ~ 55

9 9 18
« P(E) = P(Ex) + P(Ey) = gz + 22 = ==

55 55
The probability that both cards from box | are even = %(i) (110) =2

11 11

The probability that both cards from box Il are even = l(3) (1) ==

2 \5 20

4 20

The Probability that if both cards are even then they are from box |

1/ 5 4 1
GG & _w
DD

6.Two bolts are drawn from a box containing 4 good and é bad bolts.

Find the
probability that the second bolt is good if the first one is found to be bad.

Sol: Since in the problem it is given that “probability that the second bolt is good, if the

first oneis bad”, we have to understand that the two bolts are drawn in succession
(Without replacement).

Probability that the first bolt is found to be bad = %

Probability that the bolt drawn now, is found to be good = 2

P (first is bad and second is good)=
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7. In afactory, machine A produce 40% of the output and machine B produces 60%.
On the average, ? items in 1000 produced by A are defective and 1 item in 250
produced by B is defective. An item drawn at random from a day’s output is

defective. What is the probability that it was produced by A or B2

Sol:

Output produced by A=40%

~ P(A) = 0.4
Output produced by B=60%
~P(B) = 0.6

P(D/A) = Probability that items produced by A are defective = ﬁ = 0.009
Similarly

P(D/B) = Probability that items produced by B are defective = — = 0.004

250

P(A/D) = Probability that the bolt is produced by A given that it is defective

_ P(A)xP(P/,)
— P()xP(P/,)+P(B)xP(P/p)

B 0.4x0.009 _ 00036 _ ¢
T 0.4%0.009+0.6X0.004  0.006

P(B/D) = Probability that the bolt is produced by B given that it is defective

_ P(B)xP(P/p)
— P)xP(D/, )+P®)xP(D/p)

B 0.6X0.004 _ 00024 _ o,
T 0.4%0.009+0.6X0.004  0.006

Probability that it was produced by A or B = P(A/p)+P(B/p) =0.6+0.4=1
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1
4.7 RANDOM VARIABLE

Suppose two fair coins are tossed. Here, the sample space is 5 = {TT, TH, HT,
HH} Suppose each of the four sample points in this sample space, a number is

assigned as follows.

Sample point 1T TH HT HH

Numlber 0 1 1 2

Here, the assigned numbers indicate the number of heads obtained in each case.
Let 'the number of heads' be denoted by X. Then, X is a function on the sample
space. It takes the values 0,1 and 2 with probabilities —

P[X=0] =P [no head] = V4

P[X=1] =P [one head] =%

P[X=2] = P [two head] = Y

Here, X is called Random variable or Variate.

Random variable is a function which assigns a real number to every
sample point in the sample space. The set of such real values is the range of the
random variable.

There are two types of random variable, namely, Discrete random variable and
Continuous random variable.

A Variable X which takes values xi, xo, ....xn With probabilities p1,p2,....pn is
a Discrete random variable. Here, the value xi, x2, ....xn from the range of the

random variable.

A random variable whose range is uncountable infinite is a Continuous

random variable.

Ex1. Let X denote the number of heads obtained while tossing two fair coins. Then, X
is a random variable which takes the values 0,1 and 2 wit respective probabilities V4,

. and 4. Here, X is a discrete random variable.

Ex. 2. Let X denote the number obtained while throwing a fair die. Then, X'is a

discrete random variable taking values 1, 2, 3, 4, 5 and 6 with probability 1/6 each.
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Ex. 3. Let X denote the weight of apples. Then, X is a continuous random variable.

Generally, random variables are denoted by X, Y, Z, efc. If X is a random variable,
the values taken by X are denoted by x (small letter).

PROBABILITY DISTRIBUTION
A systematic presentation of the values taken by a random variable and the

corresponding probabilities is called probability distribution of the random variable.

PROBABILITY MASS FUNCTION

Let X be a discrete random variable. And let p(x) be a function such that
p(x) = P[X=x]. Then, p(x) is the probability mass function of X if it satisfies following
conditions.
(i)p(x) =0 for all x
(i) 2p(x) =1
A similar function is defined for a continuous random variable X. It is called

probability density function (p.d.f.). It is denoted by f(x).

MATHEMATICAL EXPECTATION:
Let X be a discrete random variable with probability mass function p(x). Then,

mathematical expectation of X is E(X) = > X. p(x)
Mathematical expectation of a function h(x) of X:

Let X be a discrete random variable with probability mass function p(x). Then,

mathematical expectation of any function h(X) of X'is E[h(X])] = > h(x). p(x)
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1. Two fair coins are tossed once. Find the mathematical expectation of the number
of heads obtained.

Sol: Let X denote the number of heads obtained. Then, X is a random variable which

takes the values 0, 1 and 2 with respective probabilities V4, V2 and 4 and That is,

X 0 1 2
p(X) Va Y2 V4

The mathematical expectation of the number of head is

1 1 1
E(X)=Zx.p(x)=0><Z+1><§++2><Z=1

Note:
1. For arandom variable X, the Arithmetic Mean is E(X).
2. For a random variable X, the Variance is
Var(X) = E[X-E(X)]2
= E(X3)- [E(X)]?

The Standard Deviation is the square - root of the variance.

2. A bag has 3 white and 4 red balls. Two balls are randomly drawn from the bag.
Find the expected number of white balls in the draw.
Sol: Let X denote the number of white balls obtained in the draw. Then, Xis a

random variable which takes the values O, 1 and 2 with respective probabilities —
2

P (x=0) = P [bothred] =22 =2

7C, 7
P (x=1) = P [one white & one red] = 326 _ 4
7C, 7
P (x=2) = P [both white] = 22 = =
7C, 7
The probability distribution of X is —
X 0 1 2
P(x) 2/7 4/7 1/7

2 4 1 6
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3. ARandom Variable ‘X' has the following values of ‘X’

x o[ 1[2]37 456 7
Px)| O | k | 2k | 2k | 3k | K2 | 2k2 | K+7K>2

(i) Find ‘K’
(ii) Find mean
(i) Find Variance

Sol:
(i) If X is a random variable, then ¥ P(x;) = 1
= Px=0+Px=1D)+Px=2)+P(x=3)+P(x=4)+P(x=5)+P(x=6)+
Px=7)=1
= 0+k+2k+2k+3k+k*+2k*+7k*+k=1
= 10k?+9k—-1=0
1

= k=—,-1
10

~ k= 110 (Since probability is positive)
(i) EX)=Xx.pk)
=0X0+1Xxk+2%x2k+3Xx2k+4x3k+5xk?+6x2k?+7x(7k?+k)
= 30k + 66k?

=24+ 22 =366
(iii) Variance = E(X2)- [E(X)]2
=Y x2%.p(x) — (3.66)?
=0XxX0+1xk+4x2k+9x2k+ 16 x3k+ 25X k? + 36 X 2k? +
49 X (7k? + k) — (3.66)?
= 124Kk + 440k? — (3.66)? = 3.404

4. Two dice are thrown, let X assign to each of (a, b) in S the maximum of its numbers

i.e., X (a, b) =max (a, b). Find the probability distribution and also find the mean

and variance of the distribution.

Sol: If we throw two dice maximum number could be 1, 2, 3, 4, 5, 6,
~X=1{1,2734,5,6}

If we throw two dice then the sample has 36 events
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Px=1)== P(x=2)=—P(x=3)=— Plx=4) =,

P(x=5)=3i6,P(x=6)=£

The probability distribution of X is —

X 1 2 3 4 5 6
P (X) 1/36 3/36 5/36 7136 9/36 11/36
Mean=EX) =Y x.p(x) = IX e 2X o+ 3X o+ 4X L+ 5 X2+ 66Xt =22 =1447
36 36 36 36 36 36 36

Variance = E(X2)- [E(X)]2 ==Y x%.p(x) — (4.47)? = 1.99

5. The probability density f(x) of a continuous random variable is given by
f(x) = ce ¥, —00 < x < 0 Show that ¢ = % and also find the mean and variance of the
distribution.
Sol: We know that ffooof(x)dx =1
= [C ceMdx=1
= 2[ ce®dx=1 since the function is Even.

= Zfoooce‘x dx =1

e—x

2c[=]o =1
—2cle™® —e %=1
—2c[0—-1] =1
—2c[0-1] =1
2c=1

U Ul

1
S C ==
2
Meon=ff°oo xf (x)dx
= |7 xce dx

=c[” xePdx =0 since x e ¥l is odd function

Variance= E(X2)- [E(X)]2
= % x?f(x)dx -0

o] —_—
= [ x*ce ¥l dx
—oo
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=2 ) x*ce ™ dx Since x? e~*l is even function
_ oyl 5 _x

=22, x*e ™ dx

= [-x%e X — 2xe X — 2e7X|Y

=[0-(-2)] =2

6. A confinuous random variable has the probability density function

Flx) = {kxe‘lx,forx >0,1>0

_ Determine (i) k (i) Mean (iii) variance
0, otherwise

Sol: (i) We know that [~ f(x)dx =1

= [, kxe*dx=1

—-Ax Ax

e e M.
_1_1. l2]0 :1

- ko (-2)] =1

= k=A%

= klx

(i) Mean=/"_xf(x)dx
= fooo xkxe™** dx
= fooo kx?e™* dx
—-Ax -Ax

e e e .
= k[x* — — 2x.— = 21

-ifo- (-3)

—-Ax

(iii) Variance= E(X2)- [E(X)]2
= [7 x*f(x) dx — ()?

0o _ 4
= [ kxPe™ dx ——

A2
-Ax —Ax —Ax —Ax
_ 3e . 2 € - e L€ w 4
= k[x® — = 3%~ 6x.— — 6.y —
_ 6 4 .56 4 2
=klo-(-z)|-z="n-5=%
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9. Practice Quiz

1. The chance that a leaf year contains 53 Fridays

[ B]

2. If a card is drawn from a well shuffled packet 53 cards, then the probability that it is

spade (or) queen is [ B ]

A=
B)
13 4
Cleta
D) None
3. If a coin is tossed twice the probability of getting at least one head is [ C]
1
A) 5
B) -
C)>
D) None

4. A bag contains 3 red balls, 4 white balls and 7 black balls. The probability of drawing

ared or a black ball is [ B ]
2
A) ;

B) B) 2
C) C)
D)D) 2

N
~ -P\1|w

5.P(AnB)=.......... Where A, B are independents event

A) P(A) + P(B)
B) P(A) — P(B)
C) P(4).P(B)
D) None

[ C]
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6.The probability of drawing a king from pack of cards is

D) None
7. A, B, C are three mutually exclusive events then PAUB U C) =
A) P(A) + P(B) + P(C)
B)O
C) P(A)P(B)P(C)
D) None
8.P(ANB) ==,P(4) =~ then P (g) -
A) 2
? 2
B) B)3

C)C)1
D) D) None

9. The total no. of sample events when two dice are thrown simultaneously

A) 20
B) 25
C) 36
D) None

10. P(A) =P(B) and P(A) = 2P(C) then P(A) =
Az
B) 2
E
D)1
11. Tossing of a coin is an example for ................. variable
A) Discrete

B) Continuous

C) both A & B
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D) None

12. If Kis constant then var(k) = .......... [ A]
A)O
B) 1
C)k
D) None
13. V(x)=2thenV(2x+3) = [ B ]
A) 4
B) 8
C) 16
D) 12
14.  Which of the following is an example for a continuous random variable [ C ]

A) The no. of heads when die rolled

B) No. of road accidents at a specific place in given period of time
C) Life of an electric bulb

D) None

15. The maximum value of probability is [ B ]

A) O
B) 1
C)-1to1
D) None

10. Assignments

A box has 5 white, 4 red and 3 green balls. Two balls are drawn at CcO4
1 random from the box. Find the probability that they are (i) of the same

colour (ii) of different colours

2 | State and prove Bayes theorem. L1 | CO4

38|NMPT-UNIT-IV



In a toy manufacturing company three machines namely A, B, C L3 | CO4
manufacture 20%, 30%, 50% of toys respectively. A quality control

officer examined the machines and found that A, B, C produces 2%,

3 3%, 4% defectives of the total output. A toy is selected at a random
and is found to be defective, what are the probabilities that this foy
came from machines A, B, C, respectively.
A Random Variable ‘X' has the following values of ‘X’ L3 | CO4
X 0 1 2 3415 6 7
4

Px)| O | k | 2k | 2k | 3k | k2 | 2k2 | K+7K2

(i) Find ‘K" (i) Find mean (i) Find Variance

The probability density f(x) of a continuous random variable is given by | L3 | CO4
5 |f(x)=ce™™, —o0 < x < 00 Show that ¢ = - and also find the mean and

variance of the distribution.

11. Part A- Question & Answers

Question& Answers

What is meant by mutually exclusive event?e

Sol: Two or more events are mutually exclusive if only one of them
can occur at a time. That is, the occurrence of any of these events | | 4
totally excludes the occurrence of the other events. Mutually

exclusive events cannot occur together.

2 | If A, Band C are any three events then

P(AuUBUC)=P(A)+P(B)+P(C)-P(ANB)-P (BNC)-P (ANC)
+P (ANBNC)

Sol: LetD=BuC

L1 4
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P(AUBUC)=P (AUD)
=P (A)+P (D)-P (AND)
=P (A)+P (BUC)-PI[AN (BUC)]
=P (A)+P (B)+P (C)-P (BNC)-P[(ANB) U (ANC)]
=P(A)+P(B)+P(C)-P(BNC)-P (ANB)-P(ANC)
+P [(ANB) N (ANC)]
P(AUBUC)=P (A)+P (B)+P (C)-P(ANB) =P (BNC)-P (CNA)
+P (ANBNC)

State Baye’s theorem.
Sol: If E4, E,, E5,....E, are ‘n" mutually exclusive events with P(E;) #
0 for eachiin the sample space S and for any arbitrary event A

which is a subset of Uiz, E; with P(4) > 0 then

. A
(B L oo,

S, PEDP(A/p,)

L1

If P(A) = 0.37, P(B) = 0.42, P (A N B) = 0.09 then find P (A U B)
Sol: P(A) =0.37, P(B) = 0.42, P (A N B) = 0.09
P(AUB)=P (A} +P (B) - P (ANB)

P(AUB)=0.37+0.42-0.09=0.7

L1

Define the Axioms of probability.
Sol: Axiom 1: P(A) =0
Axiom 2: P(S) =1, S being the sure event.
Axiom 3: For two mutually exclusive events A and B,
P(AUB) = P(A) + P(B)

L1

Define the conditional probability.
Sol: conditional probability of event B given A is defined as-----

P(ANB)

P(B/4) = 5

L1

What is the probability of drawing either a king or a queen in a
single draw from a well shuffled pack of 52 cards?

Sol: Total number of cards = 52

Number of king cards = 4

Probability of drawing a king card = 4/52

Number of queen cards = 4

Probability of drawing a queen card= 4/52

Both the events of drawing a king and a queen are mutually
exclusive

=>P (AUB)=P(A)+P (B)

L1
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Therefore, probability of drawing either a king or a queen
=4/52+4/52=2/13

8 | Define probability distribution.
Sol: A systematic presentation of the values taken by a random

variable and the corresponding probabilities is called probability L1 4
distribution of the random variable.
9 | Define probability mass function.
Sol: Let X be a discrete random variable. And let p(x) be a
function such that p(x) = P[X=x]. Then, p(x) is the probability mass
L1 4

function of X if it satisfies following conditions.

(i)p(x) =0 for all x
(i) 2p(x) =1

10 [ Two fair coins are tossed once. Find the mathematical
expectation of the number of heads obtained.

Sol: Let X denote the number of heads obtained. Then, Xis a
random variable which takes the values O, 1 and 2 with respective

probabilities Y4, V2 and Y4 and That is,

X 0 ] 2 L1 4
P(x) Va Y2 Y4
The mathematical expectation of the number of head is

1 1 1
E(X)=Zx.p(x)=0xz+1x§++2x1=1

12. Part B- Questions

BT

Box A contains 5 red and 3 white marbles and box B contains 2
red and 6 white marbles. If a marble is drawn from each box, L2 4

what is the probability that they are both of same colour.
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2 Of three men, the chances that a politician, business man or an
academician will be appointed as vice chancellor of a
university are 0.5,0.3,0.2 respectively. The probability that the
research is promoted by these persons if they are appointed as
V.C are 0.3,0.7 and 0.8.

a) Find the probability that the research is promoted?

L3 4

b) if research is promoted then find the probability that V.C is an

academician?

3 A businessman goes to the hotels X, Y, Z are 20%, 50%, 30% of L3 4
the time respectively. It is known that 5%, 4%, 8% of the rooms in
X, Y, Z hotels have faulty plumbing. What is the probability that

business man's room having faulty plumbing is assigned to hotel

12
4 State and prove Addition theorem and Bayes theorem L1 4
5 A can hit a target 3 fimes in 5 shots, B hits target 2 time in 5 L3 4

shots, C hits target 3 times in 4 shots. Find the probability of the
target being hit when all of them ftry.

6 Two dice are thrown, let X assign to each of (a, b) in S the | L3 4
maximum of its numbers i.e., X (a, b) = max (a, b). Find the
probability distribution and also find the mean and variance of
the distribution.

7 A continuous random variable has the probability density | L3 4

kxe"’lx,forx >0,1>0
0, otherwise

function f(x) = {

Determine (i) k (i) Mean (iii) variance

13. Supportive Online Certification Courses

1. Infroduction to Probability and Statistics by Prof. G. Srinivasan
IIT Madras — 4 weeks

14. Real Time Applications
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Probability Theory used in the earthquake risk assessment and its
consequent possible reduction

‘ 1

4 ‘

15. Contents Beyond the Syllabus

1. Probability theory with applications to engineering problems such as the reliability
of circuits and systems.

16. Prescribed Text Books & Reference Books

Text Book
1. B. S. Grewal, Higher Engineering Mathematics, Khanna Publishers.

2. Erwin Kreyszig, Advanced Engineering Mathematics, John Wiley & Sons.

References:
1. B. V. Ramana, Higher Engineering Mathematics, McGraw Hill Education

2. Alan Jeffrey, “Advanced Engineering Mathematics”, Elsevier Publishers
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1. COURSE OBJECTIVES

This course aims at providing the student with the knowledge on
e Various numerical methods for solving equations, interpolating the polynomials,
evaluation of integral equations and solution of differential equations.

e The theory of Probability and random variables.

2. PREREQUISITES
Students should have knowledge on
e Basic Mathematics & Calculus

e Permutations and combinations

3. SYLLABUS
UNIT V: Random Variables & Distributions:
Probability distribution - Binomial, Poisson approximation to the binomial distribution

and normal distribution-their properties-Uniform distribution-exponential distribution

4. COURSE OUTCOMES
After the completion of course, students will be able to

1. Apply numerical methods to solve algebraic and transcendental equations
2. Derive interpolating polynomials using interpolation formulae

3. Solve differential and integral equations numerically

4. Apply Probability theory to find the chances of happening of events.

5

. Understand various probability distributions and calculate their statistical constants.

5. Co-PO / PSO Mapping

NMPT PO1 PO2 PO3 PO4‘ PO5 POé‘PO7 PO8 PO%9 P10 PO11 PO12 PSO1 PSO2
CO1 3 3

CO2 3 3

Cco3 3 3

co4 3 3

CO5 3 3
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6. LESSON PLAN

Lecture

No. VEELS Topics to be covered References
1 Intfroduction of Binomial Distribution 71, R1
2 Problems on binomial Distribution T1,R1
3 1 Problems on binomial Distribution T1,R1
4 Infroduction of Poisson Distribution T1,R1
5 Problems on Poisson distribution T1,R1
6 Problems on Poisson distribution T1, R1
7 ? Normal distribution and properties T1, R1
8 Problems on Normal distribution T1, R1
9 ) Problems on Normal distribution TLRI
10 Problems on Normal distribution . Rl

7. ACTIVITY BASED LEARNING

1.Probability game on Cards

2.Probability game on dice
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8. LECTURE NOTES

5.1 INTRODUCTION

In day-to-day life, we come across many random variables such as ------

1.Number of male children in a family having three children.

2.Number of passengers getting into a bus at the bus stand.

3.1.Q. of children

4 Number of stones thrown successively at a mango on the tree until the mango in
hit

5.Marks scored by a candidate in the P.U.E. examination.

For a quick analysis of distributions of such random variables, we consider their
theoretical equivalents. These equivalent distributions are originated according to
certain theoretical assumptions and restrictions. Such theoretically designed
distributions are called theoretical distributions.

There are many types (families) of theoretical distributions. Some of them

(i) Binomial distribution

(i) Poisson distribution

(i) Normal distribution

(iv) Uniform distribution

(v) Exponential distribution.

BERNOULLI EXPERIMENT:

Suppose a random experiment has two outcomes, namely, “Success” and
“Failure”. Let probability of Success be p and let probability of Failure be g=(1-p).
Such an experiment is called Bernoulli experiment or Bernoulli trial.

Let a Bernoulli experiment be conducted (repeated) n tfimes. Let the
variable Xi (i=1,2, 3,...n) take values 1 and 0 according as the i th experiment is a
Success or a Failure. Then, Xiis a Bernoulli variate with parameter p. It denotes the

number of success in the ith experiment.
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Let X = Xi+Xo+.....+XNn. Then, X denotes the number of success in these n repetitions.

Example:

1. Let coin be tossed 3 times. Let X; (i=1,2,3) be a variate which takes values 1 and O
according as the ith toss result in “Head” or “Tail”. Then, X = X1+X2+X3 denotes “the
number of head” obtained in the 3 fosses.

Result:

If X1, X2, ...Xn are independently and identically distributed (i,i,d) Bernoulli variates with
common parameter p, their sum X = X;+X2 + ....+Xn is a Binomial variate with

parameters n and p

5.2 BINOMIAL DISTRIBUTION

A Probability distribution which has the following probability mass function (p.m.f) is
called Binomial distribution.

p(X) = NnCx px gmx, x=0,1, 2...... n.

O<p<I1; g=1-p
Here n, p are parameters the variable X is discrete and it is called Binomial variate.
Notel: Binomial p.m.f. has two independent constants, namely, n and p. These two
constants are the parameters of binomial distribution
Note2: A binomial distribution with parameter n and p is denoted by b(x;n,p) or
B(n.p).
EXAMPLES FOR BINOMIAL VARIATE
1.Number of heads obtained in 3 tosses of a coin.
2.Number of male children in a family of 5 children
3.Number of bombs hitting a bridge among 8 bombs which are dropped on it.
4 Number of defective articles in a random sample of 5 articles drawn from a

manufactured lot

5.Number of seeds germinating among 10 seeds which were sown
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MEAN & VARIANCE OF BINOMIAL DISTIBUTION
Mean is E(X) = np

Variance is Var(X) = np(1-p) = npq

Standard deviation is S.D.(X) = \/npq

RECURRENCE RELATION BETWEEN SUCCESSIVE TERMS

We have p(x) =" n,p*q"™*

and p(x _ 1) =" C _1px—1qn—x+1
Therefore,
p(x) _ _ nCp*q"™* _ (n—x+1)
p(x-1)  nCrqp¥tqn¥t T x

_ (n+1-x)

p() =" —L.px-1
Thus, this is the recurrence relation between success probabilities of binomiall

distribution when p(x-1) is known, this relation can be used to obtain p(x).

1. The incidence of an occupational disease in an industry is such that the worker
has 25% change of suffering from it. What is the probability that out of 5 workers,
at the most two contacts that disease?

Solutions:

X: number of workers contracting the diseases among 5 workers

Then, X is a binomial variate with parameter n=5 and

P= P [a worker contracts the disease] = 25/100 = 0.25

The probability mass function (p.m.f) is —

P(x) = 5Cx (0.25) x (0.75)%*, x=0,1, 2....5

The probability that at the most two workers contact the disease is ---

PIX<2]=p(x=0)+px=1)+px=2)
=% (,(0.25)°(0.75)°+°¢,(0.25)1(0.75)*+°C,(0.25)?(0.75)3
= 0.2373 + 0.3955 + 0.2637
= 0.8965

5|NMPT-UNIT-V



2. In alarge consignment of electric lamps, 5% are defective. A random sample of 8
lamps is taken for inspection. What is the probability that it has one or more
defectivese

Solution:

X: number of defective lamps

Then, Xis B (n=8, p=5/100 = 0.05)

The p.m.f.is —

P(x) = 8C,(0.05)*(0.95)%*,x = 0,1,2,...8

P [sample has one or more defectives]

1-P [no defectives]
1-p (x=0)

=1 — 8C,(0.05)°(0.95)8
=1-0.6634 = 0.3366

3. In aBinomial distribution the mean is 6 and the variance is 1.5. Then, find (i) P[X=2]
and (i) P[X<2].

Solution:

Let n and p be the parameters. Then,
Mean=np =46

Variance =npg=1.5

Variance _ npq _ 1.5 1

Mean np 6 4

Therefore, g="aand p = %

Therefore, Mean = n*3/4 =6

Thatis, n=24/3=8

The p.m.fis ---—--—--

p(x) = 8Cx (3/4)x (1/4)8%, x=0,1, 2.......8

(i) P[X=2] =8C, (3/4)2 (1/4)¢ =252/65536=0.003845

(i)  P[X<2] = p(x=0) +p(x=1) +p (x=2)
=8Co (3/4)0 (1/4)8 + 8C) (3/4)! (1/4)7 + 8C2(3/4)2 (1/4)¢
= 277/65536 = 0.004227
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5.3 POISSON DISTRIBUTION

A probability distribution which has the following probability mass function (p.m.f) is
called Poisson distribution

e~ \X

p(x) = , x=0,1,2 e ...

x!

Here, the variable X is discrete and it is called Poisson variate.
Note 1: Ais the parameter of Poisson, Poisson distribution has only one parameter

Note 2: Poisson distribution may be treated as limiting form of binomial distribution
under the following conditions. (Binomial distribution tends to Poisson distribution
under the following conditions.)

(i) pis very small (p—0)
(i) nis very large (n —) and

(iii) np=A is fixed

EXAMPLES FOR POISSON VARIATE:

Many variables which occur in nature vary according to the Poisson law. Some of
them are

1. Number of deaths occurring in a city in a day

2. Number of road accidents occurring in a city in a day

3. Number of incoming telephone calls at an exchange in one minute

4. Number of vehicles crossing a junction in one minute.

1. The number of accidents occurring in a city in a day is a Poisson variate with mean
0.8. Find the probability that on a randomly selected day
(iThere are no accidents
(ilThere are accidents

Solution:

Let X: number of accidents per day.

Then, Xis P(A=0.8).

The p.m.f.is —
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p(x) = ,x =0,1,23,...

e~08(0.8)¥
|

(i)  Probability that a particular day there are no accidents is ------------

P [no accidents] = P[X=0]

—-0.8 0
=208 = 708 = .49

(i) P [accidents occur] = 1-P [no accidents]
= 1-p(0) = 1-0.449 = 0.551

2. The number of persons joining a cinema queue in a minute has Poisson distribution
with parameter 5.8. Find the probability that (i) no one joins the queue in a particular
minute (ii)2 or more persons join the queue in the minute.

Solution:

Let X: number of persons joining the queue in a minute Then, is P(A=5.8).

The p.m.fis
6_5'8(5.8)x
p(x) =———,x=0,123,....
x!
(i) P [no one joints the queue] = P[X=0] = p(0)
_ 6_5'8(5.8)0
T o
= ¢758=0.,003

(ii) P [two or more join] = P[X = 2]
=1-P[X < 2]
=1—{p(0) +p(1)}
L {6‘5'8(5.8)0 . e‘5'8(5.8)1}

0! 11
=1—e 581 + 5.8}
=1-0.003 X 6.8

=1-0.0204 = 0.9796
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3. The average number of telephone calls booked at an exchange between 10-00 A.M.
and 10-10 A.M. is Find the probability that on a randomly selected day 2 or more calls
are booked between 10-00 A.M. and 10-10 A.M. On how many days of a year, would
you expect booking of 2 or more calls during those times gap.

Solution:

Let X: number of telephone calls booked at the exchange during 10-00 A.M. to 10-
10 A.M. Then, X is P(A=4).

The p.m.fis ---

-4 4x

p(x) = po ,x=0123,..

P [2 or more calls] = 1-P [less than 2 calls]

=1-[p (0) +p (1)]

=1-e4[(40)/0! +(41)/11]

=1-0.0183[1+4]

=1-0.0915=0.9085
A year has 365 days. Out of these N = 365 days, the number of days on which there
will be 2 or more calls is ---

N *P [2 or more calls] = 365 * 0.9085 = 332

4. 2 percent of the fuses manufactured by a firm are expected to be defective, Find
the probability that a box containing 200 fuses contains
(i) defective fuses
(i) 3 or more defective fuse
Solution:
2 percent of the fuses are defective. Therefore, probability that a fuse is defective is
p=2/100 =0.02
Let X denote the number of defective fuses in the box of 200 fuses.
Here, p is very small and n is very large. Therefore, X can be treated as Poisson variate
with parameter A=np = 200 * 0.02 = 4.
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The p.m.f.is ----

p(x¥) =2 x=01,23,..

x!

P [box has defective fuses] = 1-P [no defective fuses]
=1-p(0)
=1 -e*[(49)/0!]
=1-0.0183=0.9817

P [3 or more defective fuses] = 1-P [less than 3 defective fuses]

=1-[p (0) +p (1) +p (2)]
= | — e4[1+4+8]
=1-0.0183%13

= 1-0.2379 =0.7621

5. The probability that a razor blade manufactured by a firm is defective is 1/500.

Blades are supplied in packets of 5 each. In a lot of 10,000 packets, how many
packets would

(i)Be free defective blades?
(i) Contains exactly one defective blade? (e-0-01=0.99)

Solution:
Let X be the number of defective blades in a packet of 5 blades. p = 1/500
Since pis very small and n is sufficiently large, X is freated as Poisson variate with
parameter A=np = 5*(1/500) = 0.01

e=001(0,01)*
p(x) = X" 0,1,2,3,...

(i) P [ no defective blades] = p (0)
= e001[(0.01)°/0!] = 0.99
The number of packets which will be free of defective blades is -----

N * P [no defective blades] = 10000*0.99 = 9900
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(i) P [one defective blade] = p (1)

= e001[(0.01)1/11] = 0.0099
The number pf packets which will have one defectives blade is ----
N * P [one defective blade] = 10000*0.0099 = 99

6. On an average, a typist mistakes while typing one page. What is the probability
that a randomly observed page in free of mistakese Among 200 pages, in how
many pages would you expect mistakes?

Solution:

Let X: number of mistakes in a page.
Then, Xis P(A=3).

The p.m.f. s ---

—32x

e
p(x) = por ,x=0,123,...

P [page is free of mistakes] = p(0)

—330
=2 =73 =0.0498

P [page has mistakes] = 1-P [Page has no mistakes]

= 1-0.0498=0.9502
Among 200 pages, the expected number of pages containing mistakes is ---
N*P [page has mistakes] = 200*0.9502=190

7. In a Poisson distribution P[X=2] = P[X=3]. Find P[X=4].
Solution:
Let A be the parameter
Here, P [X = 2] = P[X=3]
e 1?2 e )3

23X T

=>1=
3

And so, A=3

11 |NMPT-UNIT-V



The p.m.f.is ----

—32x

e
= =0,12,...
p() = ——x =01,

)
|

e~332

4!

= 0.1681

PX=4] = p(4) =

_ 0.0498x81

8. For a Poisson variable 3 * P[X=2] = P[X=4]. Find standard deviation.
Solution:

Here, 3*P [X = 2] = P[X=4]

e M2 e M)t
B TRy
/12
3=3x32

ANnd so, A2=36

Thatis, A=6

Thus, the parameter is A=6

The standard deviation S.D.(X) =V = V6 = 2.449

5.4 NORMAL DISTRIBUTION

A probability distribution which has the following probability density function (p.d.f) is

1 1.X—py2

Here, the variable X is continuous and it is called Normal variate.

,—00 < x < 00, >0

f&x) =

Note 1: The distribution has two parameters, namely, y and o.
(Here, M=3.14 and e=2.718)

Note 2: This normal distribution has Mean E(X) =y and
Variance = V(X) = 02, S.D.(X)=0.

Note 3: A normal variate with parameters y and o is denoted by N (u, 62)
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EXAMPLES FOR NORMAL VARIATE
Many of the variables which occur in nature have normal distribution. Some
examples are —
1.Height of students of a college
2.Weight of apples grown in an orchard
3.1.Q(Intelligence Quotient) of a large group of children.

4.Marks scored by students in an examination

PROPERTIES OF NORMAL DISTRIBUTION (Properties of normal Curve):

A normal distribution with parameters uy and o has the following properties.

e

oa [

!
il

D41l
rAall

0g- !
0
0

1.The curve is Bell -shaped
a. It is symmetrical (Non-skew).
Thatis 1 =0
b. The mean, media and mode are equal
2. The curve is asymptotic to the X-axis. That is, the curve touches the X-axis only at -«
and+e,
3. The curve has points of inflexion at y - o and y +0o.
4. For the distribution ....
a. Standard deviation = o
b. Quartile deviation = 2/3 o (approximately)
Cc. Mean deviation = 4/5 ¢ (approximately)
5. The distribution is mesokurtic. That is, B2 =3.
6. Total area under the curve is unity.
P [a < X< b] = Area bounded by the curve and the ordinates at a and b
A.P[u-0<X<u+0]=0.6826=68.26%
b.P[u—20<X <pu+20]=0.9544 = 95.44%
C.P[u-30<XO<u+30]=0.9974=99.74%
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STANDARD NORMAL VARIATE:
A normal variate with mean p=0 and standard deviation o =1 is called

Standard Normal Variate. It is denoted by Z. Its probability density function is —
1 -z?
fx) =—e 2z ,—0<z<®

V2r

The graph of standard normal distribution is shown in the figure

The shaded area in the figure represents the probability that the variate takes
a value between 0 and z. This area can be read from the table of areas under
Standard Normal Curve. Corresponding to nay positive z, the area from 0 to z can be

read from this table.

Let X be a normal variate with mean u and standard deviation o. Then Z = % is @

Standard Normal Variate
Therefore, to find any probability regarding X, the Standard Normal Variate can be
made use of.

Note: The Standard Normal Variate is denoted by N (0,1).

1. X'is a normal variate with mean 42 and standard deviation 4. Find the probability

that a value taken by X is

(i)less than 50 (i) greater than 50

(iii) less than 40 (iv) greater than 40

(v) between 40 and 44 (vi) between 37 and 41.
Solution:

X is a normal variate with parameters u=42 and o=4
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Therefore,

xX—u X—42

z=—==— is a Standard Normal Variate.
() pkx<50)=p(57 <)
= P[Z<2]

= area from (-o) to 2
= [area from (-o) to O] + [area from 0 to 2]
=0.5+0.4772(from the table)
=0.977200
(i) p(x>50) =p(5=> 2
= P[Z<2]
= area from 2 to «
= [area from 0 to « ] - [area from O to 2]
=0.5-0.4772(from the table)
=0.0228
(i) plx < 40) = pE2 < 22
=P [Z<-0.5]

4 4 )
= area from (- «) to (-0.5)

= area from 0.5 to «

= [area from 0 to «] - [area from O to 0.5]
=0.5-0.1915

=0.3085

(iv)  plx>40) =pE==>22

=P [Z>-0.5]

= area from (-0.5) to «

= area from (-0.5) to 0] + [area from O to o]
= [area from 0 to 0.5] + [area from O to «]
=0.1915+ 0.5

=0.6915
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(V) p(40 <x <44) = p(*= <2 L B0

=P [-0.5<Z<0.5]

= area from -0.5 10 0.5

= area from -0.5 to 0] + [area from 0 to 0.5]
= area from 0 to 0.5] + [area from 0 to 0.5]
=0.1915+0.1915

=0.3830

(Vi) p(37 <x< 41) = p(37;42 < x—44-2 < 41;42)

=P [-1.25 <7 <-0.25]
= area from —-1.25 t0 0.25
= area from 0.25 to 1.25
= area from 0 to 1.25] - [area from 0 to 0.25]
= 0.3944 - 0.0987
=0.2957.
2. Height of students is normally distributed with mean 165 cms and standard
deviation 5 cms. Find the probability that height of a students is
(i) more than 177 cms.
(i) less than 162 cms.
Solution:
Let X denote height. Then, X is a normal variate with parameters y = 165 cms and o=5

- —165
Thenz=2£=12
o 5

(i) Probability that the student is more than 177 cms tall is —

xX—165 177-165

p(x >177) = p(——>——<—)
=P [Z>24]
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= area from 2.4 to «
= [area from 0 to «] — [area from O to 2.4]
=0.5-0.4918
=0.0082
(i) Probability that the student is less than 162 cms. Tall is -----

—165 162—-165
plx <162) = p(——<——7—)

=P [Z <-0.6]

= area from (-o) to (-0.6)

= area from 0.6 to «©

= [area from 0 to «] — [area from O to 0.4]
=0.5-0.2258

=0.2742

3. Mean life of electric bulbs manufactured by a firmis 1200 hrs. The standard
deviation is 200 hrs.

(i) Inalot of 10,000 bulbs, how many bulbs are expected have life 1050 hrs. or more?
(i) What is the percentage of bulbs which are expected to find before 1500 hrs. of
service?

Solution:

Let X denotes the life of the bulbs. Then, X is a normal variate with parameters
pM=1200hrs =200 hrs

x— x—1200
Then z = =8 ===
o 200

()  Probability that life of a bulb is 1050 hrs. or more is ---

x—1200 1050—-1200
= )
200 200

=P [Z<-0.75]
=0.2734 + 0.5
=0.7734

p(x = 1050) = p(
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In alot of Nn=10,000 bulbs, expected number of bulbs with life 1050 hrs. or
more is ---
N * P[X=1050] =10000*0.7734=7734

(if) Probability that life of a bulb is before 1500 hrs is ---

x — 1200 - 1500 — 1200
200 200 )

p(x <1050) = p(

=P [Z<1.5]
=0.5 + 0.4332
=0.9332

The percentage of bulbs with life less than 1500 hrs is ---
100 * P[X<1500] =100*0.9332=93.32

4. The mean and standard deviation of marks scored by a group of students in an
examination are 47 and 10 respectively. If only 20% of the students have to be
promoted, which should be the marks limits for promotion?

Solution:
Let X denotes marks. Then, X is a normal variate with parameters u=47 and o=10.

- —47
Then z = 2Z£ =222
o 10

Let a be the marks above which if a student scores he would be promoted. Then,
since only 20% of the students have to be promoted the probability of a student

getting promotion should be 20/100=0.2

Therefore,
p(x=a)=0.2
(x—47>a—47)_02
P\T10 =710 /T

( >a—47)_02
plzz—5—)=0
And so, P[Z2.Z] = 0.2 where z= “‘T‘”

Thatis, [area from z to «] =0.2

Thatis, [area from O to z] =0.3
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From the table of areas, the value of z for which [area from 0 to z] = 0.3 is z=0.84

Therefore, z=0.84.

a—47
10

a—47 = 8.4
a =55.4

Thus, the marks limit for promotion is a = 55.4

And so, = 0.84
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9. Practice Quiz

1. The mean of binomial distribution is.......cceveeeiieai. ...

A) O B) np C) npq D) np(1 + q)

2. The probability of getting 2 heads in tossing 5 coins

1

5 3 2
Al5c, (5) 8)5c,(3) (3)  ©)5a(3) D) None
3. The mean of binomial distribution is 4 and variance is 2 then P =

A) 1 B)

N |-

C) § D) None
4, If n = 400P = 0.2 of binomial distribution then standard deviation is

A) 8 B) 9 C) 10 D) None

5. The condition for binomial distribution approaches to poison distribution when.

A) P - Very small B) n - Very large value, np = Aconstant
C) Both Aand B D) None

6. 1N i, distribution mean, variance are equal
A) Normal B) Binomial C) Poisson D) None

7.1f X'is a Poisson variate with A=3then P(x =0) =....................

-3

A) e3 B) £— C) —3e73 D) None

-3

8. The shape normal curve is
A) parabola B) bell shape C) Hyperbola D) None
9. The area under the whole normal curve is

A) O B) 1 C) 0.5 D) None

20| NMPT-UNIT-V

Al

Al

Cl

Cl

Al



—z2

1 = .
10.1f f(x) = —=e 2 then mean, variances are

1.

12.

13.

14.

15.

=

A) (0,1) B) (1,0) C) (0,0) D) None

The mean, mode, median of a normal distribution are ...............

A) Equal B) unequal C)BothAand B D) None

The mean of Poisson distribution is 8, then its variance is----
A) 2 B) 1 C)é D)8

If P (1) =P (2), then the mean of the Poisson distribution is----
A) 1 B) O C) 2 D) -1

If x is a normal variate find P(—0.8 < z < 1.53)
A) 0.5 B) 1 C) 0.7251 D) None
If u=1,0=3find P(3.43 < x < 6.19)

A) 1.5 B) 0.5 C)0.75 D) 0.1672
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10. Assignments

Out of 800 families with 5 children each, how many would you expect COS5
1 to have (a) 3 boys (b) 5 girls (c) either 2 or 3 boys, assume equal

probabilities for boys and girls.

2% of the items of a factory are defective. The items are packed in | L3 | CO5
» | boxes. What is the probability that there will be (i) 2 defective items

(i) atf least three defective items in a box of 100 items.

If X is a Poisson variate such that 3P(x=4)=%P(x=2)+P(x=0) L3 | COS

find (i) the mean of X (i) P(x < 2)

Suppose the weights of 800 male students are normally distributed with | L3 | COS5
u = 140 pounds and standard deviation 10 pounds find the number of
students whose weight are (i) between 138 and 148 pounds

(i) more than 152 pounds.

In a normal distribution 7% of the items are under 35, 89% are under 63. | L3 | COS5

Determine the mean and variance of the distribution.
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11. Part A- Question & Answers

S.No
1

Question& Answers
Define Binomial distribution?
Sol: A Probability distribution which has the following probability
mass function (p.m.f) is called Binomial distribution.

p(x) = nCx px gn*, x=0,1, 2...... n.

BL

L1

CO

What are the mean and variance of binomial distribution?2
Sol: Meanis E(X) =np
Variance is Var(X) = np(1-p) = npgq

L1

If a coinis tossed 5 times, find the probability of exactly 2 heads?
Sol: Number of trials n=5

Probability of head p= 1/2 and hence the probability of tail g =1/2
For exactly two heads: x=2

P(x=2) = 5C2p2 g52=10 x (/2)2x ('2)3=5/16

L1

If 75% of all purchases at a certain store are made with a credit
card and X is the number among ten randomly selected purchases
made with a credit card, then find mean and variance.

Sol: Here n=10 p=75%=0.75, g=0.25. It follows Binomial distribution.
E(X) =np = (10) (.75) = 7.5, V(X) = npg = 10(.75) (.25) = 1.875

L3

Write the probability mass function for poison distribution?2

Sol: A probability mass function for Poisson distribution

e—)\ x

p(x) = , x=0,1,2 ...

x!

L1

A random varioable X has a Poisson distribution  with
parameter A such that P (X =1) = (0.2) P (X = 2). Find A value.

Sol: For the Poisson distribution, the probability function is defined

-A A .
as: p(x) = eT where A is a parameter.

Given that, P (x= 1) = (0.2) P (X = 2)

e 2 (0.2)

1!

e~ )2
2!

>A=N2/10=A=10

L3
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Define standard normal distributione
Sol: A normal variate with mean u=0 and standard deviation o =1

is called Standard Normal Variate. It is denoted by Z. Its probability

—z2

density functionis f(x) = \/%e_T, —0 < z<®

L1

Define Normal distribution.
Sol: A probability distribution which has the following probability
density function (p.d.f) is called Normal distribution

1 —u

1.x
Flx) = . e 25 —o<x<ow, a>0
o T

L1

X is a normal variate with mean 42 and standard deviation 4. Find

the probability that a value taken by X is greater than 40.

X—42 _ 40—42
> )
4 4

Sol: p(x > 40) = p(
=P [Z>-0.5]

= [area from 0 to 0.5] + [area from O to ]

=0.1915+0.5=0.6915

L3

10

Write down any two properties of Normal distribution.
Sol: 1. The curve is Bell -shaped
2. The curve is asymptotic to the X-axis. That is, the curve touches

the X-axis only at -« and +

L1
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12. Part B- Questions

X

) Find mean, variance of binomial distributions
b) The mean and variance of binomial distribution are 4 and 2 3 L2 5

respectively find P(x > 1)

2 a) Find mean, variance of a Poisson distribution
b) If the variance of a Poisson variafe is 3, then find the | |3 5

probability that (i) x=0, (i) 0<x <3 (i) 1<x < 4

3 Out of 800 families with 5 children each, how many would you
expect to have (a) 3 boys (b) 5 girls (c) either 2 or 3 boys, L3 5

assume equal probabilities for boys and girls.

4 The marks obtained in statistics in a certain examination found
to be normally distributed. If 15% of the students’ marks>=60, L3 5

40% <= 30marks, Find the mean and standard deviation.

5 The heights of 1000 students are normally distributed with a
mean of 174.5 cm and a standard deviation of 6.9 cm.
Assuming that the heights are recorded to the nearest half-cm, B 5
how many of these students would you expect to have heights:
(i) Less than 160.0 cms? (i) Between 171.5 and 182.0 cms

inclusivee (iii) Greater than or equal to 188.0 cms.
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