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Unitg 1

Complex analysis
A Function of Complex Variable/ Differentiation:
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Where u and v are real and imaginary parts of f(z). z=x+iy
and

f(z)=ux,y)+iv(x,y) is a complex function.

A Continuity of a Function:

Let f(z) is said to be continuous function at z=z if
lim f(z) = f(zo)

Z—ZQ

A Differentiability of a Function:
A function (z) is said to be differentiable at z=z if

li (M))
exists. It is donated by 4z-0 Az

080 Aliz:li;)no (f(z+Azi—f(z)))

A Analytical Function:
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The complex function f(z) is said to be analytical function at z=a if the function f(z) has derivative at z=a anc
neighbourhood of z=a.

Example:
1.Letf)=eFY 6T 0 I HI
14 T rns FY6T O T HOEnO T n 6FAYAGSO Fol0
has derivative at z=0

Finally f(z) isalledanalyticalfunction.
1

2.Letf(z) =

(©)* f(z) has no
derivative at z=0

Finally f(z) is calledot analyticalfunction.

A Singular Point:

Let z=a is said to be singular point if the function f(z) is not analytical at z=a.
Example:

f(z) =

singular point.

1 402 oo
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A Cauchyg Riemann Equations in Cartesian-oodinates:

Aif f(z ) is continuous in some neighbourhood of z and diffeadfe at z then the first order partial
Ju Ov du dv

derivatives satisfy the equatio@ “dyand 9y Oxatthe point z which are called the
CauchyRiemann equations.

proof:
Let f(z) = u+iv be an analytical function

By definition of analytical function, f(z) has oetive.
f(z+Az)—f(z)

ADS CDAthE'o( 6 laz) )exists (finite)
1) z = x+iy f(z) = u+iv 1(z) = u(x,y)+iv(x,y)

2) z=xtiy z= @ OBEW™  §=?
a - X+iy+ x+i U
( )

a - oz ={x+ x)Hy+ U
" W=ux+ x,y+ )Fivx+ x,y+ U

[ux+ x,y+ 9+iv(x+t x,y+ 9  § @hy EO @hHU
TV ol lin r( X+i U )rb

X+ 1 von
We know that x+i y =0+i0

x=0, y=0



Case (1) Ay =0, put & ' n AY ®
f'(z) ([U(X+ X, Y)FIVIXEAX,Y)) —[u(x,y)+iv(x,y)])
AX—0

AX =lim

AX AX—0 AX

fi(z) (Al)i(mo [u(x+ &%, y)—ulxy)] + lim i[v(x+ 2AX, V)—u(x,y)])

f(iz) = 3= T 9x >)

Case (2)f x =0,put E ' n AY
[U(,y+ y)+iv(X,y+y)) [uxy+ivxy]

X () (D)
T O limyo o ( Ey )
[u(x,y+ y) uxy! iv(x,y+ y) LDW)])
TV Gil limyo y + limye n y
_Ou  Ov

i3—+ 53—
Ty o0y Oy

Equate 3

Compare the real and imaginary parts



Ou_.0v _ .0u 0Ov
ox '0x - 'y Oy
(Ou_0v
Ox Oy
du__0v,
dy  Ox (Ifuo=0 @And UWJ  0x)
These ar€Cauchyg RiemannEquations irCartesianco-ordinate System.

Cauchy Riemann Equations in Polar awrdinates:

Let z=x+iy

2§ 1y2¢6 GKIFIG EIND2a‘ =
SIrNARAY: 1T T
NO2a‘' bANBRBAY® 1T T

r(cos tsinf a=i Q

f(z)=u+iv i @) =u(r,' v,

¢0 I—b
SBATFSNBYGALIGS g dNID YN =
i0y i _ Ou .0v

O ~atam
SATFSNBYGALIGS g dNID WY Qs
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Ju — #i Y 1s) 0 _ du 617
(5, 157 = g+ gore™®) riei® = G g
du_0v _Ou . 0v
or "9r ~ 90980
ir
ir
Lets compare real and imaginary parts

du v
26 ~"or
dv _ Ou
90 -~ "or

These areCauchyg RiemannEquations irPolarco-ordinate SystemExamples
1) Show that f(z) = xy+iy is not analytical

Solution : Given , f(z) = xy+iy
f(z) = u+iv u= xy

V=Y

Ou v

xzy, 0z 0

du o _

ay:x ay
ou  Ov
9% ~ Dy
ou  Ov
dy = Ox

It doesn'tnot satisfies ER equationsand hence itsiot an analytical function
2) Show that f(z) = 2xy+i- ¢¥) is not analytical function. Solution: Given f(z) = 268+ig)



f(z) = u+iv

u=2xy  Vo&¥- ¥

o 0
ax: 2y , ax: 2X
du | dv_

a_:V:ZX, ay_-Zy
o[ 0y Ou, O
9x “ 0y g 0y ~ O«

It doesn'tnot satisfies ERequations and hence itsot an analyticalfunction.

3) Testthe analyticity f(z)®(cosyA a Ay &0 FyR | fa2 FTAYR QGedss FVOT 0O {2f€ dzil A ;

'Qsiny
f(z) = u+iw =Qosy
v =-Qxsiny
Ou_ o x QE:—exﬂny

a a Cosy , ax H
f(z) isnot analytical¥ dzy OG A2y | ¥R G KS TV 61 0 doesnotexist.

a T .
4) Show that f(z) = @2 v | siny is not analytical function

v _ _ox

dy € % Solution : Given f(z) <2
@ # @ & @ # @
Ox = dy — dy = Ox



f(z) = (x+iyfx + iy) [2= (x+iy) IV 6#+ 6#]2
f(z) = x(¢ + ¥)+yF+ ¥) f(2) =
u+iv

u=XK2+y2) =x3+xy2 V =yk2+y2) =x2y +y3

f(z) isnot analyticalfunction

dw

5) Show that w= logz is an analytical function and also &nd
Solution : Given w =logz

putz=i @

2 |dg r+ log® ww

23 NI bA' [ dzbA @ dz



Oor r Or
du_y oy,
06 “'00
u _ Ov Ju_ Ov
ror - 00& 00 Or

1
r(r)=1 & 0=0 Itisaamalyticalfunctionf(z)

= u+iv

fret 0 I' dzONE ‘ ObAGONE ‘0O
RAFFSNBYUAFIGS 2y 020K AARS&a 6 ONIQ WNID
0y i6 _ Ou  .Ov
- re’) e’ = =-+ iz
i0_1_ .
__F\‘e r+|(0)

1 1
FV o0 2
6) Show that f(x) = sinz is an analytical function everywhere in the complex plane
Solution : Given f(x) = sinz
f(x) = sin(x+iy) f(x) = sinx
cos(iy) + sin(iy) cosx f(X¥mx
coshy + isinhy cosx f(x) = u+iv

u = Sinx coshy v= sinhy cosx



Jx= cosx coshy dx -sinx sinhy
Ou dv

= sinx sinhy, =coshy cosx & Iﬁs ananalytical%hction
du v Ou_ v
Ox ~ dy dy ~ Ox

7) Test the analyticity of the function f(z)J@6 O2 &4 & b A & A Y &Selutibny’ Rived X(F® FY o1 0 ®
(cosy+isiny) = u+iv

u =*cosy v &siny

B _ v _ x
cosy , ox ¢ 3, - ¢ siny
OJu X Ov X
- - =€~ cosy
Siny ay ay
ou 00 ou_ o
& Itis amanalyticalfunction 0x Oy dy  Ox

f(z) = u+iv
@ _l_l @ - ex
TV o0k 0 Oy[' ~ cosy + ¥siny
T\ a(cosyHisiny)
T\ O@ol %= e(xfily)
T\ oek O r

2 2 ; -1, px
8) Determine P such that the function f(z} log (x* +y*) +itan (7) be an analytical function.
Solution :



Given , f(2) s log (x* +y?) + itan—1(%)

It is an analytical function, It

_2log (x* +y? tan™"(2%)
Ov__ 1 _p
Ox  1+()? y

satisfies the @R equation

) V= u
Ou , 1
Ox 2 x2+y22X’
au_ 1 1
a_y‘E X2+Y22y
dv 1
dy 142

y X

-1
—)
(yZ
@_ yz (—pX
Iy y2+()? yz)
Ov__py Ov__-px
similarly :0x ~ p2x?+y? Oy~ y2+p?x?
By given f(z) is an analytical function, f(z) satisfi&seguations.

du _0v
dx Oy
X _ —pX
242 2 Xy y+p
Comparing the equations we get:
P=1

Q¢
=

9) Prove that function f(z) defined by f(z)w Sljdzl A2y a | NB
x3(1+i)-y3(1-1)
Solution : Given f(z) = x*+y?

1)  To show that f(z) is continuous at z=0

QX<

w»

Pl

(et

[ @=-N

w»



let

. xXP(1+i)-y > (1-0) x> (1410)-y> (1-1)
lim f(z) =x-0 X2 +y? (given f(0) =0)  x*+y?
o

o T
lim x (1+41)
x—0 x2
3f(z) =1(z) =
lim x(1+i) = 0 = f(0)
o mf(z) is
continuous

i) To show that @R equations are satisfied at origin
XP+x3i-yi+iy?  x3-y? i(x3+y?)

f(z) = x2+y2  x24y2 0 x%4y? f(2)
= u+iv
x3-y 3  x3+y°
U x2+y? _ x%+y?

VvV =

, 220 and f(0) is continues and C



Ju
O
du
O
du

= lim
x—0 X

u(x,0)—u(0,0)

. X0 .
= lim — => lim

—=1

lim 0

REquations are satisfied at origi) To

aK2g
lim f@=f©)

OKFG FYoTlo
FYOTl 0O T
Uomnz
x3p E +k p 2E

3(1+i)—0
)

x—-0 X x—0
=1
% — lim u(0,y)—u(0,0)
y y-0 y
% = 1lim =22 => lim -1 =-
Yy y-0 Y y—0
Ou <)
B_y =-1
g_v - lim v(x,0)-v(0,0)
X x—0 X
av . Xx—0 .
Ix =lim— =lim1=1
X x—0 X X—0
dv
;e 1
? = i YO =v(0.0)
y y-0 y
g—v =limY;0 =lim1=1
y y-0Y%Y x—0
y 1
du _dv o du  dv_ _ _
C ¢ Ox ay aY Ox

R2Sa

y



Aty = mx

FY Ol O(nfinite)¥Y 01 0

TV oykop nke

X+ 1y

lim X

WO T X

x1+ 3F N M ol x3=

= 1+i (Finite)
FYol v 9EAAGA
lim 1(Z)—1(0)
FN O |20 z  FNYOIl VO
x3(1+1)-m3x3(1-0)
lim x2+x2m? =
xX—0 X+imx
uoi @

I x3[(1+i)-m3(1-1)]
TV GO0 (Fm?)x(1+im)
uoi @
im [(1+i)—m®(1-1)]
T\ oxq) (1+m2)(1+im)
= [(1+i)—m3(1-1)]
(1+m?)(1+im)

RSLISYRA
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Partc B

Laplace Equations
62(2) 62@ az‘_p

2@ _

. + =0 or + =
the equation of the form 0x? = Jy? dx2 ~ Oy?

Harmonic Function

The function u and v are said to be harmonic, if it satisfies Laplace Equations

l.e
02u azu_
o Yoy 70
or
d2v azv_
o "oy 0
Milne ¢ Thomson Method
When u is given find f(z) :
To 1o
1) To finddx and 0y
2)¢2 FTAYR FVYOl O I' dzbA @

SATFSNBYGALFOGS 6 ONIWDU

WEQ ¢S 3SH



Ou  .Ov

9x ' 'ox
du _ou
FN 60k 00y T (From GR equation)
FYolo T
% _g
0) Ox 1(z1
d
a_u = D,(2z; e,
y 0) TV od 0

N 1(z1,0)- 11 2(2,0)
Ly dS3aNI §B=u gN®ydz-iwl @,0)
dz + ¢ When v is given find f(z):
To To
1) To finddy and dx

2) To find f(z) = u+iv
SAFFSNBYGAFIGS 6ONWDG WEQ X ¢S 3Si
@ + |@
TV ok  Ox
v  .Ov
A + Ia—
T\ oYY X
,0)

@=®&
dx 7272 0) (From GR equation)



F N 6niy(a,0)F in 2(22,0)
Ly dSIaNY B =omNDdin @l,on

ldz + ¢
1)  Construct an analytical function f(z) when ¥3=3xy2+ 3x + 1 is given
au _ 2 2
¥ 3x“-3y“+3
Ou_
Solution: 0y 6Xy

By Milne Thomson Method
Ou

f(z) =u+iv Ox ~ (Dl(z,O) = 32+3
Ou Ou . Ov
== = 0,(z S +ia
dy 2 ,O) — Ox ! Ox 6(2) (O) =0
Ou Ou _ i FV oy _0f Ou_ Ov
Ox _Iay = 01(2,0)-10,(z Ox ~dy & dy ~ 0Ox
FYol o I Zno
LYGSaANI S 6 dNII Wi Q F610

2(0) +i 1 2(,0) ] dz + &(z)

= B8bo b n 0 RI B O Folov

32
= 3+3z+C

f(z) =» +3z+cC



2) Construct an analytical function f(z) when u = sinx cosgiyen

du
Solution: = cosx sinhy0x
du
= sinx sinhy Jy
By Milne Thomson Method
du
f(z) =u+iv Ox @1(2’0) = cosz(1) = cosz
@ - @2 @4_'@
; Oy ; (z,0) = sinz(0) 3; axa 5 0
u _;Ou _ - 57 0 ©Pu_9v  Ou_ Ov
a"a_y_(al(z’o)"@Z(Z FYolwv Ox "Dy g Oy - Ox
FYolo T ,0)
LYGSANIGS 6 ONIP wiQ Fo610 T

1(z,0)-in2(z,0)]dz + c f(z) =
coszdz + d(z) =sinz+c

sin2x
3) Find the analytical function f(z) = u+iv if u+gosh2y —cos2x)
sin2x
Solution: u+v =(cosh2y —cos2x)

f(z) = utiv
if(z) = wiv

(1 +Df(z) = @)+i(utv)
f(z) = utiv



av _ [coh2y-cos2x]2cos2x—sin2x[0+2sin2x]
Ox [cosh2y —cos2x]?

dV _ 2cos2x coshy—2cos?2x—2sin?2x
dx [cosh2y —cos2x]?

av 2c0s2x coshy-2

0x [cosh2y —cos2x]?

ov

ax =022 )

a_V _ 2cos2z cosh0-2  2[cos2z—1]  -2[1-cos2z]
Ox  [coshO-cos2z]? [1-cos2z]2  [1-cos2z]?
av -2

Ox  2sin2z

Where F(z) = (1+)f(2)

u+v =V

ax =920 _0)= Wi 1 8H

& - 04 (z [coh2y—cos2x] 0—sin2x[sinh2y(2)]
dy 1 O) — [cosh2y —cos2x]?
@ _ —2sin2xsinhy
n 1(2,0) :ay [cosh2y —cos2x]?
A% —0 sin2z

dy - [cosh2y —cos2z]?2 -



f(z) = u+iv

Ou . 0v
FV 60k Ox
v, v
Oy "0x  Fyoi 0 T
fz)= 2(z,0)+in2(z,0)]dz+c
f(z) = coseéz (i) dz+ ¢

f(z) =-i(-cotz) + c=icotz + C

f(z)=icotz+c

(1+) f(z)  +=— =icotz+c

I 1+i 141

f(z) = i(1-1)
2
cotz f(z) =
cotz + ¢
1+
= +
f(z) =— cotz +c % ~ X 2

Cosy + 2x e cosy- e Yy
?(z,0) = % = e? 7%

4y Find the analytical function , whose real partis u =
ex[(x=- (2)1(Z0)=%=ezzz+2zez y> AT OU ¢@UOET U
’ X
Solution: u=exx> 5, < COSY- eXy2Ccosy( 2xyexsiny
a—y =-e7X y )
_Ou

X 2COSYy(g 2y exsiny¢ 2xyexsiny



cos(0) + 2ezcos(0)c0¢0¢O

siny +e sinyy - 2y excosy(¢ 2x exsiny ¢ 2Xy excosy
f(z) = u+iv
TV 60k () Ox
du_dv
_ 0x 'Oy

FYolo T

f(z) =,0) ] dz + (@2 -,0)z(P1
f(z) = (e2z2+ 2zez-0) dz + ¢ f(2)
= ez(z2+2z)dz + cf(z) = ezZ2

dz +2 zezdz

u =z2dv =ezdz du = 2z dz v=ezf(z) ='H
0-2 zdzedz+2 zedz+d(z)="H

O +cC



5)

The analytical function whose imaginary part is v(X,y) =Saiytion:

vV = 2Xy
dv

=2y #x(z,0) =2(0)=0  Ox

6)

v
dy =2x D1(z,0) =2(2) = 2

= #2) ,0) ] dP+ g ,0) + iz(

= zdz+c

|

fz) = 22+¢
f(z) =6 + "H

Find harmonic conjugate at u'H © cos2xy and also find f(z)

Solution : u="M ¢ cos2xy

du  2_y2

gu_ y
ox ¢ cos2xy (2x) "M © sin2xy (2y)
n1(z,0) ="M cos0 (2z}"H © (0)

Ju_ y2_y2

P (©0)="H 220y ©  cos2xy{2y)-
"M © sin2xy (2x)



N2(z,0)=0g0

n (0,0)= f(2)
[ dzbA @ FVO6T 0 T
Ju .0v
9x "' ox
0u_,0u
Ox Oyfy g0 T
T\ 611(2,0)-i2(z0)
fz) = #z,0)-ir2(z,0)]dz + c f(z) = e2z

dz+c (puto =t =>2zdz=dkjz) = etdt+
C =et+cC
f(z) ="M + cf(z) =ex+iy) -f(z) =
ex: y2+2xyi + C f(Z) ®x2 y2€2xyi + C U+iv =
ex2 y2[coS2Xy+isin2xy] + ¢ u+ive y2
COS2Xy + i @2 Y2(sin2xy) + C

v="H ¢ sin2xy +c

NCAYR (GKS ylLt@adAOolf TdopOu-3dyzaidf@d)l=0. adzOK G KI { wSoFVY ol 0



Solution : WS OF N ¢i4p-By2 I' o Ou _Ov  Ou
Lyd$aNnt ds soMmid O

f(z) = u+tiv 4vz 33
du v Xty - =5+
Fyvelo T Ox ~ 0x
du
wSoFYyoeloe T Ox
0 0
a—z=3x2-4y-3y2 (fj—;;=E’»xz--’T'y-E’.y2
3X3 2
Ly SanNI 68 ¢ eNmwis ®WEY x+i86 3
u=0 -4xy-30 x + f(y) v=30Yy-0 -20 +f(x)
SBATFSNBYGALIOS g O NID U we Q gS 3AS{
@:'4)(' 6V
dy cEd& b FTV6E0 oxI’ cEe@ b FTYOEDL

From GR equations
du _ v
dy =~ Ox

-4x-c E& b- 6%y FOVeoUE or
nE b -FYOEOOT
Compare equation on both sides
A®S FVOEL I' nE = FYoeg o
f(x) =4 xdx f(y) = c f(x)

' n



4x2

=2 +¢C
fx)=20 +c fly)=c
f(z) = u+iv f(z) =} - 4xy-3y2x] + i [3x2y -y3-2y2] +
2x2+cC
given f(1+i) = 0(z) = u+iv
Z = X+iy = (1+i)

putx =1,y =1(z) =[14-3] + i[32-1]
+2 +c f(1+i) = 06 +2i +@
= 6C 2

f(z)=p -4xy-30 Xx] +i[30y-0 -20 ]+ 20 +6¢2i

8) Find the analytic function f(z) = u+iv #vu=ex(cosy¢ siny)Solution:
f(z) = u+ivi f(z) =4

(1+1) 1(z) = (w) + 1 (u+v)
f(z) = u+iwu = uv ="H

(cosyc¢ siny)



F(z) = (1+i) f(zyosy- exsiny =

du_ s

gx n1(z,0) =ez- 0 =2 siny - €

u X

—=-g

dy cosy F'2(z,0) = 0- ez=- ¢?
Ou 0w

FyoPx O

fz)= 2(z,0)-in2(z,0)]dz+c

f(z) = (ez+iez)dz +c
f(z) =('H+ i"H) + c(1+i)
f(z) =ez+iez+ c

eZ(1+i) L€
f(z) = (+)  1+if(2)
:i")+ C

Harmonic Conjugate

1) Show that function u= 2xy+3y is harmonic and find harmonic conjugate.

Solution: u= 2xy+3y
Ou _ Ou _
m =2y a_y = 2x+3
0%u _ 0%u _
ox? 0 dy? 0



Ju 0u
0+ * 0y?=(0 u satisfies laplace equation
WY dg@Harmonicfunction
To To
dv = 0xdx +9y dy
dv =-(2x+3) dx + 2y dy v

= -(2x+3) dx + 2y dy
(Zi +3x) + Zy 2 2
2 2
V=-+cC

V=-e +0 -3Xx+C
2) Show that u = 2logu#+y?) is harmonic and find its harmonic conjugate.

Solution: u = 2log ¢+Yy?)



Ju _ Ju _,_1
Ox X?+y?oy dy x2+y22y
0%u _ (x%+y?)(4)—4x(2x) 0%2u _ (x2+y?)(4)—4y(2y)
Oox2 (X2 +y?2)2 ayz - (x2+y?2)2
0%u 62 4x2+4y —8x%+4x%+4y? —8y?
dx2 ay (x%+y?2)?
d2u 62
0x2 ay =0
o o
dv = Oxdx +97 dy
u o
dy -
dv=- " dx+0xdy
—4y 4x

dv =X°+Y* dx +¥*+Y° dy
—4

dv =X**Y* (y dxc x dy)

41

V =-

xdy -y dx ydx
x2+y?

_ 4Jdtan” 1(—)

4tan~1¢

V =-

d

tan_l( ) =

x)+C

X dy -y dx
[ ]

1+(y)2 X2 y

3) Find f(z) if the imaginary partigdcosg Csol@ient |

V =r2cosd O OET |



Solution:

Ly 0 SINgofy -2 * 68 &y
2%1?12@ gcosgr —I—({@)X

uéa:n %gm ef(g)
leferentlatg&w Ek@& y ‘:’; ;; dy

T = -—Z-r?r(?oﬁhee rsin®s£](6

0 )b
Compare th¥%quatipah2g +gcose
r
T0=0 oy
= E
8 52" 9
o 72 19 + rcosd +c sin2
2
; af@ G ror cos? +smdsp + ¢ )+i(r sin2
* 5z 9 Ou fr gsie rsmB
4) Show that P¥* ~ 9v0[real z)(j 27F \
f(z) = u+iv
real f(z) = u
[real f(z)] 2=u?
du?) _ @
ox - M
02(u?) -9y 02%u 2@ du
0x?2 6x2 dx 0x[h
Similarly ,

Js)

cos?2

0 + r sin@ ),-2



Add az(uz) az @ @

i o0 0 2, (9uy2 du 0u, Oy "8yz "9y By
cquation [35 +gyz v (ax) (ay) 5 T3y ] .
az
[axz+—1u2 20GY2+ (—)2 22
1+2u]
Gu O
9 Folu0o I dbA O rp ¥4610 T Ox Oy
SELNCORICOLy
2F A ¢ X Oy
[a2 ﬁ]uz | |
32 T3y 1Y [real )] = H FYol o

5) If f(z) is analytical function with constant modulus ,then show that f(z) is constant.
Solution:
let f(z) is constant modulus

f(z) = u+tiv

|f(z)I :0% + 02= constant
02+ U2=cC
62+ D2=@=cC1
Differentiate w.rtWE Q

du . Ov
URTDAR n



5094 4 5, 9v Differentiate w.rtwé Q

r'n o % 9% pycr
- dv _ Ou
equations gt
du . v

2ua—y+2va—y [ n TIb
' n Tb Ov_ 2 Ou

dy U By
o~ ~ 6u, 61;
adzf GALIX@ uv uﬁa—y@uva—y =0
F~ dz =0

Subtract then uv



u-= aV 261.1 2@ aV

o Ve Wy Wy O
- %(u2+v2)=0

Similarly %Y

w?+v2#0

ay ~°
y=c
v =cf(z) is

constant

Conformal Mapping :

A transformation w = f (z) is said to be conformal if it preserves angel between
oriented curves in magnitude as well as in orientation.

Bilinear Transformation :

. b
The transformation w = f(z) = azt

cz+d IS called the bilinear transformation or
mobius transformationWhere a,b,c,d are complex constants.

The method to find the bilinear transformation if three points and their images are given
as follows:

We know that we need four equations to find 4 unknowns. To find a bilinear
transformation we need three pointsnd their images.



0 ¢ b@vbws 01 1) bzbzb

(Wibw2) (w3 w) (zbz) (zz z)
az+b

Since we haveto getwe+dx ¢S G 1 S

Problems about bilinear transformation:

1) Find the bilinear transformation on which maps the points Q, 1) into the points (0,i,3i) in-plane

Solution ;

In zplane, 2=-1,2=0,23=1
In w-plane,wi=0,wz2=1i,wz= 3i
In cross ration,

(w,0,i,3i) = (21,0,1)

O 4 b@ebws 0O 1 1) bzbz)
(Wi=W,) (W3—w) (z:-2,) (z3-2)
(w=0)(i-3i) _ (z+1)(0-1)
(0-i)(3i-w) (—1-0)(1-2)

(w)(=2i) _—(z+1)

(-)(Bi-w) —-(1-2) =

-2wi(1-z) = (z+1) {[i(3i-w)]]
-2wi + 2wiz =[-3-wi](z+1)

-2Wi + 2wiz = 3z + wiz + 3 +wi

2y S

in cross ration, three are four points fws, W2,Ws,) = (221, Z2, z3,)

LI2 A Y (i

v

a

Wi Q

YR AlE



w-0)0-1)  @©-1)a-0)
0-iyada-0)  (1-0)0-2)

-w —i i2 -1 -1
— =— - = W=—
—1 —Z W = Z Z Z
-3wi + wiz = (3z + 3)
- 11 | wli(3-2)] = z(z+1)w
1=a= =7 [z . ~3(z+1)
— 1 =0], z=1, =0 —i(3-2)

- _ S N S o S
2) Find the bilinear transformation which W1 = 0, wz =i, wg =g=a= w, LV T 0] maps the points)( h Hrh Tt
the zplane into (0,j ET-pldd& Av,-xy  z- 19 (z,-25)

Solution: In zplane, z Dwiw, -1)  _ (221-1) (2,-25)
] 1_ r - 1 []
{ In w-plane,
oo ko

wWhbw)( bw ( bz)(z 2z2)12ws\=
z1\23 0 O @ ablvah( Wo3) (beuzz) (3 z) WaVz:\

3) Find the bilinear transformation that maps the points (0,i, OAOPAAOEOAT U ET OI



. 1
=0’22=|’ Z3=:6:_ [Z3 ]

) 1
Solution: In z-plane, z a oz
1 1

W, =0 wr=1 wo=— =-=0[ws'=0

1 ’ 2 ’ 3 W3I 0 [ 3 ]

In w plane, 1

M”ﬁz;@ ) m___Zz_(.(mu;\Nl—wZ) (1 _\Ammﬂ(_ﬂz_‘l—_ﬁh)_ (z=21)(Z2 23 —1)

(wi-w2) (_3 -W) (z1 —2z2) ( —Z) ( )

w-0)0-1) _ (z 0)i(0)-0)
(0-1)1-0) (0-iHA-0)
-W _ —Z

-1 =i

w=-iz
Fixed point :
az+b
The transformation w =z+d

The roots of this transformation are called fixed points or invariant points.
az+b

z =z+d (we know that w = f(z) ) z(cz+d) =
az+b z2+dz = az+bo +(da)z¢b =0
Problems:

1) Findthe fixed points of the transformation w =
Solution: The roots of above transformation are called fixed points



— 1 Z—1

Z—14+1 pUt W &=

Z+2 z+1
z—1

= 77 =z+12(z+1)

=z172+z¢z +1

=022

+1 =0z2=-1z=%
| fixed points i

2) The fixed points of the transformation w =

Solution: putw =2z
Z—1+i
Z= z+2
z(z+2) = (r+1) (a=1,b=1c=)
Z2+27 = A+l
Z22+z+H =0
‘W /H __ HH S 1x1+4(1 i)
Z= ‘H = 2
1+1+V 4] 1+V3 4
iz= 2 = 2
v v©

3) Determine the bilinear transformation whose fixed points ard Solution:

Given fixed points are z =1,



az+b
The roots of the transformation is w_=__ are called fixed pointput w = zcz+d
az+b
Z =cz+d

cz2+(da)z¢ b = 0(z+1)(z
1)=0

z2-1=0 (c=1,d=0,a=0,b=1)
0z+1 _ 1

W:12+0_ Z

Problems on images:
1) Write the image of the triangle with vertices (i,1+i,1) in thglane under the transformation w = 3z-24

Solution: y

(x,y) = (1,0)
In w-plane:



y
in zplane Transformatiore =i°  x+iy = 0+i w= 3z+2i (x,y) = (0,1) w=
3(x+iy)+42i z= 1+  x+iy=1+iutiv=w
(x,y) =(1,1) u = 3x+4, v= 3%

X z- plane

(1,0
z=1 x+tiy=1



) (xy)=(0,1) (uv)=(41) i) (x,y) =
1.1 (uv)=(7.1)iii) (xy) =(1,0) (uv)=(72)

Conclusion:
The image of the triangle whose vertices (i,1+i,1) is mapped as triangle,

(0.1) (1.1)

(4,1)\ (7,1)

A

whose vertices (4,1) ,(7,1), {2) in wplane under the transformation

/|

v v (7,'2)
w=3z+42i w-plane
1 1
2) Find the image of the infinite strip 0 <y < under the transformation w =
2 z
Sdution: In z¢plane
the infinite strip between the linesy =0,y =.
Transformation:
1 y
W=z A
1Z =
1 u-iv 1
0 X+iy Zu+iv u—iv y )
6 QU
+jy =
u?+v? Xy < >
u -v X
u?+v? y —u?+v? 0 Y=0
— 1 v

v



In w¢plane z-plane =
>0=—" 11 __=v i

T u2+v20 II) y =2 2 u2+v?

)y =
0 =-v u2+ v2=-2vv = 0 Conclusiorx

The image of infinite strip 0 <y <is transferred as straight line (v=0) or circle under the transformation.w =
2

A z
1
3) Find the image of the region in the zplane between the lines y = 0 and y =under the transformation w

= e2
Solution: In z¢plane

TT
The lines are y =0, y=
Transformation

W = €z
utiv=ex+iy =exeiyy = 0 u+iv = e
[cosy+isiny] u & cosy V e’siny
In w-plane
Dy=0" u=e, v=0

A X

jy=" u=0, v=e



Y
_A
v=0 Y =2
< > %
0
v
T z-plane
u=0
/
< —»> u
0
v
w - plane

Conclusion:
N

The image of the region linesy = 0 & y = are transferred as first quadrant irgle@ under the
2
transformation w =ez

1

1 1, .
4) Show that transformation w = z +maps the circle z = ¢ into the eclipse u = (fc] GosB , V :Z) sind (c- .Also
discuss the case when ¢ = 1 in detail.



Solution: Zcplane Transformation
1
The | | circle z = C
| W
g
+
V4
eie + !
X+iy=c w=r  red
. , B+ isin8)+1 (rcosB -isinB) ., . .
X2+y2=C u+iv = r(rco® r +0 =Hu+iv =
(r+ %) cosO +i(r- %) sinB U= (r+%) cosO V= (F%) sin®
w ¢plane
| 4 =C y A
|z|:r (r=c) IZ|:C
2 2 we know that f\
N 1 + Y =1 <+ >
NI PR \J
Case: Whenc=1 . .
=1 a2 ezl r=1
dz 'n O2a‘ = @ I n



dzbA @ I H D2XU=2bvA0 010 H y
Conclusion:

u
+ =
The image of circle z = lclis transferred as eclipsd /\az 1 ] in w¢
plane and also the image of circle z =1 when \’0/

N
<
(V]

A
v

c = 1 is transferred as straight linesu=2 & v=0dqn w
plane under the transformation w = z +

4
5) Discuss the transformation of w = sinz using example.

+
nH

N |-
T

b
L

X
1]
O

Solution: Transformation w = sinz

w = sin (X+iy) w =
sinxcosiy + cosxsiniy

A
v

u+iv = sinxcoshy + icosxsixhy

u = sinxcoshy V= v
cosxsinhy

Example: In zplane In w¢plane
| | uvz=1 |,
X=C coshy =, sinhy = _

sinx COSX

0+0 =1



Conclusion: -

u? v?

sin?x cos?x

putx=c

u 2

sin?c cos?c

The image line x

= c is transferred as hyperbola -1
ll2 V2
22 p2- Yinwc plane under

the transformation w = sinz.

6) Discuss the transformation of w = cosz

Solution: Transformation on w = cosz

W = COS(X+iy) W = COSXCOS§iginxsiniyu+iv =

cosxcoshy isinxsinhX u = cosxcoshy

sinxsinhy In

v

sinhy

coS?x + sin®x =1

u? vz

+
cosh?y  sinh?y

puty=c

=Icos2hy-sinh2y =1

V =

coshy

A

g
N

"

C

plane In wplane y = ¢ cosx = sinx =

v



2 2

u v

+ =
cosh?2c  sinhZc

A

4
u? v2 i
2z tpz=l /\

NP

Conclusion: v
2
=1

u

The image of line y = c is transferred as ellh_jsé' b

<

N

under the transformation w = cosz.



Unitg 2
Complex Integration

Line Integral:
suppose f(z) is a complex function in the region R, and C is a smooth curve in R. Consider an interval

X1<xX2 X Xn<b are points in (a, b). y

(a, b)and a < J
Yx =x-xo @re chord vectors, then

lim ” O)
nooor=1" Y X = Pfzdz

A
v

Where the summation tends to a limit and independent of the points choice. The
limit exists if f(z) is continuous along the path.

Evaluation of the integrals: f zdz = (u + iv)(dx + idy) = (DA @ OAU

i(udy + vdx) (velhere u and v are functions of x.)



( )
Problems:

1) Evaluatecx?+ ixydz from A(1, 1) to B(2, 8) along x =t andty.=

Solution: Along x = '5 y 8, dx = dt, dy = &dt, The limits for t are 1 and 2{

(

X2 +ixy (dx+idy) = cx2A@ QGUAU Bdy U AQ_ O

2 2dt-3té6dt+i4t4dt =4 -3 ¢ +i4 < (apply the lower

=1t

1+i 2dz alongy x2

2) Evaluateo z

1+i 2dz alongy %2, dy = 2x dx
Solution: 0 Zz

1+ 2-y2+2ixy)(dx+ idy)

:O(X

1 2-x4) dx-2x32x dx + X2- x42xdx+2x3dx)

and upper limit)



2+i

3)Evaluate, @x + 1 + iy)dz along () to (2+i).

Solution: Along (&i) to (2+i) is the straight line AB joining-{3,to (2,1).
(=1-1)
The equation of AB isy=- (1-2) (x-2)
-3,y = 243, dy = 2dx
X varies from 1 to 2
2+i2

o @x+1+iy )dz =12x+1 dXy, (2x3)2dx + i[2X3]dx + (2x+1)2dX]
2

y-2X =

= { 2x+7 dx + i(6x0)dx

X2 X2
=-2 +7x+i(6-x)|(apply the lower
2 2

and upper limit)
+i

(& +i Jlz =4+8i

1,1) 2+5y +i(x2  y2)]dz alongy? = x.
4) Evaluate o) [3 X

A

B (2,1)

A(1;1)

v




Solution: Alongd =x, 2ydy = dx, y varies from 0 to 1.

(0(1,0,3)[3 X2+5y +i(x2 y?)][dx+idy] =o' 3 y42ydy+5y 2y- (y* y2)dy + i[3y++5y)dy+ (y* y?)2ydy]

y6 Y5 y3 y6 Y5 y4 y2
=5_ _ - + 1 +i(2—+3_-2 +5 ) (apply the lower
6 5 3 6 5 4 2
and upper limit)
i
= 4+

(1,3) 2ydx+(x2 y2)dy alonga)y =% b)y =3x.
5) Evaluate o,0) X

Solution: a) y =% , dy = 6xdx, x varies from 0 to 1.

0(1,0),3) X2ydx+ (x2  y2)dy =0l 3 x4dx+ (x2 9x4)6xdx



(1,3) 5 4

(0,0) Xoydx + (%2 y2)dy =3 _
x5+ 6 x4 -54 x66

b) y = 3x, dy = 3dx, x varies from O to 1.
(1,3)

(00) X?ydx +(x? y?)dy =
013 x3dx + (X2 9x2)3dx

=3 —-24 __(apply the lower

6) Evaluate{ 3z + 1 )dz where C is the boundary of the square with vertices at the points z =0,z = 1, z
z =i and the orientation of C is astockwise Solution: C is the square OABC




3z+1 )dz + 04(32 +1 )dz 1)

Bz+ Vdz =3z + dz
+ Cz(32 + 1)dz +c3(
AlongC =OA : (1.1)
( )
y M A :()1
dy =0 C(0,1)
1 X2 g
X varies from 0 to ¢13z+1 dz :n(3X+1)dX - 3—, +X(apply
the lower and upper limit)
2=0p z=1

A(1,0)

Alonag3t = AB




x =1, dx =0y
varies from 0 to 1

1 c2(3z + Ddz = b[3 (1+iy)+1]dy =i -

Alongdt=BC y =1, dy=0x
varies from1to 0

0 c(3z +dz =1[3 (x +
N+1]dx = _ -3i1

Alongdk= CO x =0, dx=0y
varies from1to 1

1 ) x@Bz+1dz =1
[FRbLlid=_ 4 _
c32+1-de: =+

i+ _ =

c(3Z+1 )dZ:O



(1,1) 2+ 4xy+k?]dz along y %2 7)
Evaluate(,0) [3 X
Solution: y =0 , dy = 2xdx,

0(1,0,1)[3 X2+ 4xy+K2] = 01(3 X2+4x3+i x2)(dx+i2xdXx)

1 2+4 x3-2 x3)dx + 1(6x3+8 x4+ x2)dx
=0(3 x
1 3 8 1
=2 +1-2+ i(E +3) (apply the lower
and upper limit)

8) Evaluated y2+ 2xy)dx + (x2  2xy)dy , where is the boundary of the region by w&and x =2

Solution:
G: Along OA, y %2, dy = 2xdx X varies from 0 to 1ci(y2+ 2xy)dx +(x2  2xy)dy = ol( x4+2x3)dx + &2

3)2xdx = — G: Along BO, x =y2, dx = 2ydy Yy varies from 1 to-0
2X

clyz+2xyddx +(x2  2xy)dy =



1 2+2y3)2ydy +y4 - 2y3)dy =-1 Y =2,
=o(y /
B/ A
fo+ oor(6  odHeE1+ =- g
0
y* =X

|  dZOK@ Qa G(GKS2NXBY
L F61T 0 A& Fylfedaolf cdnAR FVoTl 0O A& O2yil siyhpe2 dza A

closed curve C, thenf(z)dz =0.

Proof: SupposeRis the region bounded by C f(z) = u+iv Z=
X+Hiy
WhereC
f(2)dz = o(u + iv)(dx + idy) ={OAD )+ifdyU
+ vdx)
AFA FAFAH

{AYyOS TV ol AHABEAHNEKISt AN dzé dxitifuous in R.
Il OO2NRAY3 G2 DNBSyQa UGUKS2NBY
AA H



cudx + vdy =.r AE A Bdxdy

AR H A A b
()
cfzdz=.r A ANIxdy + i.r A+ ABdxdy
ANA H AVA &

()
Since f(z) is analyticcf z dz= -r A &b ABdxdy + i-r AYE A & dxdy

AFRRH  AFRAH

AFEAFBND AHE- AH
viooHe= o

/[  dZOKé Qa LYydaS3aINIt C2NXNdz |

If f(z) is analytical within and on a simple closed curvedads any point inside C, then
1 f(z)dz

fA)=— _—  icee M
proof: C is a closed curve and a is any point inside C, Enclose a within a circle C whose radius is r and the
centre is at a. Now C is inside C.
f(z) IS not analytical

inside C.
(G



e /|
Where
5 ()
Cc Offo Hdz)=

~ ~ Ve ~ ~

- dzOKeé Qa GKS2NBY T2NJgzdaziQyxdasd S O2yySOUSR NBIA2)

— 9@ =enC

OV Aa I bl ' NJ
||

zCa=g ,z=a+d

dz=ré R"
‘ PGFNASA FANBY n (02 H™ AY

) .

~

cf6 Hdz)= 02" f@a+ (efle ) )elNR‘ oRF " A Fed)d b NJ

As rO n 3OO0
,ili),,l . H -
He H = fa) R ¢ ' FOol 0 H™ A
fzdz
f(a) = c@® B

H™ A

/[ I dzZOKe Q& AYyOGSANIE F2N¥dA I F2N 0KS SNRA @I

{2dz1l




f(a) = c® B
H™ A
Differentiating with respect to a successively
{7dz1
FYOL & ol2a H™ A

2 fzdz

FTYVOLAD d A

O

Z—
O
fii (@) =23 A AU 4A
2 O

fiv(d) =234 " A EUsAU AU

O
fn@=23" & U A& U AU

We can evaluate easily the integrals of complex functions using this formula.

Problems:

0eZdz



1) Evaluate. z+2)3 Where' C i$ = 3. Solution:

z =-2 lies inside = 3 | |

I OO2NRAY3 G2 [ dzOKe Qa

() , ,
1fz7d7Za=-H B c B¥WN Oolo T
[f(z) =z
" AH
FYOdezl T FYNV @®+0 I 1
2ez T 2N=62e 2+ 2 2=0

0 ¥HO

"H— (&+ ) =0.
dz

2)Evaluates___ s ywheré €i9F W dza A y 3

Solution: z = 0 lies inside C and z4dies outside.
AOO2NRAY3 G2 /I dzOKeéQa

2 {2)dz
FY Y O lcOUu sR [arO A __ andf(2)= +)8
2 1
+4* yR  3#YVYOnO T
"HO i

LICE

Ay GS3ANI §

T2 N dzt |

[ I dzZOK&@ Q& AYGOGSIANIE F2N)¥

AYOUSAIANIt F2Nydz |

1
EWOFVONTO THO

I_I



(z3 sin3z)dz N

A - VPN
3)Evaluatec ¢ 2° whereCi®I' H dzaAy 3 /| dzZOKe Q& AydS3INIE T2 NNd

Solution: AOO2 NRAY 3 G2 /I dzOKeQa Ay aGdSaNFt F2N¥dz |

112 2 sin3z8 AT VeV A3 and {zFz
A 2

TT
<2,z = lies inside CO =2 | l'-F\l OR-0T o

T
2

TC
o0O02aol FVYVOT OFEN of9bap aAyol
'r)n

won I i(3-9)
0d

4)Evaluates o o swhere CY&F n dziAy 3 / F dzOK& Qa Ay G S3INI € T2 NYdA
Qa Q Q&
Solution: & & U= U 3p

z =1 lies inside C i.e|z|=2

f(z) =Q ¢
AOO2NRAY3I G2 /I dzOKeQa AYyaGS3aINIE F2N¥dzZ |
1 by c(r» b=

f(a), [ a =1] _ O



H™ A

1fzdz FY N O& Ol ~ A
FYOQeF KR VAE OFXYOMO T
QY i

o U 3="H

5! AAy 3 /| dzZOK& Q& Ay (i 83 Nlubavherd Gl elfipde anf d@+4trdz (i S

U p U
36.
«"Q &
Solution: O U p L
«'Q¢ «'Q¢ 1 «Q¢
(1+i)

e

= Wz+)+ P- 0 U EPP
Ug2 Splitting into partial fractions z-£and z =i lie inside®+4 «¥ =36

fzdz
1 ()
Hic® Y
f(a) =
{7dz1
A wulA FYOI O
H™ A

f(z) =24, a =1, f(1) = 1, a=l, f(i) . = 1
FYHABOYR #®NOAUL T

(1+1)2 (14+1)



1
Z4dz

C U p 28 E A+D* 4 ~-m -~ A B4) H- A O
8n
=r ) (1+i)
logzdzl |
6) Evaluatec _____ 0 % lwhereCisd = dzaAy3 /| dzOKeQa AYyUdSANFE F2Nydz |

Solution:

(.0 (10

AOO2NRAY3I G2 /I dzOKeQa AYyaGS3aINIEt F2N¥dz |
1 fzdz FYN Ol )

2 c v 3& 2! [
|
I T'm8 ~ A

0 | =4s a circle whose centre is (1,0)



1 1 and
radius is , a=1 lies inside C =
VA
)
L f(Z): {2dz
f2371 X FVOT oWVIN OMD FNYOT O T
)
1
FVYNY &lobsa '™ A
i T "HO "Ho
_ -
Ho )
z2 U0 p AU 1
7) Evaluatec U 02 wf]ereéii‘) =1 (0,1)
Solution:
AOO2NRAY3 G2 /I dzOKeQa AYyaGSaINIt F2NNdz |
f2dz A —dP—cif(d) . n
z =0 inside C and z=i is outside C (—3,0) (,,0) (,,0)
2 f(z) = , [a=0, f(0) =1]
(z —z—-1) 1.7
2 (z-1)? (x=3)"+y =1
5 & )Hd

ST (O

(3z2+7z+1)dz

H ~



9) If F(a) =c 0o dzZAAy 3 /| dZOK@ Qad AYOSAGCHD M0 F20dadzh E BKENBL AUV A&
(3z2+7z+1)dz

Solution:  Suppose F(a) = U A
(3z2+7z+1)dz

F(1) = , [z=1 lies inside C]
c U p

f(z)dz
c v s E £ A
[f(z) = 3z2+7z+1, f(1) = 3+7+1 =11]

3z +7z+1)

2 c =
2\E pop ¢ AE & p
(z-3)

2
(3z +7z+1)

F(z) = c——dz, [z=3 is outside C]

(z=3)
(3z +7z+1)

2 C
=0=F(3)
(z-3)

a=Ztxisinside C
Col 0 &+7at+1)A 6o
CVOl O ' H AOclbT?U



CYVYOl O ' MH™ A
CV-X0omM I MH ™ A

Complex Power Series
¢l ef 2NRa ¢KS2NBYY

If f(z) is analytic inside and a simple closed circle C with centre at a, then for z inside C f(z) = f(a) +
TV od) ot VN6 F oA 1O Bl A

2! 3!
Proof: [ Si % 0685 | y e LJ27\)fl"J Ay aAh RSO K ZO@)K[@N’A Slylf)f 285 fiS®Ad KO
then
1 1 1 Uu A p
= (1—_) w—zZw—a—(z—a) w—aw—-a
converges
1 z—a (z—a)® (z—a)? n (z—a)
uniformly “w-a (1 w-a "t (w-a)? " (w-a)? " nte] w-a)
lz—a I<lw—a |
multiplyin Z—
Pying —a LI< Therefore, this series

Q) O Q) Q)
020K &ARSa o6& FTo660 YR AYy(S3NIUA ¢-T50A (1 K& HEB) OIS Oik 2 4x2U0 ¢ 2y

a2 O x AxsbXbU ¢ O¥ "dv)dwin

TOo60 Aa Fylfedad 2y OV



1 v gw

O(x Y
f(z) =(ht 27 1 )
@) o dw
and nl THiOVx & Dividing by 2 E

L'y dw 17w dw ()" dw (U R aw dw (B dw % & 71 O VAN OVx—ArRi x 4b X DA

x #Aib X
H™ A
(z—a) (z—a)
2% f(z) =
f@+zI 0 ETVYNOFTVBLOIl Xt bX

CKAAa Aad ¢lFef2NDa aSNASaE 2F Folo
if za=h
h2 hé
TOFBbKOTFOLIO BOKOBXOKHOUD _ FTMHY O 0bXb
a=0, h=z

z2 43 I3

FTOT OTTOoOnBTWBLY o FB ¥ta



M6l 0bX
CKAa Aa | al OfldzNAyQa aSNARSa 27

Laurent series
If f(z) is analytic in a ring R bounded by two concentric ciralesd33 of radiir: andro,

(r1>r2) with centre at athenforallzinRP f(z) =av+au (za)+taz U 2b xB +by X
1 () 1 2

" dw U » © Yo
Wherea: = 7 i Cl—x(—)aéa—

and be=Z1C x A+

2 K S NI anpdurve in R encircling C
t NEP2FY / 2yaARSNI ONRP&aad Odzi tv yR Folo0o Aa FylFrfadAao

QO 1 "W dw oo v)dw
() ()

f(z) =[ PQ x UG O &-qp x WG © §]
H- A () ()

"wdw v 1 dw

fz2)=lGw o - Cw ]2 Equation 1
H™ A



Where @ and G are described anticlockwise

Consider
L Ewylw . Ewylw @ o Ewypw U A () "Qwdw
« a2 c 9 Rt atria bXb H™ A
v M —r G x #1bX

= £=0 2 C (w=a); ,y

=.= (0 B a 2 Equation?2

fw dw
1 ()
Where anl  HG & Az
()
1 Twaw
Consider G «x

H™ A
For G, w-a < za



|ﬁ|lz—a -t bXES a) 1 (ﬁ

_ 1 _ 1
(w-z)  w-a—(z-a) (z-a)(1-

w—a) fw dw (z—a)3 1 fw dw fw dw

z-a C H™ A U A& H @G x A +
v w=-—a -1
(QHTXAG (Za)[_za]
w—a (w—a)? (w—a)? H™ A
[1+ 2t 33 .
T (Zoa) z-a (@) (@ma) n(Z—a)7 2 equation3  Where
- = 2 (w=2) . () (z—a)?
b=H "~ @& (x Ana
Substituting equations 2 & 3 in 1, we get fz)=(6 Bla+i=-06 HIib Thi§ is called the Laurent series of f(2)
The first parti- (0 ‘H'a is called the analytic part and the second part
-® BiomAaa OFttSR GKS LINAYOALIf LINIO® LF GKS LINAYOAL
Problems
D9ELI YR £23 1T o0& ¢lé&ft2NRa aSNASE loz2dzi T I wmo
Solution: The given function is f(z) = log z L
N - " FY NN Bl A
¢lhaf2NDa aASNKSa 4a 370" % A
(@) (2 FYVOL O o X

a=1, (1) Tolo I Fa+020 U 2+



1

TV &EO FR OMO T MZ
1

FTVV-@EO FFN om0 T
2

FTYVABT BV LY 6 MO fNZ)F X

3!, ,fiv(1) =-3!

1

logz=@)-2(6 )+&3@® -4 )bXHh i

74 2

2) Obtain all the Laurent series of the function__about z =1
(1 (G 2) 74 2

Solution: f(z) =
o+l a(a 2)
put z+1=u,z=101 zZ-
2=Uu3

ne Nip X



A=lim =-3
6on( 6 J)px060wo

B=Ilim =1
6op O O o
x0 @
=lim=2600c 06 p O
C )
-3+1+2=-3-p 1(-@8 O w o p
O ou3 3 ( _)
=-3- (1+u+u+udb X - (I+u+u2b XuBo9 i - —
=-1 - -Q+— )z+)(AQ+ - )(0+ ) b(l+— )(0+ )bX
__t
3) Expand® - #&tRe region
o<t l<1p (iy1dz<2 (iii) 21> 2
Solution:
1 1 1
() (z2-3z+2) (z-2) (z-1)= -

U I<1p



(iii)

OMb

- ZbZZZX 0

1 1

(z—2) _(z—1) = (z—-1-1) _ (z—1)
1 1
_ e .en=(; Cy))

:-(1+Q-1)+(6 )+ I+ E

1
Il |1<;lz<2,|;|< 1, <1

P1
1 z) 11
— D
— 3
= 1+ + + bXwB(1l+ b
2
Il 1z|>2,2<|Z|, <1,z

-1

0 4+ T4

1
(z=1)

z(1-%) z(1-*



_1)

2
= - = n=1 E+2_

=y®
( n=1 n o 2 o 1

5 -
zn - n=1 zn

(1414 =+ )

z2 1)4) Find|tHe
Laurent series expansion of the functian_______if 2<z <3,

(z+2)(z+3)
Solution:
(z? 1) (52+7)
f(z) = =1-
(z+2)(z+3) (z2+5z+6)
3g =1+
(z+2)  (z+3)
3 =1+
z(1+3)
8
3(149) ,
3 -1
3 2\ 18 z
—1+z(1 z) '3(1+ 3)
3 2 2 23 z z? 38
B R -

Mb

b XU



=1+3n=1 N +8 n=1
© ()i L
=1+7= &+ 1)
€2z
5) Expand f(z) = U spabout z=1 as Laurent series. Also indicate the region of convergence of the series.
e2z
Solution: f(z) =
3
U p
put z1 =u, z= 1+u
022 e2(1+u)  a2,2u G2 (Zu)z
(z-1? — 3?3 w3 ud 2! = (1+2u+b X U
e (2(z—1))?
= s (1+2(z-1)+ — +...)
- FGgry+t@r+y +tE)
Z
6) Express f(z) = in a series of positive and negative powers-df z
U p zU o
Solution: fz) ——

U p U o
z A B



z 1
A=lim___ =-
Uop U o ¢ U o
B=lim = uoo - Ue 2
3 1 3 1
f(Z) —2(z—3) _2(z—-1) = 2(z—1-2) _ 2(z-1)
3 1
= U Fc U
—4(1-—)
2
1 3 S -
=-T3(1 YR T g LT 1 2-1) 0 p 2b X-0

Contour Integration
Singular points
Singular point: A point at which f(z) ceases to be analytic is called a singular point.

Isolated singular point: Suppose z=a is a singular point of a function f(z) and no other singular point of f(z) exists in a
circle with centre at a, then z=a is said to be an isolated singular point.



In such a case f(z) can be expanded by Laurent series around z=a
Pole: If the principal part of f(z) consists of a finite number of termstb... bn  bnr’

0 then (za) is said to be a pole of order n.

. o . . lim f(z) = o)
if n=1, z=a is said to be a simple pole.(note: if f(z) has a pole at z=a, then
. . . . . . lim () .
Removable singularityif a single valued function f(z) is not defined at z=az- and f zexists, then
z=a is said to be an zremovable singularity f(z) =, z=0 is aemovable

singularity.z

Essential singularitytf the principal part of f(z) consists of an infinite number of terms, then z=a is said to be an essential
singularity

1
1 1 1

e.= 2T 22 T35 T 2=0is an essential singularity.

Singularity at infinity:Suppose we substitute 25 f(1) = F(w) (say), then the singularity at w=0 of F(w) is called the

W
1singularity at infinityez has an
SaaSyuaAl t aAy 3dzhasHdiessentid singdlarity ek Z20. 8 A y O S
Entire function:A function which is analytic everywhere in the finite plane is called an entire function or integral function.
Examplesez, sin z, cos z are entire functions.

Note: An entire function can beepresented by a Taylor series which has an infinite radius of convergence. Conversely, if a
power series has an infinite radius of convergence, it represents an entire function.



[ A2dzOA f f SffAis anaktis hdNdBuMo¥d, f@) < m for sane constant m in the entire complex plane, then f(z) is
a constant.

ResidueWe know that. 09T W~ A gl SINRAN_A A gigT NnX-1AF y ¢

C () fzdz[ Hiwhere& is the circle with centre at a and f(z) is expanded in Laurent seitesaiol
1

to be the residue of f(z) at z=a [ the coefficient®f) in the principal part of the Laurent series of

f(2)].
/| I dZOKé Qa wSaiARdzZS ¢KS2NBYY
StatementL ¥ Fo1 0 A& Ly Fylrf@diAO FTdzyOliAz2y AyaiARS IyR 2y | Of 2aSR

fzdzrOu A 6 ddy 2F GKS NBAARISA i GKS LRAyGa 6KSNB Folo
If the poles of order onerad n then the residues are
__d 1 di o "f(2)]
limuo Adz[ U ff)],limdA $ap U A & 1)Find the poles of the function and the
corresponding residues at each pole, f(z)=__(z2+1)
€iz

Solution: The given function is f(z) = (z2+1) , f(z) is not analyticatz =iand 4 =

Therefore, the poles of f(z) are i aAdboth are simple poles If
z=a is a simple pole, then the residue at z=iasi U uda(JE U

Resz=i¥ EI U=IEEI£&£ W& — i—
=-"H



UOCEUOCE U E U E
eiz i
Res z=i=lim(z+i)f z =lim(z+) ____ _~’="Huo EUo GEE U E
sin2d

2) Find the poles of the function and the corresponding residues at each pole#z)=

(z——)?
6
sin2g
Solution: The given function is f(z)—=—— , z- is a double pole
(z=)2 6
6
_ 2
sin
_ 6“lim«=dzda U e)2
Resatz= =
(z—-)?
U % 6
Z 7 vV
=m ;| [@sinz cosz =2 Sin Cos =
&z
Z sinz
3)Findtheresidueaf __ U zatz=n 8
Z sinz
Solution: The given function is f(z)= U =, Z =Ais a pole of order 3

If z=ais a pole of order 3, then residue atz =a is



1

[ U A
imodia paAt—ie o nf(2)] (a=n)
ld2
Res at z A =0 o im dz2 (z sinz)
2
1d
=lim__ (z 2 =
cosz + sinz)o A lirhu(cosz 1
¢ z sinz + cosz)-1. uo &
AT D0OE Rz Where C i§|:3.
2 2
4) Evaluatec ¢ p)U ¢ (cosmz +sinmz )
( )2 g ¢
Solution: The given function —) ( _ IS f(z) =——=2z—31-s-a-dable pole
and z = 2 is a simple pole, Uop AUUO, U ¢ both lie inside Cu
(z-2)(-2zsinmZ2, 5 A1 O A Grsinmz2
Res at z = 1km O r d[U 2f(zp =limd Ai DOERA U
( (Al O7+0E1%)
3 Uo ¢ U =1 Uop

lim =



ResatZ=2EEI U
2 f(z) =lim vo ¢

According to residue theorem
AT O OE PdzU
— )=2—¥sum of the residues) = 2i(3+1) =8
2 U ¢
- zseczdz 2+9y2=9
5) Evaluatec o @ where Cis 4

z seczSolution:

The given function is f(z) =—p @ z=1 andl are simple poles andx+9y2=9is a ellipse whose semi minor and

3
major axes are 1 ang.1 and-1 both

lie inside C. Y zsecz secl
Res at z=1 km (z1)f(z) dim - =-
Uop UOp U p ¢ U OAAU OAADp
Res at z=1 =lim (z+1)f(z) #m - =-
uo p uo puU »p 2

zseczdz ¢ o & = 2Ai (sum of the residues, by residue

theorem)X

=2Ai (sec1F-2 i(secl)

e‘dz

(0.1)

1

0 z

1

3
(:0)



6) Evaluatec uv < Where Cisthecircle |=1.p

e‘dz
Solution: The given functionisf(z)=—— v ¢ ,Z 32 and 1 are simple poles , z=1
lies inside C and zZlies outside C.
e? e Res at z=1 km
(z1)f(z) im = GopUopz2 3 ()

HKD) dz =2 i
(sum of residues at the poles which lie inside C)
.,I_'c‘r,HEg i.,H
HE+ )6 )=

Evaluation of real integrals in unit circle

C A
We can evaluate the integrals of the typeE ~ AQ EQ)d[ fhere fA T OO B ) is 4 rational function, using residue
theorem.
Efwe canwrittAT O [ =
eEte EJ we know that if z =

2

1 eeje gy Al & it (z+_)andOET=_f
z 2i

1
— 1



OEI1= () 2iz

et |
d =
dz
and
d =

dz
iz
By this substitution we can change the integral into a function of z.

We know thatcf(z) dz =¢ A (Bum of the integrals) We
||

take C iz =1, then[ varies from O ta; A
C A
0 &£ AOG)[ =cg(z)dz where Ciz=1
1 11dz g(z)=f[2 (z+J_)(z-|_)|] _ 22i ziz
We can evaluate using residue theorem

Problems

| G A



1) Show thato A A 6E¥y b2, @>b>0 using residue theorem.

Solution: Consider Cl2=1, 7 =€
11 Al & £ (z+ )OET=(4)
z 2i z
cn O dz

0 A AOETcfa+z0i0 12b)

2
f(z) = [ bz CAED A
cf(z)dz =c bzz ¢ AEMZ A
bz ¢ AlEEDb(E 00 b
2ai
where ohbl-a& A1 T
b
—asid2 B2 AE 2E2 A
h=] yR=b 4
o orm YR D pailz)dz=c AwEd ABAF Ay )

2
wSa YWmRz-hh O limaln T
g U d 1 bi 0



pOoh bi 0 ,
- b[—ai+i \fbaz—l:)2 +ai+i\/§2—b2]
_ 1
"~ iVa2—p2
cf(z)dz= 1 2 dz __ 2mi
i  bz242aiz—b ~ iVa2-—p2
de 2n
a+bsin® =Va2_p
e |
2)Evaluateo ¢ o A4Using residue theorem
cn O
Solution: 0 ¢ ohAd o
Substitute z et/
1
1 1 1 Al & [2 (z+2) ,C')ET:_(zf ) z

dz = ieEA [ andA [=9Z

1Z

C A dj dz 4z0z



( z+1z — (9i(z2-4z+1)?

0 \é_:Oq’32 )]2 \/—
¢KS LkRftSa | NB b3 hYYRR I BITYRSOBBGI K FNB R2dzof S LR2fSasz |Y
d *f(z) ]

wSa | dliml ompudd
d B
=odimh ¢z 0 2] K B ]

(B 23 wsa ki 1 onopr T
4 1
2473 63 i 4z0z7
c9i(z2 4z+1) 2 =9i 2AI \é_g - Vv
cn O
3) Evaluateo - A A i, &>b>0 using residue theorem
Solution: - . 1 oc ad _
A AR O put z=f|[ 2 ,
dz dz =ek/
da ~“=d Al G
(z+1) izz
C A dr 420z
n A REic@az+bzz+b)2 ¢ KS LJ2f S & boti\aR dbubld pglés | >

_a+a?_b? A 2 j2



Where h=| yR
=bb
a lies inside C
d z
WS aA RdzS UHindh ad [p20r%) 4 i T
P p
:_( ) 2 2
b(h b
, 1 2ab3 a
=- b( b8(a2bb2)32) = 4(azbb2) 35
|
0o — A Ami=gA owSa I
c Aad a
2 = 3= _
4i(a2bb?)(H bH)

Contour integration when the poles lie on imaginary axis
f(x)
We can evaluate integrals of the type
— =h(x), using residue theoremx)



Considerch(z) dz when the poles of h(z) lie on imaginary axis. We take positive imaginary axis. lotegréken over the

semicircle and the line R to R. The poles lie on upper half plane. If the poles lie on real axis
rR () ch(z) dz = rh
z dz +h(z) dz

We know that by residue theoremah(z) dz =¢ A (sum of the residues of h(z) at its poles which lie on upper half

plane)
R

Rh(z)dz +h(z) dz =2mi (sum of the residues )

In the limitingcaseR Kk ¢S 3 S /\\
]
R

K
« hidlix (if rh(z) dz = 0)
R

Problems:
K dx 1)

Evaluate by contour integration 1+x2
dz

Solution:Considerc 1226 KSNB / A& (GKS O2yG2dzNJ O2yaAadaidAyd®Rto2¥T

R.

Q)¢

(0p))



dz

dz dz R Cc

1+22 = R1+z2 4 | 1+22
r
dz
1+z2=) K dx dz
— 00 1+X2: C—1+Zz /\
The poles of f(z) ale | , 1 lie on upper half plane. R R
1 1
Res at z=iHim (zi) f(z) dim = zo | zo j@) €@H —
dz 1422 “p |
(residue at z=i)
211 - —— =
@
K dx K dx

2 = :
Jo 1+x? oo 1+x2 [ f(x) is even]
oo dx 1 dz A
=1

- 2

—_ 2

0 1+x 2 1+z 2
K x
K () 2) Evaluate™ "~ (+x5)(#+x%) ysing residue theorem.

Solution: K fxdx

- (O)
Rf() )
rfzdz = +rf282 [rf%dZ:O]




=c.fZdz fadz=cfZdz

K
The poles of f(z) = are-i, 2i-2i. K ) )

0'(2

All are simple poles i ang , ,2y44,2) 2i lie on upper half plane.
Res at z=iim (zi)f(z) zo i

(:]2

= zlimo i (+z)@4+z 2)=- i

Res at
z=2i dim (=
20)f(z) = 2i
02 4
= zlimo 2i (e+251+z 2)=-4i(-3) = = According to residue theorem f Z_dz
2 (sanddf residues)
()
N
= Jmi (-_ +_) =
A K x? |
K _ (1+x2)(4+x2)

K xadx



3) Evaluateo 1+x¢ using residue theorem.

K Solution: _ K fxdx
R
:fR](Z)dZ+ rf§c;z [rfg)dZ:O]
()
=cfzdz
() R

rf z dz= cf£32

( )
The poles are ¢ 2+1 % where n=0,1,2,3,4,5

. G )
[-1=cos\Hisim= e— i=cog2n+1p+sin2l P
. cos(2n+l)n  SIn@n+1} ()
5: 6 +i 6 —@2n+1 A6
NE 33t TRE
Whenn=0,1, 2i.ees, e, elie onupper half plane.
AE AE
Resat® es=Ilim (ze 6)f(2)
AZO A AE
20 leb)
=lim
AE (1+ZE')
Z° ke (3z2-2z€6) A E
=lim 625

Z0 As AE

alc



Q
>

6e

Resat® e —s lim

y AN N -

220 TeL)

=lm —
AE (1+z%)

1 A A i

= =es=(COS-iSIN_) =-
6 2 2

0
= (z0e_2)f(2)

ZO AZ (3Z2—2Z eT) AE

=lim 67>

ZO0 ,&( A E’ Z—2 eT)
6z*

=lim

Z0 Asc A oA N

=e%(woes

T o -isin)=

]

form



Resat® e= (z = lim < e)f(2) 0 form

uAE
Zo A 6
uAE
20 | km e6)
= (1+2°)
vAZO A 6
vn E

Ilrr.']:.A_E 62°
6

im - S S T8

im e 5 5

=z
oA
pPUA I
= = (cos
uAE
6
Zo A
According to residue theorem
27 Bsum of residues) () fzdz=
2
— — N
=2 )= T 14x6






K dx
4) Evaluate—°° (**+1)° using residue theorem.

k ()
Solution: K fxdx
) R
= rE2dz+ 2 dz [+f2dz = 0]
= cf(z)dz
R () /\\
rfz dz= (f £ az
1
(z2+1)The function is f(z) =R R

The poles are i and of order 3, z=i lies on upper half plan and inside the semicircle

Resatz=ifm ___19& [(& "B"QA)] zo iz
12 1
=lim

Z0 2|2

0
@iy L)




(2)°

According to residue theorem cfZdz =2

(residue at z = i) ) T
3 A
=N E =
16Q
K "Ho Z
X (x2+1) o _
Evaluation of the integrals of the type
K imxf(x) dx

K eW2 NRI yQa
Lemma

If f(z) is a function of z satisfying the following properties:

(i)  f(z) is analytic in upper half plane except at a finite number of poles
(i) f(2)° Ouniformlyag® k A GK n X FNB 1 X -
(i) ais a positive integer, then

r limg G$3 endz=0

(0]

Where C is a semicircle with radius r and centre at the origin



K imxf(x) dx =cemfz dz[[ H ™ A
K e
(sum of the residues which lie on upper half plane)

Problems
oo cosx dx
=9 (x2+4+16)(x%2+9)
1) Evaluate ( ) using residue theorem.
()
Solution: ¢f z émzdz ) - iemxfzdz RiMoy f-+ RR émi(z) dz

=>;emxfzdzlF n OW2NRIYQad [ SYYLIl O

K mf(x) dx =eemF o dzl T A R R

(sum of the residues which lie on upper half plane)
(o2 X0

C (+16)( +9) z=3i ,-3i, 4i and-4i are simple poles. 3i and 4i lie on upper half

plane.



Res at z =
3i =lim (z
3i)f(z) = 3i
g

= zlimo 3i(%+16)( ¢+3P

w pP ¢

Res atz =
4i =lim (z
a)f(z) » A4i

= zlimo 4j (a+4§ de+9)

w p@ Y
% o Q Q Mg m)
(2+16)( P+9) = i (42€°+ spf) =
06 Wé Qo
R.P c(z?+16)(z?+9)= ¢ (z2+16)(z%+9)
oo cosx dx _ TM(4e 3-3e™h)

—%0 (x2416)(x249) 84



K xsinx dx

0 (a2+x?)
2)Evaluate () 0)
Solution: : ¢f z émzdz =  emxf Rlimo K I zdz+
()
RRemf(2) dz

-

=>,emxfzdz=0

z

f(z) = (a2+ @)
-R
z = ai andtai are simple poles.
Res atz =
ai =lim (zai)f(z)
zo ali

Z6iz
lim

—



Z al

(z+ai)
aie™@ € + y
c _ e a
H (2ai)
I'H _ 2ni—=mi e _
0 (a2+z2) zsinxdz = 2 °o xsinxdx _ T ;
(a%+x2) K xsinx dx

————=n
— 00 (a2+x2.)



Unit -3

LAPLACE TRANSFORMS

LAPLACE TRANSFORM
Definition:
Let f(t) be a function of t, definedvii xn® LT (0KS A

v {t) dt exists, then it is called the Laplace Transform of

H
f(t ) and it is denoted by L{f(t)} or f(s).

Here s Is parameter, real or complex.L is called Laplace
Transform operator.



[ LY = g " f(1) dt ]
Def: Piecewise Continuous Function

Afunction is said to be piecaise continuous (or) Sectionally
Continuous) over the closed interval [a,b] if it is defined on that interval
and is such that the interval can be divided into a finite number of sub
Intervals, in each of which f(t) is continuous and both right and left
hand limits at every end point ithe sub intervals.

Def:Functions of Exponential Order:

Il Fdzy OUA2Yy TFold0v Aa alAR (2
fim(e)‘“‘ f(t) = finite quantity

(or)

If for a given positive integer B a positive number M
Such thalfii(€! < Mgt <V £ >4,



Sufficient Conditions for existence of Laplace Transform hre
f(t) is Piecewise Continuous Function in [a, b] where a3,

f(t) is of Exponential Order functian

Linear Property:
TheoremL ¥ Os X Oi INB O2yai
[ WOs FsolGuv b Oi Fioduveéro
Proof. The definition of Laplace Transform is
LIODI=do € f(t) dt 1)
By definition
—4 09 _St —4 feor e [ . 4 e r
[ ®Os Fs i & s OFi s OFii 0obG 0GB Fi 600 6

_ Tocsl J&S‘Z _ZZ%((Q )d§t++c ﬁ{ﬂo g:ssttécg) zdf ) dt




rOs [wWFsoldue bBOIi [ wFoll
Laplace Transform (L.T) of some Standard Functions:

1)Show that L{1}=

v © —st
Solution: By definition of L.T L[f(t)]= f(t{o: dt--------- {1)
Putf()=1 o.b.s ay= Jo €7 4 at
Ho
- (D= u
1/s
v vO

2) L[c] =L[c.1] =c. L[1l]=c.(1/s) =cls
at] — 1
3) Showthat L |~ 5-a

— [ p—st
Solution: By definition of L.T, = Jo e flt) dt---------- (1)

L[f(‘t eat] = Oo Q.O_St eat dt

: e—(s—a)T dt
0

ef(s:a)t
7




Put f(t) =gi* ®.b.s in (1) L[

_ 1
“I=5

Note: Lf
4+
4) Show that L[ Cos at]2+a2 and L[ Sin at] =s%+a?

Solution:  W.k.t gg = cosP + i sirP
m TCos at + i sin at
Ligg | * L[cos at + i sin at ]

L[cos at + i sin at]= jgf 1 <
_ 1 ati 1
~ia (L[e™]=—)
_ s+ia
" (s—ia)(s+ia)

_ s+ia
s2+a?
s . a

= +1
s?+a? s?+a?

Equte real and imaginary parts we get
v +
L[ Cos at]=2+a? and L[ Sin at] =s2+a?
5) Find L[ Sin hat ]



eat_e—at

2

Solution: L [ Sin hat]—E[/[s —a s-ll-a] =Y [ Lgr oL g T )]

sta—s+a

=15 [ s2-az |
a

s2—q2

6) Find L[ Cos hat ]

e +e

2 + <4 F <
Solution: L[Cos hat]=L[] =% g F+L g T}
=% 1, 1 |

s—a st+a

s+a+s—a
:1/2[ §2—q2 ] = =¢2_g2

7) Show that (i)) L]="(n+l)/v*, -1

(i) LEJ=n/v*+, nis+veinteger



Solution: : By definition of L.T
i) =Jo € £(t) dit-—-—-(1)

ny— (€ ,—st gn
L[t]‘foe Lt putst=x iet= x/s
_foo —x(f)nﬂ _ dx
=)o € s' s dt ™ s
_ 1 O —x N
_sn+1f0 € X dX

1
s 1 Pin+1),  for (n+1) >0

L[«] =" (n+1)/v* , -1

L [«]=nl/ ¥+, nis+ve integer FORMULAE

1) L{1}=
2) L{c)=_

3) Leat]:E[ , Lg +« ]=w 4+



4)
S)

6)
7)
8)

9)

v
L[ Cos at]=2+a?
4

L[ Sin at] s?+a?2 =
a

s2—q2
L[Sinhat] s =

L[ Cos s*-a? hat]=
L(t"N="(n+1)/v* , -1

L(tN=n!/ v+ , nis +ve integer
PROBLEMS

1.Find the Laplace Transformation (L.T) ef+ 4«3

Solution: L [a+ «3]=L[«q+ 44+ <[3]

== +2. 5+ -
s3 sZ2 s



5 .

s L[
Solution: L§ +41= L[tz 1+L[4]
pC) 4
=7zt |
S s
3ty 3e21] 3. Find L]
Solution: Igg *3g ¢ Lig I+
U T
1 1
= 3 T3

4.Find L[Sin 3tGos? 2t]
Solution: L[Sin3t&¢ i J=L[Sin3t] + ¢ i ]«

+
=519 T LI 2 Fo V<
]
_ 3 1
s2+9 = 2{ L[1] + L[Cos 4t] }
_ 3 .1 s
s2+9 2 [s sz+16:|

5.Find L[f()]if f(t)=0, O«
=3, b
Solution: By definition of L. T



v (1) dit
L[f(D]= m

=Jp e v i(t) dt
f(y  dt o+ -

First shifting Theorem (F.S:T
If L[f(t)]=f (s) then L Kt)]= f(s-a)
Proof : By definition of L.T




L[f()]= Jo e f(t) dt = f(s}------{1)
L 1= Jo €7 " st

=Jo € sy dtPut sa=p=Jo €7 f(t)
dt
=f(p) = (=)

Note: Lig T f(t)] = f(s+a)

Problems:

1) Find L[ty §

Solution : let f(t) = 8
C L s =m=fls)
L[ f(t)] = L[ t3] =3+1 ~ s¢

By F.S.TL g * ()] = f(s+a) a=gyl[
f(f)] = f(s+3)
6
Ly t] = (s+3)*




2) Find L g {3 sin 2t¢ 5 cosh 2t)]
Solution : Let f(t) = (3 sin 25 cosh 2tL
[f(t)] = L[(3 sin 2t 5 cosh 2t)]

=3 522+4 -3 szs—4 =(s)
By F.S.T L * {t)] = f(s+a) a=1
Lgg O] ="f(s+1)
_ 6 5(s+1)
T (s+1)2+4  (s+1)%2—4
6 55+5

L [gg {3 sin 2t¢ 5 cosh 2t)]= s2+425+5  s2+25-3
Second Shifting Theorem (S.S.T)

STATEMENTIf L[f()]=f(s) and g(t)=fta), t>a
=0, t<a then L{g(igd= Y(s)

PROOF By definition of L.T



LIFO)= fy e™*  f(t) dt = f(s)-----(1)

[“ewst  Lg®l= o) dt =Jo € g)
dt 4+ ["e-st gy dt

= 0 +f e f(t -a)dt put ta=x" Jo e f(x) dx
t=a+x
=e % J-Ooo e % f(X) dx dt:dX, (X:O td'b)
Example :
_ cos(t- cud _ s
Find Laplace Transform of g(t) = 3), ift>_
Z
=0, If t<
Z

Solution: Let f(t)=cost |, a=



f(ta)=cos( ,,.
.3

t-a) f(t
)=cos(t-2?n) )t

= f(s)

S
s2+1

cost]=
L [f(t)] =L

[
By S.S.T L [g(t)g Y(s)

Change of scale property

if L[f(t)] = f(s) then L [f(at)] 2f(5)
NOTE L [f(% )] = af(as)



Example If L [f(t)] =2s%-125+15 then find L [f(3t)]

(s—1)3
Solution: Given 9s2-12s+15
1) = (s)
L[f(t)] = by Change of 1 f(s)
scale property, L [f(at)]
_ s =5
1 9(3)2-12(3)+15
"3 (——1)3
1 s2—4s+15
[(s 3)3/27]
_9(s —4s5+15)
- (s-3)8

Laplace transformof the derivative of f(t)
O If f(t)is continousfor all D and f (f)is piecewisecontinoushen
L{f (t)}exists,providedlim eSf(t)® and Qo

L{f @} SL{f(t)} -f(0) sE@)H(0)
L{f " ()} Bf(s)-s¥(0)-s"%F (Q)....F*(0)




ExamplelDerivelaplace transformof sin at

Letf®)i$ i nat t henf 6(t ) -adimat a cos
1 fa2 Fo6n0 ' ns ¥Q 6n0 T+ FNRB
By derivative formula,

[ O F QBAG(O]G 8 f(O)T f 6 -6-X1)
L{ -a’sinat}$’ L(sin at) a
( @) LSinat)+ a =d (sinat)a=
(s>+ o®) L(sin at)
L(sin at)= gzj—az

Laplace transform of the integration of f(t)

)
fLIO]=f(s) then U FDdt] = =7
Example:



t .
Find L.T. oflo SN at dt g ution:
Let
@ f(t) —
L[f(t)] = L[sin at] £2+¢&F _.
0 S
= f(s)

L[

t 1
J, sinat dt ==

s ‘s?4q?

a

)

Multiplication by t :

= [f(s)]
If L[f(t)]=f(s) then L[t f(t)] 2 =

d
= (—D)" = [f(s)]

L[«f()] =



Example Find L[tv . §

Solution: Let oe 0=V -
let sin®t] = L[ ] = L
: syt
2(L[1]c L(gCos o)) 2 s sS4 s(sP+)
= 1160
e ds [s(sz+4)]
[{S(sz+4-)}2] _(S(S +4))

2 ]i
{s(s2+4)} dS(S3+49

=

By theorem L[t f(t)]
2

=lsczrar
_ 65’48
s?(s2+4)* ] (3s2+4)Division




£ f(®)
FLEED]=FS) then L[ e1=J5 FAs provided WM exists.
e —-e D | |
]
t

Problems:(1) Find
L[

Solution: Letf(t) 39 “m
e 4] -1 1 _
L[f(t)] F S+3 S+4 _f(s)Wkt

L[ (t)] f f(S)dS

]_f (m-m)ds < <

L[
Ho
f log (s+3) log (s+4)
Hos J Ho
"
=[log T) | = |log™ *y
i+ s v()S v)
543
=log 1- log (S+4)
s+3 s+4

= 0-log (s+4) =log §+3)
cos at —cos bt

(2). Find L.®f "




Solution: Let f(t) = cos gtcos bt
L[f(t)] = L[cos at cos Dbt]

f(s) =s*+a®  s2+b?

w _ 0o
w.kt, tL[f btf f(s)ds
COS(I COoS ]—f (

32+a2 32+jb2

)ds[

|

H
{ 2+ (%) ¢ log (2+ CF)]
[log




Evaluation of Integrals by Laplace transforms:

J‘OO[ e ~—¢€ 0 20
0
(1). Using L.T. Evaluate Yt
e—t_ e—Zt
Solution: First we will find L[ ¢ ]Iet
f(t) =Qo Q20
L[f()] = LR° Q29
1 1
= - = =f(s)
S+1  S+2
f(t) o0
VAN d
wit, Lt Tds f©ds,
e t—e72t o, 1 1
L[ ¢ 1= (H 2%
log (s+1)- log (st+2) = log (
[ J { HoHs
E J
S+2)
S S
Hb
= log



s+1
L {1+ | =log 1-log (s+2)

_i1+h)
ey g
otz -|og (S+2 s+2
e ~¢ ﬂ) S+1)
t ]=log (S+1
therefore, L |
The definition of Laplace Transform is
Lif?= Jo €7 1) ot
eb —e® © _op e t—e72t 5+2
] = b € 1dt= log &)

Put s=0 on both sides

o  _e~t_e—2t
Jy 1=

o .cos at —cos bt

2. Using LT find Jo ¢ t ) dt

cos at —cos bt

Solution: First we find t L[ ]
. Let f(t) = cos at, cos bt

2
]dt = log@) =log2

L[f(t)] = L [cos at cos bt] f(s)

=s2+a? s?+b?



w.kt, L:)] = [" f(s)ds

L[ t— bt 1%
L M]=I (SZ:az - szj_bz) ds
[
(o0]
- J +%)clog (v +4)]
= [log (v
g
e . S
V+=|:2j
= IQg (V +-Hi,2)
_ 1 I g(s 24 >
—st /Cos at —cos bt 1 s2+b2
—)dt = -
By definition of LT, f ( ) 2 o8 (7z)
cos at —cos bt 1
Puts=0 o0.b.s fO (f)dt = 5 log (_)
=|
8V (3 _ 1og (oig

Note: put a=5, b=3 in above problem

o .cos 5t —cos 3t
3.5T Jo )9t = 1oq (355)

Laplace Transform of Periodic Function:

Definition : A function f(t) is said to be periodic with period T , if

v o, f(t+T) = f(t) where T is positive constant.
The least value of T > 0 is called the periodic function of f(t)




Example: sint =sin“(2 ¢ =sin(4* + o Here
sint is periodic function with period‘2

Formula : If f(t) is periodic funagbn with period TVt thQ €

r —s
L[f(t)]:1—;—5t o e tf(t) dt

Problem : Find the L. T of the function f({2=0< 0<5 and f(t)=f(t+5)

! 5 —st
1—e~S5 fO € f(t) dt

1 5

- —-St t

= e e
1—e~S5 J‘0 dt

1 e(l—s)t 1 e5(1-9)
Solution : Here T=5 L[f(f):l—e_f’s [ 1-s ] =1—e_55 [ 1-s ]
¢CKS dzy AU &a0GSL) Fdzy OQuA2Zzy 2N I S|
It is denoted by u@a) or H(ta) and is defined as H#&) = 0, t<a
=1, t>4..T.

of unit step function:

mTtY
Prove that L[H@)] =——

v



i : . 0 ,—st —
Solution : L[H(t foae H(t_a) gt a)]
— —st @ —st _
_foae H(t;oa) gt J, e " H(t -a) dt
=[,0+ | e .1

=(£0)

=) dt

Inverse Laplace Transform :
Definition : If f(s) is the Laplace Transform of f(t) then f](t) Is called the inve

Laplace Transform of f(s) and is denotedlby™d .i.e., f(t)'=
0174 [ ()]

U lis called inverse Laplace Transform operator, but not reciprocal.

e

-5

e—sa

at]_ 1

1 at — j-17_L_
~ s—af then® =L [s—a]

Example If N

Linear Property :
LT FTso6ao YR Fioauv INBE [P¢cd 2F Fs




0100s Fs6av) wFGio a®raFa 008 VO |

> O0i Oz2yailyidao
Standard Formulae :

> L7[5]=1
1)L
at] = L ( -1 1 - pat
2) Lle ]-s—a [1] = = L [S—a]_e
_ 1 1 )
(3) L[e at]=s+—a' = L7 —]=e
a
-1 1 _l
(4) L [sin at] —s2+q2 =L [Sz+a2 ]1= a sin at
\ = L[ 5— = cos
(5) L [ Coss?+a? gt s2+a?
a _1 1
5) L [ Sin hat] s2—qa? = L lsz_az ]= o sinh
’ = L1 ==
6) L [ Cos s?-a® s2—a?

sk S NB

hat]= ] = cosh at



- 1 — t
L=z, nor S [ 51s p(n+1)

-1 v
8 L@{M)==!vw+*  nis+ve intege?l‘ [s"+1 I= n!Problems:
-1 l 1 1 S
(1) L [s2 s+4+s2+4+s2—9] Find
-l L -1
L [SZ]+L [S+4]+L

=t+e M+l
2 sin 2t + cosh 3t.

solution :

—1
I:s2+25]

11 1 1 1.
[s2+25] =L [52+52]-551n ot

]

-1
L [ 2s5—-5
(2)Find solution

(3) Find



L [——1=5 L [—] = ez solution
solution : 25-5 s— 5/2 2
—1r 25+1
(4) Find L [S(S+1)]
_1 2s+1 —1,5ts+1 _1 1 _ —t
[S(5+1)] L [S(S+1)] [s+1 * s] +1
_1[ 3s—8 ]
(5) Find 452425 1
L_l 3s—8 Y%L~ 1p _3sB
solution: iz 1= %L1 2+2§/£]- = % Cos
— 1 1 -1 1 Yax 8x t
= A { 3L +(5/2)2 ] - [52+(5/2)2 a_5/2 )
Sin-

=3, Cos 4/5 Sin t

FIRST SHIFTING THEOREM OF INVERSE L.T:
If 4 [f(s)] =f(t) thend [ f(sa)] =gt ] &)

w4 [ (5)]

PROOF By definition of L.T
* ,—st
o€ 10 ot = (sy——(1) LIfO)=

—st at
fog=Jo € € eyat
= J-Ooo e—(s—a)t




L [ «

f(t) dt Put sa=p~ Jo €

dt
=f(p) = (=)
L[gi" f(t)]= f(s-a)

P

b0 fsa)]=eh)  (ond [f(sa)]l= 4 [ f(s)]
Note: 4 [ f(s+ta)]= g4 [ f(s)]
PROBLEMS
_1[ s+3
(s+3)2+823] 1) Find
L—l[ 5+ ] —3t L—I[ S
Solution (s+3)%+82 s248% ] by F.S.T
:- < _1[
Cos 8t. sz+25+5 ]
-1 _7-1 1 _ -t -1 _ -t
[sz+25+5 I = [ (s+1)2+4 I= [sz+22 I=e
(S+1)2]l
-1 - -1 —t -1 1 4_ -t
[(S+1)2] [ 1)2] e L [szl‘e
2) Find

Solution :

¥ Sin 2t



3) Find

Solution :
v
4)Find Inverse L.T ofs*+3)*
—1[ ] = —1[ s+3- 3]_ -3t L—I[E
(s+3)% (s+3)? ] Solution :
=e 3t L_1[ 1- 3L—1[ 51 }=e734(1-3t)
_1[ s+3
sZ— 105+29]
-1 5+3 _r-1 s+3 _r—1y (5—5)+5+3
[32—103+29]_L [(3—5)2+4]_L [ (s— 5)2+4]
5t 1 s+8
=e” L~ [sz+4
_ o5t gp-1p_S -1
=e {L [s2+4]+8L [s2+4]}
_ 5t ;71 -1
=e” {L [52+22]+8L I:52+22 1}
5) Find
Solution :

] (By F.S.T)



= m FCos2t+8x%xSin2t] a=2
5t
=e

SECOND SHIFTING THEOREM: [ Cos 2t + 4 Sin 2t ]
If 4 [f(s)] =f(t)thend [gt¥(s)]= He o e o = f(ta), t>a

=0, t<a
Proof: By S.S.T of LT, L[g(teg*Y(S) (writeproof of SST)

t 4 [gtY(s)]="H4)
v 4 [gt¥(s)]=f(ta), t>a

=0, t<dlote:

We can also written ag [ g T Y(s) ] = f(t-a) H(t-a)
Problem:;:

Zv

-1 e
FindL 1 2+1]
-1 1r,—1s 1
[s2 1:| A sz+1]Z v

Solution:

Let f(s) %2+1
1

1 i =t Ea! =sint=1



by S.S.H [gt¥(s)]=f(t-a), t>a
=0, t<a

= 4 [m?¥s)]=f(t-Z), t>Z

=0, tz
—1f,-ms _1
L~'[e s2+1] = Sin(t-2Z), t>Z =0,
t<Z

Chang of scale property :
. _ L7Hf( 2y,
If 0 1f(s)] = f(t) then a)] = a f(at)

(or) © f(as)] = (o)

Proof: By the change of scale property,
1 S
_f —
L[f(at)] =« (a)
L7L[f( =
~E = at@



(or)
1 ., t
b 1[f(as)] = %)

- -1 9s2-1
Problem(1): ItL (s +1)2] =tcost, then find  "(9s’+1)?]
_1[ s -1
Solution : Given (s*+1)*] = t cost
ie., 4 [f(s)]=f(®
st-1
, Here  f(s) £ +D* f(t) = t cost
_1[ 9s2-1 _1[ (3s)%2-1
(95?+1)2 Now ] = ((35)2+1)7]
=4 [f(3s)] By change of scale property ,
=5 f(3)
3 '3
1 t li t

Inverse Laplace Transform of partial fractions :



log

Problems : (1) Flnéf

1 [(S +1)(S 1

)

-1 (s? +1)(s 1)] _ L_l[ s3—s2+s— 1)]

Solution : Given s* s*
_7-111q 1L -1l 7111
oL R St R P R
1, 8
=1 C t+2 6
L—l §+5 S+3
(2). Find [ 3+ 5[ s+4§olutlon Here f(s) £-3s+2
r int rtial — fraction
educe into pa lal Ty, Iractions .
- =2 4+ Z ——— (1)
f(s) =S 2-3s+2 (s—1)(s-2) 1 s—2 )
= s+5 =A(s-2) + B(s-1)
put s=1onbothsides =A=-6
put s=2onbothsides =B=7
-6 7
Therefore (1) = f(z) —5_71 t
-1 717 = _ t 2t
| f(s) | =L [5—1 5_2] = -6e"+7e¢
Inverse Laplace Transform of derivatives :
-1 d_ £
If O Yf(s)] = f(t) as™ then f(s)]= PG ()

11F Qo av

I.I

Proof : By theorem of
L.T. g f(1)]
n d
ED% = fs)
_qpd™
-Gt e

¢ f(t) Note-0 1w T Q0 &
-t f(t)

Problem (1):Find

Solution : Let f(s) =

() =log (s+3q log
(s+4)



5+3 s+4
o s —
['-F Q0 a 5+3 s+4
=0Q30-Q 40

L™ log (ﬂ)]

e—3t — o~ el — e~

By theorem, -t f(t) =Q 3¢- > Q4H.W. Find  **S0 :
f(t) =Ans:0 f(s)] =

-4t -3t

} 10 1[f(s)L :e :e
L1 :
(2) Find  (s*+a® 1] 1

]=_

Solution: W.K.T (s?+a?) " asin at
i.e 1[ f(s) ] =f(thLet f(s)
, f(t) — = sin at

(57-’+a2

[replace 3 by 1 and 4 by-1)]

__1[




We have U [T Q 6 < f(t)

1, d
L 1[ ds ((52+a2)) I'= -t_sm at
21 B 0
[(12+u?)2] " &sin at
=>L—1[ - =

2 2 .
(s°+a*)? 2a sin at
Inverse L.T. of integrals

—1f [ _f@®)
0 Yf(s)] = f(t) thenl LJs f()dsT=77

f(t)
Proof : We have I ]‘f f(s)ds provided
exist

= L7 f(s)ds]=L2

Multiplication by powers of s :-




IfO 1[f(s)] = f(t) and f(0)=0,théniwad Foauve I T
2 OY O¢ O [ Qo Guve I a [®oFdedo
=sf(skgO
t 0a Foauve I FQoduv
In general we have, 0 1[i¢f(s)]=@(t) f=@0)=0

Problems :
L1 —

S
(s2+a?)?
N A P
(1) Find [(52+a2)

2

]

s
(s2+a?)?

1= L 1s.

]

solution :

Let f(s) =



d [f(s)] = (sz+a2)2f(t) - FQoduv T

- L7 )
2a [ sin *“at+tacosat]

Wehaved wa F6a06 I TFQo6G0
= L1 ]-

SZ

(s2+a?)

S
(s2+a?%)?
L) _

(2) Find G6-D ( sin at + at cos at)
v

Solution (s—1*

L1 [—

[f(s)] = =0

_ 1¢S— 1+1

_L [(S 1)4]

e L_1[3+1

2a

]

= e L_l[_g 5—4]

=e (—2 —) =f(t)
Let f(s) =



] byF.S.T.

A A t*
e >+ ) +el(t+ 3)
£
b2 6 JeQotE T
Bytheorem 4 wa& Fo0auveée I FQoio

L [s——]=¢! g
[ (s—1)4] (t+t2+6)DIVISI0n

by power of S :
Theorem:Ifd vl (D1 () () = thend

[‘i] v= &8 <

Prof:we have by LT,




t f(s)
J‘Ofl) df = s L[
4 B s oge.
®e e Note O
= l .4 pelt Problem:

-1 1
1) FindX GGea)

solution: Let f (s) =+3
L' [f(s)] =L [5%3] = e 3= f(t)

By theorem 7 |["-“)]: ‘)dt _ar

-1 1 _ t _3¢ _e_ t_
=L [S(S+3)]—foe dt = -3 ]fg_

1-— e—3t
3

L—1
2) Find [5(32“‘2)]
1 -1

. sZ+a? L _ i _
Solution : let f(s) =[f(s)] = sinat = f!



By L1
theorem _18 f(s)]
= L [S(Sz (12)

_f fl)dt . t

] fo -sinat =~ (-

a
_ 1
a**"_cos at )

N A
3) Find [ ran)]
Sz+t'12

solution : let f(s)

= , f(t) =—sin at
4

by theorem,

fO fO f(t)dt :' [l =|=s|n at dt ]dt

t 1 sin at
= J, —(1-cos =2 (t- )

at)dt a

<

_1.1
L 1[5_2

i(s)]



Convolution -
If f(t) and g(t) are two functions defined for2t 0 ,then the convolution

of f(t) and g(t) is defined as, f(t) * gt) = f(: fw) g(t —wdu

f(t) * g(t) can also be written as (f * g)@ote:- The convolution
operation IS commutation

le., (F*g)®=(@*1)
= [, fw) g (t-wdu= [ ft-u gwdu
Convolution theorem :- _
It L[f(t)] = f(s) and L[g(t)] = g(s) then L[f(t) * g(t)] = L[f(t)] . L[g(t)]
(or)
= 1(s). 9(s)

So, L[(f*g)®]=1(s).a(s)
Corollary :L71[f(s). g(s)] = (f * g)t

= [, fw) g(t — wdu
= [, ft—w) g Wdu
Problems:
_1[ 1
(1). FindL (s-2)(s*+1)] by using convolution theorem.




solution: Let f(s) =
s=2, g(S) 3*+1

T S e = AL
By convolution theorem,
. [f(s). g(s)] :fot f(t—u) g(uwdu

-1 1 _ [t p2(t-u) g
R Joe sinudu

)] =2 = sint

t _2u o
=e® [ e ?"sinudu

—-2u

— o2t [_€ )
2 =€ [(—2)2+12 ( sin uc
COoS Uu)]
eO
2t cos t) - —(-1)]
- Zt[e (_ . 5
€15 2 sin tq e2t

1
2 sintgcost) + =5 (-



1., 2t
=—-le“"* -
[ 2sin t¢ cos {]

by convolution theorem

—1 1
2) Find  'sr—a?)

1 1
Solution : Let f(s) = g(S)s=a?
_1 1 | _1 1
0 *[f(s)] = [S]— 1=1(t), 0 Yg(s)] = ]
-—smh

at = g(t) By convolution theorerf ,
J ft—w) g Wdu
=) f 1 —smh au du

1 cosh au

“a” a ], (apply limits o to}
1

0 *[f(s). g(S)]

= L1

T @ (cosh at¢ 1)
Application of L . T to Ordinary Differential Equations




The L. T method is easier , timesaving and excellent tool for
solving O.D.Es

Working rule for finding solutionof D. E by L . T:

1) Write down the given equation and applyL. T O.B.S

2) Use the given conditions
3) Re arrange the given equation to given transformation of the
solution

4) Take inverse L.T O. B. S to obtain the desireds obesve Sali
stying the given conditions

The formulae to be used in this process are:

L[ (1) ]=st(xf0)

L[f1(t)]=s2f (s f(0O}(0)

L [ ()] = s2 T (s)s? 1(0)¢ st (0)¢ 1 (0)

Note : let f(t) = y (t) and f (s) = y (Byoblems :

1) Solve 4yt 2y =0,y (0) =2, y1 (0)=0



Solution : Herey =y (1)

Given D. E Ayui@hy ()=0 LetL.TO.B.S
4L [y ()] 7 L[y (®)
=4 [s*L®)]-sy(0)-y" (O]+m = [op
= L[y][4s®+m*] - L[y]=0
__ 8s
LU= as@e)co=0
L ———
LetL"1O0.B.S, weget vy (t) 4(52+” /9] =8
-8 51
[ 2+(”2/)
]-2. cos /o,
=y () =2. cos/2t is solution of

gven D.E

3) Solve y111+2yy- 2y = O with y (0)=y1 (0) =0,y (0) =6

Solution : given D . E



Let L. T On Both Sides
Lly*t]+2 L{y"J[y*lc2L[y]=0
. - - - -sy (0)
y~(0)]

-sL[y]—y(O)-ZL[Y]=0
=L [y] s*+2s*-s-2)-6=0

=}L[y:l_s+25 s 2

=s’L[yls’y (0)sy* (0)y** (0)+2[s* L[y]
6 A B C
L [y] —(s—-1)(s+1)(s+2) T s—1  s+1  s+2 (1)

6=A(s+1)(s+2)+B19(s+2)+C¢sl) (s+1)
(2)Put s=1in __ (2J6=A>BF1

Put s=-1in (2)

=6 =B (-2) (1) =B= -3

Put s =-2in (2)

=6 =C(-3) (-1) =>C=2



Substitute A, B, C in (1)

1 3 2

="'L[Y]_E_5+1+s+2
g1l _ 3 2

= y =L [ s—1 s+1 s+2 ]

Sy(t)=e! — 3et + 2e7

IS the solution of given D . E
dzy +2 dy
HW: Solve the D.&2 * © de+ 5y =~ sin t

—t
e

Ans: y(t) =3 (sin tg 2 sin 2t)

UNITC IV



FOURIER SERIES

Periodic Function :

Definition : A function f(x) is said to be periodic with period T ¥if
o , f(x+T) = f(x) where T is positive constant.

The least value of T > 0 is called the periodic function of f(x).

Example: sin x = sinZ2+ o) = " i({ Z+ o)

Here sinx is periodic function with period 2 Def:

Piecewise Continuous Function

A function is said to be pieewise conthuous (or) Sectionally
Continuous) over the closed interval [a,b] if it is defined on that
iInterval and is such that the interval can be divided into a finite
number of sub intervals, in each of which f(x) is continuous and both
right and left hand limits at every end point ithe sub intervals.

Dirichlet Conditions:
A function f(x) satisfies Dirichlet conditions if
(1) f(x) is well defined and single valued except at a finite no. of points

in ()




(2) f(x) is periodic function with period 2l
BYFOEUO YR FTQOEU I NBIDIIASOS 64248 O2

Fourier Series If f(x) satisfies Dirichlet conditions , then it can be

represented by an infinite series called Fourier Series in an interNd &s

ao oo nmx 00 . NXx
—0 4 . an COS_"""Z g bn sin — -—-=-mmmea--
l

a0=7f_lf(x)dx, an = % f_llf(x) cosn—;rx dx

1 (l . Nnmx
on= 1 J_ f&) sin—= dx

Here #C, an and bn are called Fourier coefficients.

These are also
O £ £S5 9dA SNDEm ¥ 2 Malz Z:Zp
Note (1):If xe (—Z, Z 7° + Y.-1(an cosnx + bnsin nx)

(1) where

Then f(x) % ffnf(x)dx an :qlr ffnf(x) cosnx dx

2 KSNB le T



_1
bn ﬂ
), f(x) = + Ym=1(an cosnx + bnsinnx)

f(x) sinnx dx

Note (2):In interval (O, 2
2 K SNB P fznf(x)dx 1 fznf(x) cosnxdx

on nf f(x)smnxdx

Note (3): The Fourier Series inl() , ¢Z,Z) ¢, 2} db4f+] 7 are called Ful
range expansion series

Note (4):The above series (1) converges to f(x) if X is a point of continuity
f(x+0)+f(x—0)
The above series (1) convergesto 2 if X isa

point of discontinuity

fz »0 z+)
Note (5); At x=tT  f(x) = here %(=z,2)

Even and odd functions

Case (1):f the function f(x) is an even function in the interval)(

-0
e, f(x) = f(x) thet € 20 & Pdx



2 fl (x) cos™ nnx
an =1 Jo/(¥) COS== 4y (since f(x) 8257 are even functions)

l . . .
f_lf(x) smg dx = bn=0 (since f(x). sm? is odd function)

Therefore, in this case we get (only) Fourier cosine series only.

_1
bn 1

Case (2):If function f(x) is odd i.e.,K) =-f(x) then

nimix
an=0 (sincef(X> T A4 2RROU 6l el n £ a2

2 1 _
And bn 1 fo f(x) Slnn—? dx

In this case we get fourier sine series only.
[only for intervals 4,]) , €™ T)]IProblems

1)Find Fourier series for the function f(x)g *in (0,2Z) Solution : Given
function f(x) =gi" *in (0,2Z)
1 2 1 2 1
;fonf(x)dx =;f071’eaxdx= - (‘3T
td e [0 | LILJE
to 2Z



_ 1 f021r e X

ax

1, e

=

T a’+n’

1 eZna

='_[ 2

T a‘+tn
1 1

T az+n2

1rt(a2 +n?)

-(acos 2nm +0) -

cosnxdx

k. cos nx + n sin nx)]
0

a’+n?

[e%™® a-1. a]

( 21T 1)

=;f0 f(x) sinnxdx

an

apply limits @Zp

-1 fozn e™ sin nx dx

1[ €

™ a’+n? la sin NX + N cos nx)] apply limits 020

1

1; - ) a’+n’ 2- n)]

ma - - nma
2Tr a’+n? (1 -e”) = ﬂ(az+n2) (e™-1)
%fo " f(x) cosnx dx

(a+0)]

apply limits O toZ



bn

Now the fourier series is f(x) =
a .
—+Yy> ,an cosnx+)y.,_,bn sinnx

2
1 (eZRa _1) a 5
- anm o wa _
- 2 * Z"=1 n(a?+n?) (e 1)
—n 2ma .
—F (e -1) sinnx
n(a?+n?) ( ) cosnxt Zn=1

(2): Find Fourier series for the function f(x)gt in (0,27)
Solution : Given function f(x) gin (0,Z0 I € T



apply > (27 f(x)dx == [I"e* dx limits O to 2Z
l ( ex
ﬂl ) apply limits 0 to2Z

— ; (82”-1)

21
an _;f f(x) cosnxdx
bn

== fo e* cosnx dx
T

1 e
=—[—= (1 cos

n 1+" nx + n sm nx)]
1

= T 1+n
1 1
T m1+n? - 1]
- 1 2w _
" m(1+n2) (e 1)

1 2m .
=1—rf0 f(x) sinnxdx

1 2w .
== [ e* sinnxdx
)

1 eX
n [1+n IS'n nx + n cos nx)J apply limits 024
1, e?
T r [1+ 1+n? n)]
~ T (1-€%7)= (eZ"-l)

(1 +n2)

T 1+n?



Now the fourier series is f(x) =
a ]
- +Lnp=1an cosnx+ Y, bn sinnx

- ; +Y 4 T (e“™-1) cosnx + ). 4

(e?™ - 1) sinnx

-n
m(1+n?)

Problem (3): HW
Find Fourier series for the function f(x)gg * in (0,27)

(Hint:-put a=-1 in problem (1) we get the solution.)
(4) Express f(x) =>Z as Fourier Series in the intervat Z < x <Z Solution:
Given function f(x) = xZ | €

L T f@dx= 2T (x-m) dx

1 1
=;f_nnx dx -;f_nnndx

= 0¢[Xx] with limits-Z to Z
= 0 ¢ [2 + Z] = 24 an



dx = f f(x)cosnxdx = lf _(x —m) cosnxdx (since

even) " _—f xcosnxdx-i(-ﬂ')f cosnx dx

_1
‘E(O) (Since x cosnx is odd) 2|[0

sin nx
= 0+2 [n ]0toZ limits apply we get an =
0+0=0

f_ f(x) sinnx dx = —f (x— ) sinnx dx

cosnx

bn ™
== f_nx sin nx dx - ;(— ) f_n sinnx dx

(even) (odd)

== anxsinnx

T dx¢ O ( since sin nx is odd)

2 cos nx — CcosSnx
x-Sy x|
=E [-TL' cosnn+0+l (Slnnx
n n non )] apply limits O to
E COS N1

= b0 (O = L =t (GO =D e s s o

Now the Fourier Series of f(x) is f(x)



a
= =2+ Y¥_,(an cosnx + bn sin nx)

2 f(x)

= 2—” + 2in=1[(0) cosnx + —( 1)™*1sin nx]

=1 + Z"=1[n (—1)™**1sinnx]

(5)ODbtain the Fourier series for f(x) =2 In the
[TRNT: ( 1)?‘1 1 n
interval |, “] 2 > =7
Hence show
that (or)

1i+ii
12 22732 22 X XXX T
12

Solution : Given function is f(x) =x in {,“]

2" F@dx= = [T (x —x) dx

en —TT
:;f_Rde = ;f—ﬂ.'

1 o
= 0 (odd) -|[%] =3



1 pm
an =n J_, f(x) cosnx dx

= lf” (x - x?) cosnx dx
TY—TT

1 1 @
== xcosnxdx - = [ x*cosnxdx
T v—TT YT

(odd) (even)
1 T
=0--=2 X% cosnx dx
u = T fo X2 dv = cos nx dx
2 ., xX*sinnx

=- 2

2
) -=J, xsinnxdx

m n du =2x dx , dveose w
Qw
apply limits O td
= -2[0-“2{( "xcoSEQ)+0 “cogt & ¢ siné X

apply limits O td
(= 1)” 1

2

—[
-~ (_—_1yn+1
_nz( 1)

4 (sinnx)] 60 Qv a4 0oL L QO

2 -3
an= ifnisodd al-= 1*

n



é2

4 4
-n21f N IS even a2 =2z~
4
1 a3 =3~/
2Ty 2
- J_, (x=x) cosnx dx
1 T : T .
= —[J, x sinnxdx - JO_ x*sinnxdx
=2 _Xcosnx)+lfn cos nx dx ]
n n n -0 (even) (odd)
_ 2 [- (—" + L _2 (—1)n+1 _2
( T n n n? sin nx)] bl=2/1=2n “nifnis
odd b2
= 2/2 =-1
__2
b3 =2/3 . nif n is even
Now = ?0 + Ym=q(an cosnx + bn sin nx)------ 1)substitute
-2 COSX C0S2x cos3x
) = f(x) = 3 +4 TR i v rees)

sin x sin 2x sin 3x
+ 2 ( —

. ’ i | R (2)

(1)




putx=0in (2)
2 1 1 1
UG ZYEX X 00

—TT

f(O):O:T

:11 1
2 273 XXOPT
12

Half range series

nmx
+ )in=1an COS——

(1)The half range cosme serles In (O I) IS f(?() L

== fof(x)dx, an = 7 fof(x) cosT dx

(2)The half range sine series in (0,1) is f( l

where bnzf fo fx) SmT dx

Note :1) The half range cosine,series |!03 f(x) o *Ln=1ancosnx

Ao =—f flx)dx, an = - f f(x) cosnm dx where

Note 2) The half range sine series irf J0s f(x) =Xn=1 b1 sinnxywhere
on= - f f(x) sin nx dx



(1)Express f(x)‘=x as Fourier cosine and sine series irt {0,
Solution :

The half range cosine series for f(x) is féx)  Zin=1an cos XXX X0 MO

2 T
where | ei_ffﬂ f(x)dx f Bxdx

2 X
= [mx- 2]apply I|m|tsotd
—f f(x) c0§1[m g ©- )]__(_) )

an =
=—f (m-x) cosnm dx
sinnx T sinnx
=2 [{(m-x) 5} + [T dy]
, (apply 0 t0")
cosnx
=2 [(0-0) + (-
) 2] apply o to"
—1] =
n 0o
Now (1) 2+ 2n=1 ﬁ [1_(_1)n] COSTX. f(x) =
sinnx 2
H.W.) Express f(x)“=x as fourier sine series in (o, Ans : 22?”‘:1 n  (bn :E)

2) Find the half range sine series of f(X) =x intherange 0 €x <
Z



1 1 1
Hence deduce that 12732 T52b XXXX® T

Solution : The half range cosine series for f(x) is f(x)

_5 +Zn 1ancosnxXXXO M 0

x2

= X = - 2 X
where | e:”IJ0 /( )dx =7 0xdx o [z]apply limits o td"
an-_ f f(x) cosnx dx

=— (x) cosnx dx

sin nx T sin nx

[{( ) } - dx]
(apply o to m)
_[(00)__( cosnx

= SID"-1]

an=0if nis even

)] applyoton



Now
> f(x)—2 * B GECOSTX

. I
X =

Put x=0 on both sides

t m 4 (z2+2+2 88.)
5
1 1 1
1 —
_(21+?i+£2 &8 .5 = =2
1
1 1 1 2

b2 432+ SF X X X X Dg T
3) Express f(X) eosx, 0 < x < in half range sine series

if nis odd



