
  

 

Complex Variables & Transforms    

(20A54302)      

   

   

LECTURE NOTES    

II - B.TECH & I - SEM    

Prepared by:   

Dr. B. NAGABHUSHANAM REDDY,  Professor    

Department of H &S  

   

        

   

VEMU INSTITUTE OF TECHNOLOGY   

(Approved By AICTE, New Delhi and Affiliated to JNTUA, Ananthapuramu)   

Accredited By NAAC, NBA( EEE, ECE & CSE) & ISO: 9001-2015 Certified Institution    

Near Pakala, P.Kothakota, Chittoor- Tirupathi Highway    

Chittoor, Andhra Pradesh-517 112     

Web Site: www.vemu.org   

   

   

http://www.vemu.org/
http://www.vemu.org/
http://www.vemu.org/
http://www.vemu.org/


Unit ς 1  

Complex - analysis  
Å Function of Complex Variable/ Differentiation:  

LŦ ŦƻǊ ŜŀŎƘ ǾŀƭǳŜ ƻŦ ǘƘŜ ŎƻƳǇƭŜȄ ǾŀǊƛŀōƭŜ  ½Ґ ·Ҍƛ¸ ƛƴ ŀ ƎƛǾŜƴ ǊŜƎƛƻƴ ΨwΩ Σ ǿŜ ƘŀǾŜ ƻƴŜ ƻǊ ƳƻǊŜ ǾŀƭǳŜǎ ƻŦ 

ǿҐŦόȊύҐǳҌƛǾΣ ¢ƘŜƴ ² ƛǎ ǎŀƛŘ ǘƻ ōŜ ŀ ŦǳƴŎǘƛƻƴ ƻŦ Ψ½Ω Σ ŀƴŘ ǿŜ ƘŀǾŜ ǿҐŦόȊύҐǳҌƛǾΦ   

Where u and v are real and imaginary parts of f(z). z=x+iy 

and  

f(z)=u(x,y)+iv(x,y) is a complex function.  

Å Continuity of a Function:  

Let f(z) is said to be continuous function at z=z if  

 
  

Å Differentiability of a Function:  
A function f(z) is said to be differentiable at z=z if   

 exists. It is donated by  Ŧ όȊєύ  

  

Å Analytical Function:  
ƛΦŜΦ Ŧ όȊєύ Ґ  



The complex function f(z) is said to be analytical function at z=a if the function f(z) has derivative at z=a and 

neighbourhood of z=a.  

Example:     

1. Let f(z) = ᾀ2 Ŧ όȊύ Ґ нȊ  

!ǘ ȊҐлΣ Ŧ όȊύ Ґ нόлύ Ґ л όŦƛƴƛǘŜύ ŦόȊύ 

has derivative at z=0  

Finally f(z) is called analytical function.  
1  

2. Let f(z) =   
ᾀ  

1  

!ǘ ȊҐлΣ Ŧ όȊύ Ґ  

f(z)  has  no  

derivative at z=0  

Finally f(z) is called not analytical function.  

Å Singular Point:  

Let z=a is said to be singular point if the function f(z) is not analytical at z=a.  

Example:   

f(z) =  z = 0 is called 

singular point.  

Ŧ όȊύ Ґ  



Å Cauchy ς Riemann Equations in Cartesian co-ordinates:   
Å If f(z ) is continuous in some neighbourhood of z and differentiable at z then the first order partial  

derivatives satisfy the equations   and     at the point  z which are called  the  

Cauchy-Riemann  equations.  

proof:  

Let f(z) = u+iv be an analytical function  

By definition of analytical function, f(z) has derivative.  

ƛΦŜΦ Ŧ όȊύ Ґ  exists (finite)  

1) z = x+iy f(z) = u+iv f(z) = u(x,y)+iv(x,y)  

2) z = x+iy   z =  Ø  É  ώ 3) Ὢ ᾀ  ᾀ = ?  

ᾀ  z = x+iy+ x+ i  Ù  

ᾀ  z  = (x+ x)+i(y+  Ù)   

Ὢᾀ  ᾀ = u(x+ x , y+  Ù) + iv(x+ x , y+  Ù)  

[u(x+ x , y+ Ù) + iv(x+ x , y+ Ù) Õ ØȟÙ ÉÖ ØȟÙ   

   Ŧ όȊύ Ґ   lim  x+ i Ù  Ҧ   

x+ i Ùᴼπ  

We know that  x+i y  = 0+i0   

x = 0,  y = 0  



Case (1) )Æ  y  = 0 , put  ȅ  Ґ л ƛƴ Φ  

 

Case (2) If  x  = 0 , put  Ȅ  Ґ л ƛƴ   

[u(x,y+ y)+iv(x,y+ y)) [u x,y +iv x,y ]  

   Ŧ όȊύ Ґ limyᴼπ  

  

  

Equate  ϧ   

  

Compare the real and imaginary parts  

É  y   

[ u(x,y +  y)  u x,y ]   i[v(x,y+  y)  u x,y ]   

Ŧ όȊύ Ґ  - i  lim  y O π    y   +     lim  x O π    y   

Ŧ όȊύ Ґ -   Ҧ    



     (If uὼ = ὺώ and uÙ  ὺx)  

These are Cauchy ς Riemann Equations in Cartesian co-ordinate System.  

Cauchy ς Riemann Equations in Polar co-ordinates:  
Let z=x+iy  

²Ŝ ƪƴƻǿ ǘƘŀǘ ȄҐǊŎƻǎʻ Σ 

ȅҐǊǎƛƴʻ Ȋ Ґ 

ǊŎƻǎʻҌƛǊǎƛƴʻ Ȋ Ґ 

r(cos̒ Ҍisin̒ ύ z = ὶὩὭ̒   

f(z)=u+iv f(ὶὩὭ̒) = u(r, ̒ ύҌiv(r,  

ʻύ Ҧ   

5ƛŦŦŜǊŜƴǘƛŀǘŜ  ǿΦǊΦǘ  ΨǊΩΣ  

Ŧ  ό  Ҧ   

5ƛŦŦŜǊŜƴǘƛŀǘŜ  ǿΦǊΦǘ  ΨʻΩΣ  

Ŧ  ό Ҧ  

{ǳōǎǘƛǘǳǘŜ  ƛƴ  Σ ²Ŝ ƎŜǘ  



ir  

ir 

Lets compare real and imaginary parts   

  

These are Cauchy ς Riemann Equations in Polar co-ordinate System. Examples  

1) Show that f(z) = xy+iy is not analytical  

Solution : Given , f(z) = xy+iy  

f(z) = u+iv u= xy 

 v= y  

 

It doesn't not satisfies C-R equations and hence its not an analytical function.  

2) Show that f(z) = 2xy+i(ὼ2- ώ2) is not analytical function. Solution:  Given     f(z) = 2xy+i(ὼ2- ώ2)   

=  y ,    

=  x ,    

  

  



f(z) = u+iv 

u=2xy       v= ὼ2- ώ2
  

 

It doesn't not satisfies C-R equations and hence its not an analytical function.  

3) Test the analyticity f(z) = Ὡὼ(cosy-ƛǎƛƴȅύ ŀƴŘ ŀƭǎƻ ŦƛƴŘ ǘƘŜ Ŧ όȊύ {ƻƭǳǘƛƻƴΥ DƛǾŜƴ   ŦόȊύ Ґ  Ὡὼcosy -  

iὩὼsiny  

f(z) = u+iv u = Ὡὼcosy      

v = -Ὡὼsiny  

  

,    

f(z) is not analytical ŦǳƴŎǘƛƻƴ ŀƴŘ ǘƘŜ Ŧ όȊύ  does not exist.  

4) Show that f(z) = z ᾀ 2 is not analytical function  

Solution : Given  f(z) = z ᾀ 2  

=  2y ,      =  2x   

=  2x ,      2 y   

  &   

cosy ,    

siny  

  

  



   f(z) = (x+iy) (x + iy)  2 =  (x+iy) [  ὼ2 + ώ2]2
  

f(z) = x(ὼ2 + ώ2)+iy(ὼ2 + ώ2) f(z) =  

u+iv  

u = x(x2 + y2) = x3 + xy2  V = y(x2 + y 2) = x2y + y3
  

  

f(z) is not analytical function   

5) Show that w= logz is an analytical function and also find   

Solution :  Given      w = logz  

put z = ὶὩὭ̒   

Ὥ̒  Ґ log r + log ὩὭ̒  w w 

= log ὶὩ 

Ґ ƭƻƎ Ǌ Ҍ ƛʻ ƭƻƎ Ŝ  

ŦόȊύ Ґ ǿ Ґ ƭƻƎ Ǌ Ҍƛʻ Ґ ǳҌƛǾ ǳ 

Ґ ƭƻƎ Ǌ          Ǿ Ґ ʻ  

=  2xy   

=  2xy,    

  



   r  &      

r( ) = 1      &     0 = 0      It is an analytical function f(z) 

=  u+iv  

f(reiʻύ Ґ ǳόǊΣ ʻύҌƛǾόǊΣ ʻύ  

ŘƛŦŦŜǊŜƴǘƛŀǘŜ ƻƴ ōƻǘƘ ǎƛŘŜǎ ǿΦǊΦǘ  ΨǊΩ  

Ŧ ό  

  

6) Show that  f(x) = sinz is an analytical function everywhere in the complex plane  

Solution : Given   f(x) = sinz  

f(x) = sin(x+iy) f(x) = sinx 

cos(iy) + sin(iy) cosx f(X) = sinx 

coshy + isinhy cosx f(x) = u+iv  

u = sinx coshy         v= sinhy cosx  

Ŧ όȊύ   (0)     

Ŧ όȊύ Ґ    



 =  cosx coshy ,    -sinx sinhy  

  = sinx sinhy,     = coshy cosx    &     It is an analytical function  

7) Test the analyticity of the function f(z) = Ὡὼ όŎƻǎȅҌƛǎƛƴȅύ ŀƴŘ ŦƛƴŘ Ŧ όȊύΦ Solution : Given , f(z) = Ὡὼ 

(cosy+isiny)  = u+iv  

u = Ὡὼ cosy        v = Ὡὼ siny  

 cosy ,    

 siny      

    &   It is an analytical function  

f(z) = u+iv  

Ŧ όȊύ Ґ  cosy + i Ὡὼ siny  

Ŧ όȊύ Ґ Ὡὼ(cosy+isiny)  

Ŧ όȊύ  Ґ Ὡὼ i Ὡώ = e(x+iy)  

Ŧ όȊύ  Ґ ez  

8) Determine P such that the function f(z) =  be an analytical function.  

Solution :   

  



Given , f(z) =   

It is an analytical function, It satisfies the C-R equation  

)        v =  

   

  

   similarly :   

By given f(z) is an analytical function, f(z) satisfies C-R equations.  

   x  y  y +p 2x2  

Comparing the equations we get:  

P = -1  

9) Prove that function f(z) defined by f(z) = -w Ŝǉǳŀǘƛƻƴǎ ŀǊŜ ǎŀǘƛǎŦƛŜŘ ŀǘ ǘƘŜ ƻǊƛƎƛƴΣ ȅŜǘ Ŧ όлύ ŘƻŜǎ ƴƻǘ ŜȄƛǎǘΦ  

Solution : Given f(z) =   

i) To show that f(z) is continuous at z=0  

  

  u =  

2 x,      

2 y   

  px ( 

)     

,    



   let      lim f(z) =  ( given f(0) = 0)  

ᾀO π  

ώO π  

 

3 f(z) = f(z)  =  

lim x(1+i) = 0 = f(0)  

ὼO π f(z) is  

continuous   

ii) To show that C-R equations are satisfied at origin  

f(z) =  f(z) 

= u+iv  

3  

u = , 

v =   



R Equations are satisfied at origin iii) To 

ǎƘƻǿ ǘƘŀǘ Ŧ όȊύ  ŘƻŜǎ ƴƻǘ ŜȄƛǎǘ ŀǘ ƻǊƛƎƛƴ  

 Ŧ όȊύ Ґ    

 Ùᴼπ  z    

 x3 ρ É Ùς + 3 Ù ρ É 2      

x  

 lim   0  

=  1    

1     

C  ς   



 Ŧ όȊύ Ґ  yx  O ᴼππ     x      x +   iy   

lim   x     

ὼ O π   x  

Ŧ όȊύ Ґ    

x 1 +i   3 Ŧ όȊύ ὼ
lim

 O π 
 
 x 3 =  

= 1+i   (Finite)  

Ŧ όȊύ 9Ȅƛǎǘǎ  

At y = mx   

Ŧ όȊύ 

=  

  

ÙᴼÍØ  

Ŧ όȊύ Ґ   

ÙᴼÍØ  

Ŧ όȊύ 

=    

  Ŧ όȊύ Ґ   (Infinite) Ŧ όȊύ  ŘŜǇŜƴŘǎ ǳǇƻƴ ǘƘŜ ΨƳΩ ǾŀƭǳŜΣ ǎƻ ǘƘŀǘ ǘƘŜ Ŧ όȊύ ŘƻŜǎ ƴƻǘ ŜȄƛǎǘ ŀǘ ƻǊƛƎƛƴ  

Ŧ όȊύ Ґ  



Part ς B  

Laplace Equations   

the equation of the form     

Harmonic Function   

The function u and v are said to be harmonic, if it satisfies Laplace Equations  

  i.e 

 

 

or  

  

Milne ς Thomson Method   
When u is given find f(z) :  

   ‬ό  ‬ό  

1) To find  and   

2) ¢ƻ ŦƛƴŘ   Ŧ όȊύ Ґ ǳҌƛǾ   

5ƛŦŦŜǊŜƴǘƛŀǘŜ ǿΦǊΦǘ ΨȄΩ ǿŜ ƎŜǘ  



   Ŧ όȊύ Ґ    (From C-R equation)  

Ŧ όȊύ Ґ   

,0)  

 ,0)  Ŧ όȊύ  =   

1ɲ(z1,0) - i ɲ 2(z2,0)  

LƴǘŜƎǊŀǘŜ ǿΦǊΦǘ ΨȊΩ f(z) =  ɲ (z ,0) dz - i  ɲ (z ,0)  

dz + c When v is given find f(z):  

   ‬ὺ  ‬ὺ  

1) To find  and   

2) To find f(z) = u+iv  

5ƛŦŦŜǊŜƴǘƛŀǘŜ ǿΦǊΦǘ ΨȄΩ Σ ǿŜ ƎŜǘ  

     (From C-R equation)     

Ŧ όȊύ Ґ  

Ŧ όȊύ Ґ    

,0)   

,0)   



Ŧ όȊύ Ґ  1ɲ(z1,0) + i ɲ 2(z2,0)  

LƴǘŜƎǊŀǘŜ ǿΦǊΦǘ ΨȊΩ f(z) = (ɲz ,0) + i ɲ (z ,0)  

]dz + c  

1) Construct an analytical function f(z) when u = x3- 3x y2 + 3x + 1 is given  

   Solution:      

By Milne Thomson Method  

 f(z) =u+iv  

,0) = - 6(z) (0) = 0            

Ŧ όȊύ Ґ  

   Ŧ όȊύ Ґ Σлύ              

LƴǘŜƎǊŀǘŜ ǿΦǊΦǘ   ΨȊΩ ŦόȊύ Ґ   

1ɲ(ᾀ,0) + i ɲ 2(ᾀ,0) ] dz + c f(z) 

= (3z2 Ҍо ҍ л ύ ŘȊ Ҍ Ŏ ŦόȊύ  

= + 3z + c  

f(z) = ◑ + 3z + c  

6 xy   

( z,0) = 3  z 2 +3   

  

  &    



2) Construct an analytical function f(z) when u = sinx coshy is given  

   Solution: = cosx sinhy  

=  sinx sinhy  

By Milne Thomson Method  

 f(z) =u+iv  

(z,0) = sinz(0) = 0                                  

Ŧ όȊύ Ґ  

   Ŧ όȊύ Ґ  ,0)                                  

LƴǘŜƎǊŀǘŜ ǿΦǊΦǘ   ΨȊΩ ŦόȊύ Ґ   

1ɲ(z,0) - i ɲ 2(z,0) ] dz + c f(z) =  

cosz dz + c f(z) = sinz + c  

3) Find the analytical function f(z) = u+iv if u+v   

sin2x  

   Solution:   u+v =   

f(z) = u+iv 

if(z) = ui-v  

(1 + i)f(z) = (u-v)+i(u+v) 

f(z) = u+iv  

,0) = cosz(1) = cosz   

  

  &    



Where F(z) = (1+i)f(z) 

u+v = V  

  

   ‬╥,0) = ἫἷἻἭἫὂ  

  

,0) =  

 ɲ1 ( z ,0) =    

  

  

,0)   



f(z) = u+iv 

Ŧ όȊύ Ґ  

f(z) =  1ɲ(z,0) + i ɲ 2(z,0) ] dz + c  

f(z) =  cosec2z (i) dz+ c 

f(z) =  -i(-cotz) + c = i cotz + c 

f(z) = i cot z + c  

(1+i) f(z) =icotz + c  
i 

f(z)  =  

cotz f(z) =  

cotz + c1  

ἱ+   

f(z) =  cotz + c  

4) Find the analytical function , whose real part is u = 

ex [(x2- y2 ÃÏÓÙ  ςØÙÓÉÎÙ  

   Solution:  u = ex x2 cosy - ex y2 cosy ς 2xy ex siny   

 x  2 cosy ς 2y ex siny ς 2xy ex siny  

Ŧ όȊύ Ґ  

  

  

  

  cosy + 2x  e x  cosy  -   e y 

x  2   

=  0 + 0  -   0   ς   0  =  0   



 cos(0) + 2z ez cos(0) ς 0 ς 0 ς 0   

  

 siny + e siny y - 2y ex cosy ς 2x ex siny ς 2xy ex cosy  

f(z) = u+iv  

Ŧ όȊύ 

= 

Ŧ όȊύ Ґ  

f(z) =   (,0) - i (z,0) ] dz + c  

f(z) = (ez z2 + 2z ez - 0) dz + c f(z) 

=  ez (z2 +2z)dz + c f(z) =   ez z2 

dz +  2 zez dz  

 u = z2 dv = ez dz du = 2z dz  v= ez f(z) = Ἥὂ  

ὂ - 2 z dz ez dz + 2 z ez dz + c f(z) = Ἥὂ  

ὂ + c  

  



5) The analytical function whose imaginary part is v(x,y) = 2xy Solution:  

v = 2xy  

= 2y = (z,0)  = 2(0) = 0  

= 2x = (z,0)  = 2(z) = 2z f(z) 

=  (z,0) + i (z,0) ] dz + c f(z) 

=   z dz + c  

2  

   f(z) =  2  + c  

f(z) = ὂ + Ἣ  

6) Find harmonic conjugate at u = Ἥὀ ὁcos2xy and also find f(z)  

   Solution :  u = Ἥὀ ὁ  cos2xy  

 cos2xy (2x) - Ἥὀ ὁ  sin2xy (2y)  

1ɲ(z,0) = Ἥὂ  cos0 (2z) - Ἥὀ ὁ(0)  

ᶮ(ὂ,0) = Ἥὂ 2z  cos2xy (-2y) -  

Ἥὀ ὁ  sin2xy (2x)  



2ɲ(z,0) = 0 ς 0   

ᶮ(ὂ,0) =  f(z)  

Ґ ǳҌƛǾ Ŧ όȊύ Ґ  

Ŧ όȊύ Ґ  

Ŧ όȊύ  Ґ  1ɲ(z,0) - i ɲ 2(z,0)  

f(z) =  1ɲ(z,0) - i 2ɲ(z,0) ] dz + c f(z) =   ez22z 

dz + c       (put ὂ = t  => 2z dz = dt) f(z) =  et dt + 

c  = et + c  

f(z) =  Ἥὂ + c f(z) = e(x+iy) 2 f(z) =  

ex2 y2+2xyi + c f(z) = ex2 y2 e2xyi + c u+iv =  

ex2 y2 [cos2xy+isin2xy] + c u+iv = ex2 y2  

cos2xy + i e ex2 y2 (sin2xy) + c  

v = Ἥὀ ὁ  sin2xy + c  

7) CƛƴŘ ǘƘŜ ŀƴŀƭȅǘƛŎŀƭ ŦǳƴŎǘƛƻƴ ŦόȊύ ǎǳŎƘ ǘƘŀǘ  wŜώŦ όȊύϐ Ґ о x2 - 4y -3 y2 and f(1+i) = 0.  

  



   Solution :   wŜώŦ όȊύϐ Ґ о x2 - 4y -3 y2  

f(z) = u+iv  

Ŧ όȊύ  Ґ    

wŜώŦ όȊύϐ Ґ  

  

 LƴǘŜƎǊŀǘŜ ǿΦǊΦǘ  ΨȄΩ  ǿŜ ƎŜǘ   &     u =   x + f(y)    v =  3  

   u =  ὀ - 4xy -3 ὁx + f(y)  v = 3 ὀy - ὁ -2 ὁ + f(x)  

5ƛŦŦŜǊŜƴǘƛŀǘŜ  ǿΦǊΦǘ  ΨȅΩ  ǿŜ ƎŜǘ              5ƛŦŦŜǊŜƴǘƛŀǘŜ  ǿΦǊΦǘ  ΨȄΩ  ǿŜ ƎŜǘ   

   сȄȅ Ҍ Ŧ όȅύ   Ґ  сȄȅ Ҍ Ŧ όȄύ   

From C-R equations   

  

- 4x - сȄȅ Ҍ Ŧ όȅύ Ґ - 6xy - Ŧ όȄύ   

-пȄ Ҍ Ŧ όȅύ Ґ - Ŧ όȄ ύ  

Compare equation on both sides  

ƛΦŜ Ŧ όȄύ Ґ пȄ Σ  Ŧ όȅ ύ Ґ л  

 f(x) = 4 x dx  f(y) = c f(x)  

  

LƴǘŜƎǊŀǘŜ ǿΦǊΦǘ  ΨȅΩ  ǿŜ ƎŜǘ         

  



 =   + c  

   f(x) = 2 ὀ + c  f(y) = c  

f(z) = u+iv f(z) = [x3 - 4xy -3 y2x] + i [3 x2y - y3 -2 y2] +  

2 x2 + c  

given f(1+i) = 0 f(z) = u+iv 

z = x+iy = (1+i)  

put x = 1, y = 1 f(z) = [1-4-3] + i[3-2-1]  

+2 +c f(1+i) = 0 = -6 +2i +c c  

= 6 ς 2i  

f(z) = [ὀ - 4xy -3 ὁx] + i [3 ὀy - ὁ -2 ὁ] + 2 ὀ + 6 ς 2i  

8) Find the analytic function f(z) = u+iv if u-v = ex (cosy ς siny) Solution:   

f(z) = u+iv i  f (z) = iu-v  

(1+i) f(z) = (u-v) + i (u+v) 

f(z) = u+iv u = u-v = Ἥὀ  

(cosy ς siny)  



F(z) = (1+i) f(z)  cosy - ex siny = 

1ɲ(z,0) = ez - 0 = ez  siny - ex 

cosy = ɲ 2(z,0) = 0 - ez = - ez  

  

f(z) =  1ɲ(z,0) - i 2ɲ(z,0) ] dz + c  

f(z) = (ez + i ez ) dz + c  

f(z) =( Ἥὂ + i Ἥὂ ) + c (1+i) 

f(z) = ez +i ez + c  

f(z) =  f(z)  

= ▄ὂ + c  

Harmonic Conjugate  
1) Show that function u= 2xy+3y is harmonic and find harmonic conjugate.  

   Solution:   u= 2xy+3y  

  

Ŧ όȊύ  Ґ   



 = 0    u satisfies  laplace  equation  

ΨǳΩ is a Harmonic function  

   ‬ὺ  ‬ὺ  

dv = dx +  dy  

dv = -(2x+3) dx + 2y dy v  

=  -(2x+3) dx + 2y dy  
  2  2  

   v = -+ c  

v = - ●+ ὁ - 3x + c  

2) Show that u = 2log (ὼ2+ y2) is harmonic and find its harmonic conjugate.  

   Solution:   u = 2log (ὼ2+ y2)   



 

d x  

3) Find f(z) if the imaginary part is r2 cos2ʃ  Ò ÓÉÎʃ Solution:   

V =  r2 cos2ʃ  Ò ÓÉÎʃ  

2 x   2 y   

dv 
    = dx +    dy   

‬ ό   

dv =  - dx +    dy   

dv =    dx +    dy   

dv =    ( y dx  ς   x dy)   

v =  -   v  

=   -     

v =  -   )  + c   



  

 Ҧ   

  

 Solution:   f(z) = u+iv  

real f(z) = u  

[real  f(z)] 2 = u2
  

 Ҧ   

Similarly ,   

 Ҧ   

d  

d  d  

  

=   2r cos 2 ʃ  ÓÉÎʃ   

  

  Ҧ    

r   

-   r [2r cos2   

LƴǘŜƎǊŀǘŜ ǿΦǊΦǘ  Ψ r Ω Σ ǿŜ ƎŜǘ ǳ Ґ  -   

  

  

)  Ҧ    

   ϧ    

Ŧ ό )  =  0   

sin2   

    sin2   cos2   

4)   Show that  [    [real   ] f(z)]  2     =  Ŧ όȊύ  2 
   



Add 

equation  & 

  

   2  2  

] + 2u [   

ϑ ŦόȊύ Ґ ǳҌƛǾ  ҐҔ Ŧ όȊύ Ґ  

  

 [real  Ἦ(ὂ)]  = н Ŧ όȊύ   

5) If f(z) is analytical function with constant modulus ,then show that f(z) is constant.  

Solution:   

let f(z) is constant modulus   

f(z) = u+iv  

f(z) = ό2 + ὺ2 = constant  

ό2 + ὺ2 = c  

ό2 + ὺ2 = ὧ2 = c1  

Differentiate  w.r.t  ΨȄΩ   

Ґ л Ҧ   

  

2  Ŧ όȊύ  



Differentiate  w.r.t  ΨȅΩ   

Ґ л Ҧ  By C-R 

equations  

    ́   Ґ л Ҧ   

Ґ л Ҧ   

   aǳƭǘƛǇƭȅ   ϝ Ǿ ´ uv  = 0   

    ϝ ǳ ´  = 0   

 Subtract  then    uv 

  



   u =  

u = c  

Similarly   

v = c f(z) is 

constant  

  

Conformal Mapping :   
A transformation w = f (z) is said to be conformal if it preserves angel between   

oriented curves in magnitude as well as in orientation.   

Bilinear Transformation :  

 is called the bilinear transformation or   

mobius transformation. Where a,b,c,d are complex constants.  

The method to find the bilinear transformation if three points and their images are given 

as follows:  

We know that we need four equations to find 4 unknowns. To find a bilinear   

transformation we need three points and their images.  

  

=  c   



in cross ration, three are four points (w,w1, w2,w3,) = (z,z1, z2, z3,)  

   όǿҍǿ1)(w2ҍw3)  όȊ ҍ Ȋ1) ( z2ҍz3)  
=  

 (w1ҍw2) (w3 w)  ( z1ҍz2) (z3 z)  

az+b  

Since we have to get w =  Σ ǿŜ ǘŀƪŜ ƻƴŜ Ǉƻƛƴǘ ŀǎ ΨȊΩ ŀƴŘ ƛǘǎ ƛƳŀƎŜ ŀǎ ΨǿΩ  

Problems about bilinear transformation:  

1) Find the bilinear transformation on which maps the points (-1, 0, 1) into the points (0,i,3i) in w-plane  

   Solution :   In z-plane, z1 = -1, z2 = 0, z3 = 1   

In w-plane, w1 = 0, w2 = i, w3 = 3i  

In cross ration,  

(w,0,i,3i) = (z,-1,0,1)  

   όǿҍǿ1)(w2ҍw3)  όȊ ҍ Ȋ1) ( z2ҍz3)  

=   

-2wi(1-z) = (z+1) [ - [i(3i-w)]]                                               

-2wi + 2wiz = -[-3-wi](z+1)  

-2wi + 2wiz = 3z + wiz + 3 +wi  



-3wi + wiz = (3z + 3)  

- w[i(3-z)] = z(z+1)   w  

  = 

2) Find the bilinear transformation which maps the points (ɻȟÉȟπ) in 

the z-plane into (0,i,ɻ  ÉÎ ÔÈÅ ×-plane.  

   Solution:   In z-plane, z 

 In w-plane,    

όǿҍǿ1)  

 (w  ҍw   )  (   ҍ w)    (   ҍ z )  (z   z )1  2 w3  =   

z1  2 3  όόǿǿҍǿ1ҍw2) ( wύ3) ( ҍὤ1z2) (z3 z) w3  z1   

   

3) Find the bilinear transformation that maps the points (0,i,ɻ  ÒÅÓÐÅÃÔÉÖÅÌÙ ÉÎÔÏ πȟρȟ ɻ Ȣ  

 1   1    

  =  0], z 2   =  i, z 3   =  0    

  

  

  w =    



 

az+b  

The transformation  w =   

The roots of this transformation are called fixed points or invariant points.  

z =  ( we know that w = f(z) ) z(cz+d) = 

az+b c z2 +dz = az+b c ὂ+(d-a)z ς b = 0 

Problems:  

1) Find  the  fixed  points  of  the transformation w =   

Solution: The roots of above transformation are called fixed points  



put w 

= z z =  z(z+1) 

= z-1 z2 +z ς z +1 

= 0 z2  

+1 = 0 z2 = -1 z = ± 

i fixed points ± i   

2) The fixed points of the transformation w =   

   Solution:   put w = z  

z =   

  z(z+2) = (z-i+1)  

z2 +2z = z-i+I 

z2+z+i-I = 0  

( a =1, b =1, c =1-i)  

 Ἢ ±   Ἢ  ἩἫ    1  ±  1 +4   (1   i  )   

 z  =   Ἡ  =   2  

1  ±  1+  4  4  i  1 ±   3 4  

i z  =   2  =   2  

  +    ἱ       ἱ    
     &        

3) Determine the bilinear transformation whose fixed points are 1,-1 Solution:  

Given fixed points are  z = 1,-1  



az+b  

The roots of the transformation is  w =  are called fixed points put w = z cz+d  

az+b 

z =   

cz2+(d-a)z ς b = 0 (z+1)(z-

1) = 0  

   z2 -1= 0     (c =1, d =0, a =0, b =1)  

w =   

Problems on images:  

1) Write the image of the triangle with vertices (i,1+i,1) in the z-plane under the transformation w = 3z+4-2i  

 Solution:   y  

 (x,y) = (1,0)    

In w-plane:   



y 

in z-plane Transformation z =i ́  x+iy = 0+i w= 3z+4-2i (x,y) = (0,1) w= 

3(x+iy)+4-2i z= 1+i ́  x+iy = 1+i u+iv = w  

   (x,y) = (1,1)  u = 3x+4, v= 3y-2  

 x z-  plane  

   (1,0)    

z =1 ́  x+iy = 1  



i) (x,y) = (0,1) ́ (u,v) = (4,1)                                      ii) (x,y) =  

(1,1) ́  (u,v) = (7,1) iii) (x,y) = (1,0) ´ (u,v) = (7,-2)  

Conclusion:  

The image of the triangle whose vertices (i,1+i,1) is mapped as triangle 

whose vertices (4,1) ,(7,1), (7,-2) in w-plane under the transformation 

w=3z+4-2i  

   1  1  

2) Find the image of the infinite strip 0 < y <   under the transformation w =   
   2  z  

 Solution:   In z ςplane   

the infinite strip between the lines y =0, y = .  

Transformation:   

   1  y  

w = z  

1 z =    

ύ x+iy =   

ό Ὥὺ  

x+iy =  

x 

=   

(1   ,   1)   (0   ,   1)   

(7   ,   1)   

(7   ,   -   2)   

(4   ,   1)   

x   

w   -   plane   

x   

Y = 0    

y =    
1   

2   

0   

  

  , y =  



   In w ςplane   z - plane   

   i) y = 0  ii)  y =   

 0 = -v  u2 + v 2 = -2v v = 0 Conclusion: 1  

   The image of infinite strip 0 < y <   is transferred as straight line (v=0) or circle under the transformation w =   

2  

   ʌ  z  

3) Find the image of the region in the z-  plane between the lines y = 0 and y =   under the transformation w  

=  e 2  

   Solution:   In z ςplane   

The lines are y =0, y =  

Transformation  

w =  ez  

 u+iv = ex+iy = ex eiy y  =  0  u+iv  =  ex  

[cosy+isiny] u = ex cosy        v = eὼ siny  

In w-plane  

i) y =0 ́  u = ex,   v = 0  

   ʌ  x  

ii) y = ́  u = 0,   v = e  



2  

v = 0   

 

Conclusion:   
ʌ  

   The image of the region lines y = 0 & y =  are transferred as first quadrant in the w-plane under the   
2  

transformation w =  ez  

1  

4) Show that transformation w = z +   maps the circle z = c  into the eclipse u = (c +   , v =  (c -  . Also 

discuss the z case when c = 1 in detail.  

y   

y =    
ʌ   

2   

0   

z    -   plane    

x   

v   

0   

w    -   plane    

u   

u = 0    



  
  

 Solution:    Z ςplane    Transformation 
1  

circle  z  =  c  
  

w  

= z  

+  
z  

   x + iy = c   

 x2 +y 2 = c  u+iv = r(rcos ὀ +ὁ =Ἣ u+iv =  

(r+    u = (r+   v = (r-   

w ςplane  

   z = c   y  

z = r  ( r =c)  

 we know that  ἫἷἻ̒  +  

Ἳἱἶ̒ Ґ м  

 Case:   When c = 1  

z = 1    , r = 1  

ǳ Ґн Ŏƻǎʻ Σ Ǿ Ґ л  

The  

w = r   

x   

z   =   
  c   



ǳҌƛǾ Ґ н Ŏƻǎʻ Ҍ ƛ όлύ н sin x̒ u = 2     v = 0 

Conclusion:   
  

  The image of circle z = c is transferred as eclipse   = 1 in w ς

plane and also the image of circle  z = 1 when   

c = 1 is transferred as straight lines u =2 & v = 0 in w ς 

plane under the transformation w = z +  .  

5) Discuss the transformation of w = sinz using example.  Ἡ  

+ 
Ἢ  

 Solution:   Transformation w = sinz  

w = sin (x+iy) w = 

sinxcosiy + cosxsiniy  

u+iv = sinxcoshy + icosxsinhyx  

   u = sinxcoshy  v = 

cosxsinhy  

   Example: In z ςplane  In w ςplane  

  u v z = 1    ,  

 x = c  coshy =  , sinhy =   

   sinx  cosx  

ὀ+ ὁ = 1  

Ἵ         
Ἶ      

   
1   

z   

y   

0   

u   2   

a   2   +   
    v   2   

b   2   
    1   =   

y   

0   

X =c   



   put x = c     

 Conclusion:   cos 2 hy - sinh 2 y = 1  

The image line x  

 = c is transferred as hyperbola  =  
1   

 in w ς plane under  

the transformation w = sinz.  

6) Discuss the transformation of w = cosz  

Solution: Transformation on w = cosz  

w = cos(x+iy) w = cosxcosiy ς sinxsiniy u+iv = 

cosxcoshy ς isinxsinhyx u = cosxcoshy 

sinxsinhy In 

z- plane In w-plane y = c cosx =  sinx = - 

  

   put y = c  y  

v =  - 

,  

y   

0   

x   

Ἵ      

Ἡ      
-   
Ἶ      

Ἢ      
=   1   
    

y   

0   

y =c   

  



 

 Conclusion:    

 The image of line y = c is transferred as ellipse  under the transformation w = cosz.     

  

x   

u   2   

a   2   +   
    v   2   

b   2   =   
    1   



                                  

                Unit ς 2   

                                                      Complex Integration   

    Line Integral:   
      suppose f(z) is a complex function in the region R, and C is a smooth curve in R. Consider an interval   

 x1 < x2 Χ ғ xn < b are points in (a, b).   y   
   (a, b) and a <   

      Ў xr = xr - xÒ ρ are chord vectors, then   

   

             
r=1 n  Ў xr =  ab f z dz    

   

   Where the summation tends to a limit and independent of the points choice. The 

limit exists if f(z) is continuous along the path.   

   

Evaluation of the integrals:    f z dz =  (u + iv)(dx + idy)  =  ÕÄØ  ÖÄÙ  

i(udy + vdx)   where u and v are functions of x.   

   

x    

                



      
Problems:   

1) Evaluate  cx2 + ixydz   from A(1, 1) to B(2, 8) along x = t and y = t3.   

   Solution:  Along x = t, y = t3 , dx = dt, dy = 3 t2 dt , The limits for t are 1 and 2    c  

 x2 +ixy (dx+idy)  =  c x2ÄØ ØÙÄÙ É ØÙ ÄØ Ø2dy    

   2  2 dt - 3 t6 dt + i4 t4 dt = ◄̂ -3  ◄̂ +i4  ◄̂ (apply the lower     

            =  1 t        

                                                                                                                                              and upper limit)               

     ἱ  

                                                     =  -    +       
       

   

   1+i  2 dz along y = x2   

2) Evaluate  0  z  

   1+i  2 dz along y = x2 , dy = 2x dx   

     Solution:   0  z  

   1+i  2- y2+2ixy)(dx+ idy)   

         =  0 (x   

   1  2- x4) dx - 2 x3 2x dx + i(x2- x42xdx+2 x3dx)   



         = 0 (x   

       

         = -  +i     
       

   
2+i   

3) Evaluate  ρ É 2x + 1 + iy dz along (1-i) to (2+i).   

  Solution:  Along (1-i) to (2+i) is the straight line AB joining (1,-1) to (2,1).   

       The equation of AB is y-1 = -  (x-2)       y-2x =  

-3, y = 2x-3, dy = 2dx   

         X varies from 1 to 2   

2+i2   

           ρ É 2x+1+iy dz  =  1 2x+1 dx ς (2x-3)2dx + i[2x-3]dx + (2x+1)2dx]   

2  

               =  1 2x+7 dx + i(6x-1)dx   

   x2  x2  

               = -2   +7x+i(6  -x)|(apply the lower     
   2  2  

                                                                                                                              and upper limit)               

+ἱ  

           ἱ ὀ+ +ἱὁdz = 4+8i   

   

   (1,1)  2 +5y +i(x2 y2)]dz along y2 = x.   

4) Evaluate  (0,0) [3 x  

A(1, - 1)     

B (2,1)    



Solution: Along ὁ =x, 2ydy = dx, y varies from 0 to 1.   

   

        (0(1 ,0),3)[3 x2 +5y +i(x2 y2)][dx+idy] =  01 3 y42ydy+5y 2y - (y4 y2)dy + i[(3y4+5y)dy+  (y4 y2)2ydy]   

   y6  y5  y3  y6  y5  y4  y2  

               = 5   -    + 11.  + i(2  +3  -2  +5   ) (apply the lower     

   6  5  3  6  5  4  2  

                                                                                                                                                               and upper limit)               

     ἱ  

               =    +       
       

   

   (1,3)  2ydx+ (x2 y2)dy along a) y = 3 x2  b) y =3x.   

5) Evaluate  (0,0) x  

Solution: a) y = 3 ὀ , dy = 6xdx,  x varies from 0 to 1.   

           (0(1 ,0),3) x2ydx+ (x2 y2)dy =  01 3 x4dx+ (x2 9x4)6xdx   

   
  



  
   (1,3)  5  4  

           (0,0) x2ydx +(x2  y2)dy  = 3 

 x5 + 6  x4 -54 x66      
     

  

   = -       
  

      b) y = 3x , dy = 3dx,  x varies from 0 to 1.   

(1,3)   

           (0,0) x2ydx +(x2  y2)dy  =  

01 3 x3dx + (x2  9x2)3dx   

   ὼ4   ὼ3   

              = 3   - 24  (apply the lower     
   4  3  

                                                                                                         and upper limit)               

  

              = -      
  

6) Evaluate  c  3z + 1 dz where C is the boundary of the square with vertices at the points z = 0, z = 1, z =1+I, 

z = i and the orientation of C is anti-clockwise. Solution:  C is the square OABC   



  

            
 
 

c z  3 +    1 dz =  
 
 
c 1   3 z +  1 dz  

  + 

 
 
c 2   1 z +  3 dz +  

 
 
c 3     

      Along  C   OA  =   

              y  =0 ,  

dy =0    C(0,1)    

  1   x 2     

      X varies from 0 to 1   c 1   3 z+1  dz  =      0 (3  
x+1)dx = 3 

 
2 
  +  x(apply    

                                                                                                 the lower  and upper limit)                

  
    Z=0    0 

  Z=1  

A(1,0)    
   

                  =          
   

        Along  ╬   AB  =   

3   z   +1    dz +    
    3   z   +1    c   4   

dz     

B(1,1)    



x =1, dx =0  y 

varies from 0 to 1   

 1              c2 3z + 1 dz  = i 0 [3 (1+iy)+1]dy = 4i -     

   

 Along ╬= BC     y =1, dy=0  x 

varies from 1 to 0   

0                                          c3 3z + 1 dz  =  1 [3 (x +  

i)+1]dx = -  -3i-1   

   

Along ╬= CO     x =0, dx=0  y 

varies from 1 to 1   

1                      c4 3z + 1 dz  =   1  

[3Ὥώ + 1 ]idx =   -i   
            c 3z+1 dz= = + ░     

ἱἱ+  =    

   

  c 3z+1 dz=0   

   
      

    



(1,1) 2 + 4xy+ix2]dz along y = x2 7)  

Evaluate  (0,0) [3 x  

Solution:  y = ὀ, dy = 2xdx,    

           (0(1 ,0),1)[3 x2 + 4xy+ix2] =  01(3 x2+4 x3+i x2)(dx+i2xdx)   

   1  2+4 x3-2 x3)dx + i(6 x3+8 x4+ x2)dx   

               =  0 (3 x  

              =1+1 -  + i(  +  -  ) (apply the lower                                                                                                                             

and upper limit)                

      ἱ   

               =  +       
       

   

8) Evaluate  c  y2 + 2xy dx + x2  2xy dy , where is the boundary of the region by y = x2 and x = y2   

   Solution:     

   C1: Along OA, y = x2, dy = 2xdx  X varies from 0 to 1      c1  y2 + 2xy dx + x2  2xy dy =  01( x4+2 x3)dx + (x2  

3)2xdx  =           C2: Along ABO, x = y2, dx = 2ydy   y varies from 1 to 0  - 

2 x 

          

  c2  y2 +2xy dx + x2 2xy dy  =    



   1  2+2 y3)2ydy + (y4 - 2 y3)dy = -1   
         =  0 ( y  

        Ἣ ὁ + ὀὁἬὀ + ὀ  ὀὁἬὁ = -1 +    = -      
   

/ŀǳŎƘȅΩǎ ǘƘŜƻǊŜƳ   

       LŦ ŦόȊύ ƛǎ ŀƴŀƭȅǘƛŎŀƭ ŀƴŘ  Ŧ όȊύ ƛǎ Ŏƻƴǘƛƴǳƻǳǎ ƛƴǎƛŘŜ ŀƴŘ c  on a simple 

closed curve C, then   c f(z)dz  = 0.   

   Proof: Suppose R is the region bounded by C       f(z) = u+iv      z = 

x+iy   

      Where C 
  

          c f(z)dz  =  c(u + iv)(dx + idy)           =  cÕÄØ  ÖÄÙ + i(udy 

+ vdx)    

ΑҤ u ΑҤ u ΑҤ v ΑҤ v  

      {ƛƴŎŜ Ŧ όȊύ ƛǎ ŎƻƴǘƛƴǳƻǳǎΣ ΑҤ x , ΑҤ y, ΑҤ x , ΑҤ y exist and are continuous in R.   

      !ŎŎƻǊŘƛƴƎ ǘƻ DǊŜŜƴΩǎ ǘƘŜƻǊŜƳ   

ΑҤ v ΑҤ u  

Y =    x   
2   
,    

y   
2     =  x    

0   
    

B   
    

A   
    

c   
    

R   
    



           c udx + vdy = . R ΑҤ x ҍ ΑҤ y) dxdy   

   ΑҤ v ΑҤ u  ΑҤ V ΑҤ U  

 

           c f z dz =  . R  ΑҤ x ҍ ΑҤ y) dxdy +  i . R ΑҤ Y ҍ ΑҤ X) dxdy   

   ΑҤ Ὗ ΑҤ u  ΑҤ V ΑҤ ὠ  

 

      Since f(z) is analytic     
c f z dz =  . R ΑҤ ὣ ҍ ΑҤ y) dxdy +  i . R ΑҤ Y ҍ ΑҤ ὣ) dxdy   

   ΑҤ u ΑҤ v  ΑҤ u ΑҤ v  

           ΑҤ x = ΑҤ y and  ΑҤ y  = - ΑҤ x   

           Ἣ Ἦ ὂ Ἤὂ = 0   

   

/ŀǳŎƘȅΩǎ LƴǘŜƎǊŀƭ CƻǊƳǳƭŀ    

      If f(z) is analytical within and on a simple closed curve and c  a is any point inside C, then   

   1  f(z)dz   

         f(a) = ἱ  c (ὂἩ)    

    proof: C is a closed curve and a is any point inside C, Enclose a within a circle C whose radius is r and the  

centre is at a. Now C is inside C.   

 f(z)     is not analytical  

inside C.   
(ὂἩ)   



   
 .ȅ /ŀǳŎƘȅΩǎ ǘƘŜƻǊŜƳ ŦƻǊ ƳǳƭǘƛǇƭŜ ŎƻƴƴŜŎǘŜŘ ǊŜƎƛƻƴ      c g z dz =   Ŏ  g z dz   

             g(z) = (ὂἩ)  C   

        Where                     Ŏ  ƛǎ Ȋҍŀ Ґ Ǌ   

            z ς a = reiʻ, z = a + reiʻ   

            dz = rieiʻŘʻ   

          ̒  ǾŀǊƛŜǎ ŦǊƻƳ л ǘƻ нˉ ƛƴ c    

   c   Ŏ  f(ὂἩz dz) =   c f(ὂἩz dz) =  02  ̄f(a + r(erie
ʻ

i)ʻ Ǌ)eiʻŘʻ Ґ ƛ  0нˉ Ŧόŀ Ҍ Ǌei
ʻ
)d   

         As r O  лΣŎ   O0   

   Ἦ ὂ Ἤὂ  н  ̄ 

              Ἣ (ὂἩ) = i    f(a) Řʻ Ґ Ŧόŀύ нˉ ƛ   

f z dz  

            f(a) =     c (ὂἩ)   

нˉƛ  

         /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ ŦƻǊ ǘƘŜ ŘŜǊƛǾŀǘƛǾŜǎ    

f z dz 1  

f(z)    

.a    

Ŏ   
     

z    



             f(a) =     c (ὂἩ)   

нˉƛ  

         Differentiating with respect to a successively    

f z dz 1  

              Ŧ όŀύ Ґ нˉƛ  
c Ú Á2   

   2  f z dz  

          Ŧ όŀύ Ґ     Ã Ú Á3   

          

           f iv (a) = 2.3.4нˉƛ  Ã ÆÚ ÁÚ ÄÚ5   

         .   

         .   

         .   

 

          f n(a) = 2n!ˉƛ  Ã Ú ÁÆ Ú ÄÚn+1    

      We can evaluate easily the integrals of complex functions using this formula.   

Problems:   
ὂezdz  

2 ̄ ƛ   

  f  iii    ( a) =  2.3     Ã ÆÚ ÁÚ ÄÚ 4     

2 ̄ ƛ   

1   



1) Evaluate  c (z+2) 3 where C is ὂ = 3.  Solution:  

z = -2 lies inside z = 3   

         !ŎŎƻǊŘƛƴƎ ǘƻ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ   

1 f z dz z a = -нϐ    Ŧ όŀύ Ґ   
c Ú Á3 ,    

[f(z) = z e  

ˉƛн  

        Ŧ όȊύ Ґ Ȋ ez + ez        Ŧ όȊύ Ґ Ȋ ez +  

 2ez        Ŧ ό-2) = - 2e 2 + 2e 2=0   

ὂἭὂἬὂ  

           Ἣ (ὂ+ )  = 0.   
dz  

2) Evaluate  c z3(ὂ+ ) where C is ὂ Ґ н ǳǎƛƴƎ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀΦ   

   

Solution:  z = 0 lies inside C and z = -4 lies outside.   

      AŎŎƻǊŘƛƴƎ ǘƻ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ   

 1  

and f(z)=   (ὂ+ ) ϐ   Ŧ όȊύҐ ҍ  Ŧ όȊύ Ґ    Ŧ όŀύ Ґ нˉƛ  
c Ú Á3     [a=0 

 ŀƴŘ  Ŧ όлύ Ґ    

   Ἤὂ  ἱ  

           Ἣ ὂ(ὂ+ ) =    

f z dz   2   



   
(z3 sin3z)dz  

3) Evaluate  c  where C is ὂ Ґ н ǳǎƛƴƎ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀΦ   

   

Solution:  AŎŎƻǊŘƛƴƎ ǘƻ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ   

 1 f z dz   3  sin3zϐ    Ŧ όŀύ Ґ   
Ã Ú Á3     [a=  and f(z) = z  

   ˉƛ    

         <2, z =  lies inside C: ὂ = 2         Ŧ όȊύҐ оz2- 

 оŎƻǎоȊ Ŧ όȊύ Ґ сȊҌф ǎƛƴоȊ       Ŧ ό ύ Ґ оˉ-9   
Ἦ ὂ Ἤὂ  

           Ἣ (ὂἩ)   Ґ ˉi(3 -̄9 )    
Ὠᾀ  

4) Evaluate  ὧ  Ὡᾀ Ú ρ3 where C is ὂ Ґ н ǳǎƛƴƎ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀΦ   

   
   Ὠᾀ  ὩᾀὨᾀ  

Solution:    ὧ Ὡᾀ Ú ρ3 =  ὧ Ú ρ3    

            z = 1 lies inside C i.e|z|=2   

            f(z) = Ὡᾀ   

         AŎŎƻǊŘƛƴƎ ǘƻ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ   

 f(a), [ a =1]    

(    z      
ʌ   
2   
)    3   

1   f z dz        
  
c  ( ◑  ╪ )   =   



нˉƛ  

  1 f z dz         Ŧ όŀύ Ґ ˉƛ  
c Ú Á3   

             Ŧ όȊύҐ- Ὡᾀ Ŧ όȊύ Ґ ὩᾀΣ Ŧ όмύ Ґ Ὡ1   

   ὩᾀὨᾀ  ἱ  

 

              ὧ Ú ρ3 = Ἥ   

5) ¦ǎƛƴƎ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ ŜǾŀƭǳŀǘŜ  ᾀ4Ὠᾀ where C is ellipse and  9 ὼ2+4 ώ2 = ὧ 
Ú ρ ÚὭ)2  

36.     

Solution:     

ᾀ4Ὠᾀ  

  

 ὧ Ú ρ ÚὭ)2    
  

    =  ὧ (z+1)(1+ Ὥ)2 -  ὧ Ú É ρὭ)2 +    ὧ  

ÚὭ)2   Splitting into partial fractions    z = -1 and z = i lie inside 9 ὼ2+4 ώ2 = 36   
f z dz  

1  

н ī c (ὂἩ)   

          f(a) =      
f z dz 1  

               Ã Ú Á2 Ґ Ŧ όŀύ    

нˉƛ  

         f(z) =z4, a = -1, f(-1) = 1, a=I, f(i) = 1       

     Ŧ όȊύ Ґ 4z3 ŀƴŘ Ŧ όƛύ Ґ -4i   

ᾀ 4 Ὠᾀ   ᾀ 4 Ὠᾀ     ᾀ 4 Ὠᾀ   



 

z4dz  

        c Ú ρ Ú É2 =   нˉƛ -  нˉƛ Ҍ  нˉƛ ό-4i)   
      

   
logzdz1  

6) Evaluate  c   Ú ρ3  where C is ὂ  =  ǳǎƛƴƎ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ   

 Solution:          

 

       AŎŎƻǊŘƛƴƎ ǘƻ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ   

1 f z dz  Ŧ όŀύ  

2 c Ú Á3 = 2!        [  

 

ŀ Ґмϐ ˉƛ 1  

        ὂ   =  is a circle whose centre is (1,0)   

  

.    

(1   ,0)    
.    

(   
1   

   
,0)    

    =    Ґ пˉόм - i)    



 and   1      

radius is  , a=1 lies inside C   

  

1     f(z) =  

ƭƻƎȊΣ Ŧ όȊύҐ   Σ Ŧ όȊύ Ґ -  Σ Ŧ όмύ Ґ -1   
   ὂ  

   1  

           Ŧ όŀύ Ґˉƛ 
c Ú Á3   

ἴἷἯὂἬὂ  

             = - ̄ ƛ   

Ἣ (ὂ )   

   (z2 Ú ρ ÄÚ  1  

7) Evaluate  c  Ú Ú É2  where C is ὂ   = 1    

 Solution:          

    AŎŎƻǊŘƛƴƎ ǘƻ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ   

f z dz      Ã Ú Á Ґ нˉif(a)    

          z =0 inside C and z=i is outside C   

 2         f(z) =  , [a=0, f(0) =1]  

   2   

(ὂ ὂ )Ἤὂ  

            Ἣ ὂ(ὂἱ)  Ґ нˉἱ   

   
(3z2+7z+1)dz   

2   z   

f z dz   



9) If F(a) =  c Ú Á ǳǎƛƴƎ /ŀǳŎƘȅΩǎ ƛƴǘŜƎǊŀƭ ŦƻǊƳǳƭŀ ǿƘŜǊŜ / ƛǎ ὂ = 2, CόмύΣ CόоύΣ Ŧ όмҍƛύ Φ   

(3z2+7z+1)dz   

 Solution:        Suppose F(a) =  
c Ú Á      

(3z2+7z+1)dz   

           F(1) =         , [z=1 lies inside C]   

   c  Ú ρ  

 f(z)dz        

     c  Ú Á = 2ʌÉ Æ Á    

          [f(z) = 3z 2 +7z+1,  f(1) = 3+7+1 =11]   

 

 2            c   =  

2ʌÉ ρρ  ςς ʌÉ   & ρ    

 

 = 0 = F(3)   

  

            a = 1-i is inside C   

            Cόŀύ Ґ нˉƛόо a2+7a+1)   

             C όŀύ  Ґ нˉƛόсŀҌтύ   

  
2   

  
            F(z) =      c    dz,     [  z=3 is outside C]      

  

2               c  



             C όŀύ  Ґ мнˉƛ   

             C όм-ƛύ  Ґ мнˉƛ   

   

Complex Power Series   

¢ŀȅƭƻǊΩǎ ¢ƘŜƻǊŜƳΥ   

     If f(z) is analytic inside and a simple closed circle C with centre at a, then for z inside C          f(z) = f(a) +  

Ŧ όŀύ όȊ-a) + Ŧ όŀύ Ú  Á2+ 
Ŧ όŀύ

 Ú  Á3+...   

   2!  3!  

Proof: [Ŝǘ ½ ōŜ ŀƴȅ Ǉƻƛƴǘ ƛƴǎƛŘŜ /Σ ǘƘŜƴ ŜƴŎƭƻǎŜ Ȋ ǿƛǘƘ ŀ ŎƛǊŎƭŜ  Ŏ  Σ ǿƛǘƘ ŎŜƴǘǊŜ ŀǘ ŀ Σ ƭŜǘ ǿ ōŜ ŀ Ǉƻƛƴǘ ƻƴ  Ŏ  Σ 

then   
   1  1  1  Ú Á  ρ  

converges 

uniformly 

multiplying 

ōƻǘƘ ǎƛŘŜǎ ōȅ Ŧόǿύ ŀƴŘ ƛƴǘŜƎǊŀǘƛƴƎ ǿƛǘƘ ǊŜǎǇŜŎǘ ǘƻ ǿ ƻƴ Ŏ              Ŏ  Ὢ × Ú× Ä× = Ŏ  Ὢ × Á× Ä×  +(z-a)  Ŏ  Ὢ × Á× Ä×2 + Ú  

a)2  Ŏ  Ὢ × Á× Ä×3 ҌΧҌ Ú  Áὲ  Ŏ  × ÁὪ w )dwὲ+1    

       Ŧόǿύ ƛǎ ŀƴŀƭȅǘƛŎ ƻƴ Ŏ    



          f(z) =   

   (a)  Ὢ w dw  

      and      n!  
 = 
н ī Ŏ  × Áὲ+1         Dividing by 2ʌÉ   

 1 Ὢ w dw 1 Ὢ w dw (ᾀ ὥ )  Ὢ w dw (  Ú Á )  2 Ὢ w dw (  Ú Á )  ὲ Ὢ w dw          Ŏ  × Ú = 2̄ i Ŏ  × Á + 2ʌi  Ŏ  × Á2 + 2ʌi × Á3 ҌΧҌ нʌi   Ŏ  

× Áὲ+1ҌΧ   

нˉƛ  

 

 2ὲ          f(z) =  

 f(a)+(z-ŀύ Ŧ όŀύҌ  Ŧ όŀύҌΧҌ   (f)ὲόŀύҌΧ   

   2!  !  

      ¢Ƙƛǎ ƛǎ ¢ŀȅƭƻǊΩǎ ǎŜǊƛŜǎ ƻŦ ŦόȊύ      

 if    z-a = h   

   h2  hὲ  

         ŦόŀҌƘύҐŦόŀύ Ҍ Ƙ Ŧ όŀύҌ  Ŧ όŀύҌΧҌ n! όŀύҌΧ н!       (f)ὲ       if   

 a=0, h=z   

   z2  zὲ  ὲ  

 

           ŦόȊύҐŦόлύ Ҍ Ȋ Ŧ όлύҌ 2! Ŧ όŀύҌΧҌ n!  

1   

(    f   )    ὲ   1   

Ὢ   w dw   
  
Ŏ   )  × Ú (      

ˉƛ 2   

n   



1 

(f) όŀύҌΧ   

       ¢Ƙƛǎ ƛǎ ŀ aŀŎƭŀǳǊƛƴΩǎ ǎŜǊƛŜǎ ƻŦ ŦόȊύ   

   

Laurent series   

      If f(z) is analytic in a ring R bounded by two concentric circles C1and C2 of radii r1 and r2,   

 (r1 > r2) with centre at a then for all z in R   P     f(z) = a0 + a1 (z-a)+ a2 Ú  Á2ҌΧҌ b  + b Ҍ Χ   

 Ὢ w dw   C1      

            Where aὲ = 2̄ i C1 × Áὲ+1     

Ὢ w dw1   

            and      bὲ = 2̄ i C2 × Áὲ+1    

²ƘŜǊŜ Ŏ  is any curve in R encircling C    

      tǊƻƻŦΥ /ƻƴǎƛŘŜǊ ŎǊƻǎǎ Ŏǳǘ tv ŀƴŘ ŦόȊύ ƛǎ ŀƴŀƭȅǘƛŎ ƛƴ ǘƘŜ ǊŜƎƛƻƴ w  ōƻǳƴŘŜŘ ōȅ tvΣ Ȋ ƛǎ ŀƴȅ Ǉƻƛƴǘ ƛƴ w Φ   

  Ὢ ύ Ὠύ  Ὢ w dw  Ὢ ύ Ὠύ  Ὢ w dw  

         f(z) =  [  PQ × Ú -  C2  (ύ ᾀ) -  QP × Ú +  C1  (ύ ᾀ) ]   

нˉƛ  

  Ὢ w dw  Ὢ w dw  

f(z) =  [ C1 (ύ ᾀ)  -  C2 (ύ ᾀ) ] ²  Equation 1             

нˉƛ  

   

1   

(    Ú Á   )    

2   

(    Ú Á   )    2   

  

a.    Q    

C   2   

  
      

w   
    

C      
  
      

  



      Where C1 and C2 are described anticlockwise    

      Consider    

  Ú Á   )  ὲ  Ὢ w dw  

ҌΧҌ нˉƛ           × Á2 

    C1 × Áὲ+1  ҌΧ   

  

        
  

          =  ▪= (ὂ  Ἡ)▪ a▪     ²  Equation 2   
f w dw  

1  

          Where     an Ґ нˉƛ  C1 × Án+1    

 1  f w dw  

      

For C2, w-a < z-a    

    Consider       C2 × Ú   

нˉƛ  

   

      

      

1   

(    ύ  ᾀ   )    1   

1   (    ᾀ  ὥ   )    

(    Ú Á   )    Њ   

Ὢ   w dw   Ὢ   w dw   Ὢ   w dw   

  2 ̄ ƛ   
  
C   

  =   
н  ̄i   

  
C 1   (  ύ  ὥ )  

  +   
2 ̄  i  

  
C 1   

ὲ   Ὢ   w dw   

=   
  
ὲ =0    ˉƛ 2 

    C ὲ +1       



1 

       =   +    ҌΧϐ   

 f w dw   1  f w dw  f w dw  

        C нˉƛ /2  Ú Á +  нˉƛ  C2 × Á1  +   

ὧ2 н ī × Á3   

нˉƛ  

       Ґ ң ō ἶ    ² equation 3    Where       
f w dw  

  

           bn =
 
нˉƛ  C2  × Á n+1    

 

  Substituting equations 2 & 3 in 1, we get       f(z) =  
ἶ= (ὂ  Ἡ)ἶ aἶ +  ἶ=  ὂ  Ἡ ἶ bἶ    This is called the Laurent series of f(z)    

  

    The first part  ἶ= (ὂ  Ἡ)ἶaἶ is called the analytic part and the second part    

  

      ἶ=  ὂ  Ἡ ἶ bἶ  ƛǎ ŎŀƭƭŜŘ ǘƘŜ ǇǊƛƴŎƛǇŀƭ ǇŀǊǘΦ LŦ ǘƘŜ ǇǊƛƴŎƛǇŀƭ ǇŀǊǘ ƛǎ ȊŜǊƻΣ ǘƘŜ ǎŜǊƛŜǎ ǊŜŘǳŎŜǎ ǘƻ ǘƘŜ ¢ŀȅƭƻǊΩǎ ǎŜǊƛŜǎ   

Problems   
1) 9ȄǇŀƴŘ ƭƻƎ Ȋ ōȅ ¢ŀȅƭƻǊΩǎ ǎŜǊƛŜǎ ŀōƻǳǘ Ȋ Ґ мΦ   

Ŧ όŀύ
3! Ú  Á3+...+   

fnn
(
!
a)

 (z  ÁnҌΧ        

 a=1, f(1) = 0   

  Solution:     The given function is f(z) = log z    

        ¢ŀȅƭƻǊΩǎ ǎŜǊƛŜǎ ƛǎ    

 Ŧ όŀύ  

    ŦόȊύ Ґ Ŧόŀύ Ҍ  Ŧ όŀύ όȊ-a) +  2! Ú  Á2+  

  1   



    

1  

             Ŧ όȊύ Ґ z Σ Ŧ όмύ Ґ мΣ   

1  

             Ŧ όȊύ Ґ - z2 Σ Ŧ όмύ Ґ -1,   

2  

           Ŧ όȊύ Ґ z3  Σ Ŧ όмύ Ґ нΣ          f iv(z) =  

3!
z4 , f iv(1) = -3!   

      log z = (z-1) -  (ὂ  ) + 13 (ὂ  ) - 14 (ὂ  ) ҌΧҌ )ἶ n(ὂ )ἶҌΧ   

   
7ᾀ 2  

  
2) Obtain all the Laurent series of the function    about z = -1   

ᾀ+1 ᾀ(ᾀ 2) 7ᾀ 2  

   Solution:        f(z) =   
ᾀ+1 ᾀ(ᾀ 2)   

      put    z+1 = u , z = u-1           z-

2 = u-3   
   χÚ ς  χ Õ ρ ς  A  B  C  

          Ú ρ Ú Ú ς = Õ Õ ρ Õ σ = u + Õ ρ + Õ 3    
χÕ ω  

  



A = lim  = -3   
Õᴼπ Õ ρ Õ σ χÕ ω  

B = lim   = 1   
Õᴼρ Õ Õ σ  

χÕ ω C 

= lim  = 2 Õᴼσ Õ ρ Õ  

       - 3 + 1 + 2 = - 3 - ρ  Õ 1 - 2 ρ  Õ ρ u  Õ ρ 

  Õ σ  u3  3  

   = - 3 - (1+u+ u2+ u3ҌΧ ύ - (1+ u + u2 ҌΧύ u 3 9  

            = - Ἵ  -  -(1 +  )(z+1) -(1 +  ) (ὂ + ) ҍ(1 +  ) (ὂ + ) ҌΧ   

   

3) Expand   is the region   

      (i) 0 <  Ú  ρ < 1   (ii) 1 <  z < 2   (iii) z > 2   

Solution:    

 (i)   =   -     

          Ú  ρ < 1   

2   

3   



 

(ii)  

1 1     -   = -  -     
   Ú ς    Ú ρ    

 ὂ       ὂ 

         =  (1+  +  +  ҌΧύ - ὂ ( 1 + ὂ  ὂ     
2  

 (iii)   |z|>2,2<|Z|,  <1, z  

             
Ú ς   

 Ú ρ   z  

z  

   =    1   ρ  2 1 -  1    ρ  1 1  

       z  z  z  z  

    όмҌ  Ҍ Χύ -  z z z z z z  

Î ρ  

  -     =     -   

=   -     -     =   -   1   Ú   1   

              =   -   z (1+( - 1)  +  ὂ            +    ὂ             Ễ   +              
(  ὂ   )    

1   

z   

2   

1   

2   
ρ    

z   

2   

 1   1   

z   
ρ    

1   

z   

 1   

+    Ễ   +    )    

 <   1 z   ,   z   ,  <2   1   <  ,        <1   

z   

ὂ             



            =  n=1  

    ἶ -1)           (   

ὂ  

   
(z2 1) 4) Find the 

Laurent series expansion of the function  if 2< z <3.   
(z+2)(z+3)   

   Solution:           

   (z2 1)  

         f(z) =    
   (z+2)(z+3)   

3 8    = 1+  

-    
   (z+2)   (z+3)   

        

           

            =  мҌ ҌΧύ    

  

z n   -   
  

n=1  z n     

  

  =  1  -   

  

   1 +  = 

  -   

  z 
  3   

 1+   =     
3   

z   

    1+    
2   

z   

 1   

-   
    8   

3   

    1+    
z   

3   



            = 1+  ἶ=  ὂἶ + ἶ )   

e2z  

5) Expand f(z) = Ú ρ3 about z=1 as Laurent series. Also indicate the region of convergence of the series.   

e2z  

Solution:          
3   

f(z) =  
 
Ú ρ  

       put z-1 =u, z= 1+u   

  

        =   =    (1+2u+   ҌΧύ   

        
  

         =   

   
z  

6) Express f(z) =  in a series of positive and negative powers of z-1.   
Ú ρ Ú σ z  

   Solution:         f(z) =    
Ú ρ Ú σ  

   z  A  B  

Î ρ Î ρ   z Î ρ n   

               1+3  =   n=1    +  8    n=1  n       

ὂ ἶ     

z   n   

      
ἶ   

   
   ἶ     

Ἥ   
   (    +    +    Ễ   +    )    

e 2 z     

        = 

    
         

ὂ        ὂ        ὂ          



              =    +      
   Ú ρ Ú σ   Ú ρ   Ú σ  

   z  1  

A = lim  = -    
Úᴼρ Ú σ  ς Ú σ  

B = lim  =  Úᴼσ Ú ρ    2  

            
  

          =    

  1   Ú ρ  2 ҌΧύ -                 = - 3 (1 
  

  

          = (ὂ ) -   ἶ=   

          Contour Integration   
Singular points   

Singular point:  A point at which f(z) ceases to be analytic is called a singular point.   

Isolated singular point:  Suppose z=a is a singular point of a function f(z) and no other singular point of f(z) exists in a 

circle with centre at a, then z=a is said to be an isolated singular point.   

f(z) =    -     =     -    

  1   

Ú ρ   -     ς Ú ρ     
  

  2   

Ú ρ )   1   -   

  4     2   

      
  

  ς Ú ρ   
  -     

3   

  4   
  (1+       2   

  +     
Ú ρ   3   

  2   2   

ὂ     

     

ἶ       



    In such a case f(z) can be expanded by Laurent series around z=a   

Pole:  If the principal part of f(z) consists of a finite number of terms b1, b2... bn    bnґ 

0 then (z-a) is said to be a pole of order n.   

    if n=1, z=a is said to be a simple pole.(note: if f(z) has a pole at z=a, then     
   

Removable singularity:  If a single valued function f(z) is not defined at z=a and  f z exists, then 

z=a is said to be a  sin z removable singularity f(z) =  , z=0 is a removable  

singularity.  z  

Essential singularity: If the principal part of f(z) consists of an infinite number of terms, then z=a is said to be an essential 

singularity   

   e z =    z=0 is an essential singularity.   

Singularity at infinity: Suppose we substitute z= 1 , f(1 ) = F(w) (say), then the singularity at w=0 of F(w) is called the w 

   w  

 singularity at infinity. ez has an 

ŜǎǎŜƴǘƛŀƭ ǎƛƴƎǳƭŀǊƛǘȅ ŀǘ Ȋ ҐқΣ ǎƛƴŎŜ e z has an essential singularity at z=0.   

Entire function: A function which is analytic everywhere in the finite plane is called an entire function or integral function.   

    Examples: ez , sin z, cos z are entire functions.   

Note: An entire function can be represented by a Taylor series which has an infinite radius of convergence. Conversely, if a 

power series has an infinite radius of convergence, it represents an entire function.   

  



[ƛƻǳǾƛƭƭŜΩǎ ǘƘŜƻǊŜƳΥ If f(z) is analytic and bounded, i.e f(z)  < m for some constant m in the entire complex plane, then f(z) is 

a constant.   

Residue: We know that  c Ú Ádz ) Ґ нˉƛ ǿƘŜǊŜ / ƛǎ Ú  Á = R and  c Ú Ádz)  Ґ лΣ ƛŦ ƴ ґ -1.   

 c   f z dz Ґ нˉƛ ō1where C is the circle with centre at a and f(z) is expanded in Laurent series. b1is said  

to be the residue of f(z) at z=a [ the coefficient of  in the principal part of the Laurent series of 

f(z)].   

/ŀǳŎƘȅΩǎ wŜǎƛŘǳŜ ¢ƘŜƻǊŜƳΥ   

Statement: LŦ ŦόȊύ ƛǎ ŀƴ ŀƴŀƭȅǘƛŎ ŦǳƴŎǘƛƻƴ ƛƴǎƛŘŜ ŀƴŘ ƻƴ ŀ ŎƭƻǎŜŘ ŎǳǊǾŜ Ψ/Ω ŜȄŎŜǇǘ ŀǘ ŀ ŦƛƴƛǘŜ ƴǳƳōŜǊ ƻŦ ǇƻƛƴǘǎΣ ƛƴǎƛŘŜ /Σ ǘƘŜƴ   

   c f z dz Ґ нˉƛ  ό ǎǳƳ ƻŦ ǘƘŜ ǊŜǎƛŘǳŜǎ ŀǘ ǘƘŜ Ǉƻƛƴǘǎ ǿƘŜǊŜ ŦόȊύ ƛǎ ƴƻǘ ŀƴŀƭȅǘƛŎ ŀƴŘ ǿƘƛŎƘ ƭƛŜ ƛƴǎƛŘŜ /ύΦ   

 If the poles of order one and n then the residues are      

  d    dÎ ρ  nf(z)]    

  limÚᴼÁ   dz [ Ú Á  f(z)], lim  dzÎ ρȦÎ ρ[ Ú Á  ÚᴼÁ eiz 1) Find the poles of the function and the  

corresponding residues at each pole, f(z) = (z2+1)    

eiz  

  Solution:     The given function is f(z) = (z2+1)  , f(z) is not analytic at z = i and z = -i    

      Therefore, the poles of f(z) are i and -i, both are simple poles       If 

z=a is a simple pole, then the residue at z= a is ÌÉÍ Ú Á Æ Ú ÚᴼÁ   

          Res z=i= ÌÉÍ Ú É Æ Ú = ÌÉÍ Ú É     eiz  ἱ     

 = -  Ἥ  



   ÚᴼÉÚᴼÉ  Ú É Ú É      

 eiz  ἱ      

       Res z= -i= lim(z+i)f z = lim(z+i)   =   Ἥ. Úᴼ ÉÚᴼ É  Ú É Ú É      

2ᾀ  

2) Find the poles of the function and the corresponding residues at each pole, f(z) =   “ .   

  
 6  

   2ᾀ  “  

 Solution:     The given function is f(z) =   “  , z-   is a double pole   

      6  
 6  

   2  “  

 

   6“ lim“   dzd ᾀ Ú“ 6)2   

          Res at z =  =   

  
  Ú  O6    6  

Ⱬ  Ⱬ        
         = ■░□  2 sinz cosz =2 Sin  Cos =    =          

  ὂO Ⱬ   
    

 
        

   

  z sinz  

3) Find the residue of Ú ʌ3 at z = ʌȢ   

z sinz  

 Solution:        The given function is f(z) = Ú ʌ3 , z = ʌ is a pole of order 3        

   If z = a is a pole of order 3, then residue at z = a is   

   

  



  

[ Ú  Á  

           limÚᴼÁÎ ρȦ  dz 
ÄÎ ρÎ ρ  nf(z)]       (a = ʌ )   

1 d2  

       Res at z = ʌ = Úᴼʌlim  dz2 (z sinz)   

          = lim    (z 

cosz + sinz) Úᴼʌ  ÄÚ   lim  (cosz 

ς z sinz + cosz ) = -1.   

ÃÏÓʌÚ2 ÓÉÎʌÚ2)dz  

4) Evaluate  c  Ú ρ 2 Ú ς   

  

Solution: The given function is f(z) =   ,  z = 1 is a double pole 

and z = 2 is a simple pole, both lie inside C. Ú ρ  

       Res at z = 1 = lim d [ Ú  ρ 2f(z) ] = lim  d ÃÏÓʌÚ2 ÓÉÎʌÚ2)   
  

          =  

lim   =  

2   Ú ς   

  

  d   

            = 

Úᴼʌ    

  where C is  z    3.  =   

2   2   

  

Úᴼρ ÄÚÚᴼρ ÄÚ     Ú ς   

2 +2  ÚÃÏÓʌÚ 2  ÃÏÓʌÚ 2 2   

3   Úᴼρ   

Ú ς   2   

Úᴼς   

(    ÃÏÓʌÚ   2   +    ÓÉÎʌÚ   2   )    

Ú ρ   2   
   1  =   



       Res at z = 2 = ÌÉÍ Ú   

2 f(z)  = lim Úᴼς  

       According to residue theorem    

ÃÏÓʌÚ2 ÓÉÎʌÚ2)dz  

           = 2 i(sum of the residues) = 2 i(3+1) =8 ἱ c  Ú ρ  

2 Ú ς  

   
    z secz dz  2+9 y2=9   

5) Evaluate  c  ρᾀ2  where C is  4 x  

z secz Solution:  

The given function is f(z) = ρ ᾀ2     z=1 and -1 are simple poles and 4 x2+9 y2=9 is a ellipse whose semi minor and 

major axes are 1 and  .1 and -1 both  

 lie inside C.    y z secz    sec1   

       Res at z=1 = lim  (z-1)f(z) = lim  -    = -      
Úᴼρ Úᴼρ Ú ρ ς Ú ÓÅÃÚ  ÓÅÃρ   

        Res at z= - 1 = lim  (z+1)f(z) = lim  -    = -      
   Úᴼ ρ  Úᴼ ρ  Ú ρ  2  

z secz dz     c ρᾀ2 = 2 ʌi (sum of the residues, by residue  

theorem) x   

           = 2 ʌi  (-sec 1) = - 2 i ( sec 1)   
   

ezdz  

(0   ,1)    

0   
    Z= - 1 

    Z=1    
(   
3   

2   
,0)    



6) Evaluate  c  Ú ς Ú ρ Where C is the circle Ú  ρ= 1.   

ezdz  

Solution:  The given function is f(z) =  c Ú ς Ú ρ , z =-2 and 1 are simple poles , z=1 

lies inside C and z =-2 lies outside C.   

ez   e       Res at z=1 = lim  

(z1)f(z) = lim     =    Úᴼρ  Úᴼρ  z+2  3   

         Ἣ Ἦ(ὂ) dz = 2 i    

       (sum of residues at the poles which lie inside C)   

 

 ἭὂἬὂ 2 iἭ   

         Ἣ (ὂ+ )(ὂ ) =        

       Evaluation of real integrals in unit circle    

   
ςʌ  

We can evaluate the integrals of the type  0 Æ  ÃÏÓ ʃ, ÓÉÎ ʃ)dʃ where f(ÃÏÓ ʃ, ÓÉÎ ʃ) is a rational function, using residue 

theorem.   

 Éʃ, we can write ÃÏÓ ʃ   =  

 eÉʃ+e Éʃ       we know that if z = e  

2  

 1   eÉʃe Éʃ           ÃÏÓ ʃ =   (z+  ) and ÓÉÎ ʃ =    
   z  2i  

 1      

(1   ,0)    

Ú ρ   =   
  1 

    



ÓÉÎ ʃ =  (z-  )  2i z  

        
  i 

eÉʃ  

dʃ = 

dz 

and 

dʃ =  
 

dz    

iz  

    By this substitution we can change the integral into a function of z.   

          We know that  c f(z) dz = ςʌÉ (sum of the integrals)          We  

 

take C is z =1, then ʃ varies from 0 to ςʌ   

ςʌ  

0 Æ ÃÏÓʃ, ÓÉÎʃ)dʃ  =  c g(z)dz   where C is z =1   

1 1  1  dz       g(z) = f [ 2 (z+  ) ,  (z-  ) ]    z 2i  z iz  

          We can evaluate using residue theorem   

Problems   
   ςʌ  dʃ   ςʌ  



   1) Show that  0  Á ÂÓÉÎʃ = a2 b2 , a>b>0 using residue theorem.   

   Solution:     Consider C = z =1, z = eÉʃ   

 1     1           ÃÏÓ ʃ =   (z+  ) , ÓÉÎ ʃ =  (z-  )    
   z  2i  z  

   ςʌ  dʃ   dz   

    

              0  Á ÂÓÉÎʃ =  c iz[a+2b iόȊҍ 1z  )]    

2   

          f(z) = [ bz2 ςÁÉÚ Â ]   

2 dz  

            c f(z) dz =  c bz2 ςÁÉÚ Âdz         

    bz2  ςÁÉÚ b = b(z-ʰύόȊ-ʲύ   

2ai     
   where     όʰҌʲύ Ґ -   Σ ʰʲ Ґ -1   

  ÁÉ É Á2 b2        

    h  =  ŀƴŘ  ʲ =  b  b  

  h  ғм ŀƴŘ ʲ Ҕм    ʰ  ƭƛŜǎ ƛƴ /      c f(z) dz= ςʌ É wŜǎ ½ Ґ ʰ    

2   

          wŜǎ ½ Ґ ʰ Ґ lim  (Z -ʰ ύ ŦόȊύ Ґ lim      

   Úᴼh   Úᴼh  bόȊҍʲύ   

b   

 ai+i a 2  b 2   



            =    

bόʰҍʲύ   

   
            

           

            

     

                   
   

 ςʌ  dʃ   

 2) Evaluate  0  φ σÃÏÓʃ2 using residue theorem   

 ςʌ  dʃ  

 Solution:         0  φ σÃÏÓʃ2      

   Substitute z =eÉʃ   

 1     1           ÃÏÓ ʃ =    (z+  ) , ÓÉÎ ʃ =  (z-  )  z 

   2i  z  

            dz = i eÉʃÄʃ  and Äʃ = 
dz     

iz  

   ςʌ  dʃ   dz   4zdz   

  

  



  

               0  φ σÃÏÓʃ2 =  c 

      ¢ƘŜ ǇƻƭŜǎ ŀǊŜ ʰ ŀƴŘ ʲ ǿƘŜǊŜ ʰ Ґ н - 3 ŀƴŘ ʲ Ґ н Ҍ 3 ŀƴŘ ōƻǘƘ ŀǊŜ ŘƻǳōƭŜ ǇƻƭŜǎΣ ŀƳƻƴƎ ǿƘƛŎƘ ʰ ƭƛŜǎ ƛƴǎƛŘŜ /Φ   

d   2f(z) ]      

    wŜǎ ŀǘ Ȋ Ґ ʰ Ґ lim     ώό½ ҍʰ) Úᴼh  dz  

   d   z   ʰ Ҍ ʲ)   

            = Ú lOimʰ dzώό½ ҍɼ2 ] = (ʰ ҍ ʲ)    

        
           (ʰ Ҍ ʲ) Ґ пΣ ʰ ɀ ̡  Ґ -2 3       wŜǎ ŀǘ ȊҐ ʰ Ґ  Ґ    

  4zdz   

            c 9 i(z  2 4z+1)  2  = 9i  2ʌi  6 3   =      

   ςʌ  dʃ   

 3) Evaluate  0    Á ÂÃÏÓʃ2 , a>b>0 using residue theorem   

   0 ςʌ  dʃ        

 

   ςʌ  dʃ   4zdz   

         π Á ÂÃÏÓʃ2 =  c i(2az+bz2+b) 2       ¢ƘŜ ǇƻƭŜǎ ŀǊŜ ʰ ŀƴŘ ʲΣ both are double poles   

   a+ a2 b2  Á  Á2 b2  

ÉÚ φ  

 

(   z+ 1z  

)]2 

Solution:      

Á ÂÃÏÓʃ2  
  put     z = eÉʃ,   

dʃ 
dz = dʃ   

(z+ 1  )  izz  

 

dz = eÉʃ 

ÃÏÓ ʃ =   

  =   
  
c      



       Where    h  =  ŀƴŘ  ʲ  

=  b b  

      a lies inside C   

   d   z   

 

         wŜǎƛŘǳŜ ŀǘ Ȋ Ґ ʰ Ґ Ú lOimʰ dz [b2ό½ ҍʲ)2 ]    

1(ʰ Ҍ ʲ)   

            = - (  )   

            
 ςʌ  dʃ   

           0  Á ÂÃÏÓʃ2 = ςʌƛ όwŜǎ Ȋ Ґ ʰ  ōȅ ǊŜǎƛŘǳŜ ǘƘŜƻǊŜƳύ   

   ςʌia4  a  

             =   3  =      

4i(a2ҍb2)(ἩҍἪ)   

   

Contour integration when the poles lie on imaginary axis   

f(x)   

    We can evaluate integrals of the type  

 = h(x), using residue theorem. g(x)   

2   
3     
2   

b(  h  ҍ ʲ )    

1  2 ab 3   a   

=   -   b (   b8(a 2 ҍ b 2 )  3     )  =  4(  a 2 ҍ b 2 )      

    

    



 Consider  c h(z)  dz when the poles of h(z) lie on imaginary axis. We take positive imaginary axis. Integration is taken over the 

semicircle and the line ς R to R. The poles lie on upper half plane. If the poles lie on real axis   

R       c h(z)  dz  = R h 

z  dz + r h(z)  dz    

  We know that by residue theorem  c h(z)  dz  = ςʌi (sum of the residues of h(z) at its poles which lie on upper half 

plane)   
R  

         R h z  dz + r h(z)  dz  = i (sum of the residues )   

    In the limiting case R O қ ǿŜ ƎŜǘ    

қ  

         қ h x dx ( if  r h(z)  dz = 0)   

          -R   R   

Problems:   
қ dx  1) 

Evaluate by contour integration      
dz   

Solution: Consider  c  1+z2 ǿƘŜǊŜ / ƛǎ ǘƘŜ ŎƻƴǘƻǳǊ ŎƻƴǎƛǎǘƛƴƎ ƻŦ ǎŜƳƛŎƛǊŎƭŜ  ŀƴŘ ǘƘŜ ƭƛƴŜ όŘƛŀƳŜǘŜǊύ ŦǊƻƳ ςR to 

R.   

r    



   c       dz   dz   dz         

           r  

   қ  dx   dz   

            =  c      

 -R   R         The poles of f(z) are i , i lie on upper half plane.  

 

 Solution:      қ f x dx   

+  r f z dz     [ r f z dz  = 0]            R f z dz 

  
   Res at z=i=    ( z - i) f(z) =  lim     =   z  O    i   z  O    i    

dz              c  ʌÉ   

( residue at z=i)    

              =     

  қ  dx    қ   dx    

            [  f(x) is even]    
ʌ    

              =        
    1+  x     z 1+      

  қ       

2)   Evaluate      using residue theorem.    

    
1+    z   2      R   1+    z   2   

R   

    =     +   
  
r   

dz    

=  0    

1+    z   2   
    

    
    

қ  

  

R   

=   



        =  c f Z dz               f ᾀ dz =  c f Z dz    

      The poles of f(z) =  are i, -i, 2i,-2i.   

       All are simple poles i and 2i lie on upper half plane.   

   Res at z=i= lim  (z-i)f(z) z O  i  

   ᾀ2      

 

             = z lim  Oi (i+z )(4+z 2)= - ἱ    

          Res at  

z=2i = lim  (z- 

2i)f(z) z O  2i  

   ᾀ2   4      

 

    = z lim  O2i (ᾀ+2Ὥ)(1+z 2)= -   = ░    According to residue theorem      c f Z dz  

2 (sum of residues)   

 
        ʌ   

             = 2  (-   +   ) =    
 ἱ  ░      

   ʌ   

                 =    

қ x dx   

қ   

  

        
   қ   

ᾀ   2       

қ       

қ  



3) Evaluate   using residue theorem.   

 қ Solution:          қ f x dx   
R  

          = R f z dz +  r f z dz     [ r f z dz  = 0]   

          =  c f z dz    
R  

            R f z dz =  c f z dz    
   

      The poles are  , e 2n+1 ʌὭ/ 6 where n=0,1,2,3,4,5   
   

 
   ʌÉ   ʌÉ   

         Res at z O  e 6 = lim  (z- e  6 )f(z)                               form   

 ʌÉ z O Å 6  ʌÉ   

z2όȊҍ e 6 )  

            = lim          
   ʌÉ   

   z O Å 6  ʌÉ   

            = lim            
ʌÉ   

   z O Å 6  ʌÉ   

sin   (2n+1)   ʌ   
6   

6   6   

[ - cos 1= ʌ isin + ʌ    = e ʌÉ   = cos (2n+1) ʌ + isin  2 Î ρ ʌ    

  ρ =     +  i      =   e  n+1  2 ʌ Ὥ /  6      
  ʌÉ    ʌÉ  3   5 ʌÉ    

When n = 0, 1, 2 i.e ,  e  6   ,  e  ,  e   lie on  u pper half plane.    

    
    

-   R    R    

  



2 

 

           = lim          

ʌÉ z O ÅʌÉ 6  

  σʌÉ   1   ʌ   ʌ   ἱ   

            =     =  e 6 = (cos  -i sin ) = -    
   2  2      

6e  

   
   σʌÉ   ʌÉ   

         Res at z O  e   =    (z- e  2 )f(z)                      form            

σʌÉ   

  

z2όȊҍ e 2 )  

            = lim          
   ʌÉ   

   z O Å 2  ʌÉ   

            = lim            
ʌÉ   

   z O Å ς ʌÉ   

            = lim       
ʌÉ   

   z O Å σςʌ  1   σʌ   σʌ   ἱ   

1   

            =  e =  (c6o s   2  -i sin ) =     

        

            
   υʌÉ  υʌÉ   

  

2   ʌÉ    
3   6   

e  6   1   

  

z  O Å    ʌÉ    

  

  



            Res at z O  e =  (z- e)f(z)                                form   

υʌÉ   

z O Å  
   

υʌÉ   

z2όȊҍ e 6 )  

             =    

υʌÉ z O Å  
υʌÉ   

 

ᴼÅ  

   ρυʌ   ἱ   

             =   = (cos   
υʌÉ   

 

z O Å  
   

      According to residue theorem    

2ʌÉ (sum of residues)            c f Z dz =  

            = 2 (  -  -  ) =     

          

2  z 2   e    6 )   
          

    

  =   z  

lim    
ʌÉ    5   
6   

    (3   z   

z   6   5   
       

lim    
    1       

6   

    e   

ʌÉ     15   
6   

    1   

6   

15   ʌ    

6   

    

ʌ    

ʌ    

   



 ἱ ἱ   ἱ    

   ʌ   

   қ xdx   

               қ =    

   қ xdx   

               =    
  

    

  -i sin ) = -     

      

  



=     c  f z dz      

R   
  

    

 қ  dx   

 4) Evaluate   using residue theorem.   

қ  

Solution:      қ f x dx   
  

R  

          =  R f z dz +  r f z dz     [ r f z dz  = 0]   

         

          R f z dz =  c f z dz     

    The function is f(z) = -R   R   

       The poles are i and ςi of order 3, z=i lies on upper half plan and inside the semicircle    

   Res at z=i = lim 1 ὨᾀὨ22  [(ᾀ  Ὥ)3Ὢ(ᾀ) ] z O  i   

   1 Ὠ2   1   

           = lim Ὠᾀ2(  )   

   

  

         

       

    
    

z  O    2 i    

  
          =   

lim        z  
 O  i    

       

=     =   ἱ     

    
      



     

   According to residue theorem             c f Z dz  =  2

  (residue at z = i)   

   3   ʌ  

          = 2ʌÉ    =      
   16Ὥ    

   қ  Ἤὀ   Ⱬ  

               =    

Evaluation of the integrals of the type   

   қ  imxf(x) dx   

       қ e WƻǊŘŀƴΩǎ 

Lemma   
If f(z) is a function of z satisfying the following properties:   

(i) f(z) is analytic in upper half plane except at a finite number of poles   

(ii) f(z) O  0 uniformly as z O  қ ǿƛǘƘ л Җ ŀǊƎ Ȋ Җ ˉ   

(iii) a is a positive integer, then   

          r  қ  c f z eiazdz = 0   
 O 

      Where C is a semicircle with radius r and centre at the origin   

қ  



   қ  imxf(x) dx =  c eimxf z dz Ґ нˉƛ   

         қ e  

         (sum of the residues which lie on upper half plane)   

   

Problems   

1) Evaluate    using residue theorem.   

=  ὶ eimxf z dz +  RR eimxf(z) dz    Solution:  c f z eimzdz 

=>  ὶ eimxf z dz  Ґ л όWƻǊŘŀƴΩǎ [ŜƳƳŀύ   

   қ  imxf(x) dx =  c eimxf z dz Ґ нˉƛ   -R   R   

        қ e  

   
   

         (sum of the residues which lie on upper half plane)   

ὩὭᾀὨᾀ 

  

     c (ᾀ2+16)( ᾀ2+9)   z=3i , -3i, 4i and -4i are simple poles. 3i and 4i lie on upper half 

plane.   

R   O  қ 
  



       Res at z =  

3i = lim (z- 

3i)f(z)  z O  3i  
ὩὭᾀ 

  

            = z lim  O3i (ᾀ2+16)( ᾀ+3Ὥ)   

  Ὡ3  ░▄            =  =      
   ω ρφ φὭ)    

        Res at z =  

4i = lim (z- 

4i)f(z)  z O  4i  
ὩὭᾀ  

  

            = z lim  O4i (ᾀ+4Ὥ)(ᾀ2+9)    

  Ὡ4  ░▄            =  =     
   ω ρφ ψὭ)    

   ὩὭᾀὨᾀ  Ὥ  Ὥ  ʌ( ▄ ▄ )   

           c  (ᾀ2+16)( ᾀ2+9)  = 2ʌi (  + 56Ὡ4)  =        

 
   

Ὡ Ὥᾀ Ὠᾀ   ὧέίᾀ   Ὠᾀ   

R.P      c =        c  

        



қ xsinx dx   

2) Evaluate      

Solution: :  c f z eimzdz =  r eimxf z dz + 

 
R
R eimxf(z) dz   

         =>  r eimxf z dz  = 0   

z  

            f(z) = (a2+ᾀ2)   

 -R   R  
         z = ai and ςai are simple poles.     

        Res at z =  

ai = lim (zai)f(z)  

z O  ai  
zeiz  

         

  

R   Oқ 
  



            =  
  

e a Ἡ              c 

   Ἡ   

         i Ἥ  

  Ἡ              0
  

    =     

  z  ai  
  

   ╪   

  =         
     

zsinx dz    =   

қ  xsinx dx    

    



Unit -3  

LAPLACE TRANSFORMS  

LAPLACE TRANSFORM  

Definition:  

Let f(t) be a function of t, defined    ǘҗлΦ LŦ ǘƘŜ ƛƴǘŜƎǊŀƭ                          

 ▼◄ f(t) dt exists, then it is called the  Laplace Transform of   

   ▄  

f(t ) and it is denoted by L{f(t)} or f(s).  

Here s is parameter, real or complex.L is called Laplace 

Transform operator.  



  

Def: Piece-wise Continuous Function:  

Afunction is said to be  piece-wise continuous (or)  Sectionally 

Continuous) over the closed interval [a,b] if it is defined on that interval 
and is such that the interval can be divided into a finite number of sub 
intervals, in each of which f(t) is  continuous and both right and left 
hand limits at every end point if the sub intervals.  

Def:Functions of Exponential Order:  

! ŦǳƴŎǘƛƻƴ Ŧόǘύ ƛǎ ǎŀƛŘ ǘƻ ōŜ ƻŦ ŜȄǇƻƴŜƴǘƛŀƭ ƻǊŘŜǊ ŀǎ ǘ Ҧ  ƛŦ   

 
  

If  for  a given positive integer T,  a positive number M   

  Such that █ ◄  < M▄╪◄   ╣,  

L{f(t)} =          

   ▄   
   ▼◄   

f(t)    dt   



Sufficient Conditions for existence  of Laplace Transform are 1)  

 f(t)  is Piece-wise Continuous Function in [a, b] where  a>0, 2)     

f(t)  is of Exponential Order function.  

Linear Property:  

Theorem: LŦ ŎѕΣ Ŏі ŀǊŜ Ŏƻƴǎǘŀƴǘǎ ŀƴŘ ŦѕΣ Ŧі ŀǊŜ ŦǳƴŎǘƛƻƴǎ ƻŦ ǘΣ ǘƘŜƴ 

[ώŎѕ Ŧѕόǘύ Ҍ Ŏі ŦіόǘύϐҐŎѕ [ώŦѕόǘύϐҌ Ŏі [ώŦіόǘύϐ  

Proof: The definition of Laplace Transform is   

  L[f(t)] )]=  f(t) dt -----(1)  

By definition   

[ώŎѕ Ŧѕόǘύ Ҍ Ŏі ŦіόǘύϐҐ [cѕ ŦѕόǘύҌ Ŏі Ŧіόǘύϐ Řǘ  

t) dt  



ҐŎѕ [ώŦѕόǘύϐ ҌŎі [ώŦόǘύϐ  

Laplace Transform   (L.T)  of some Standard Functions:  

  

1)Show that   L{1}=    
▼  

Solution:   By definition of  L.T   L[f(t)]= f(t) dt----------(1)    

  Put f(t)=1   o.b.s  L[1] = .1. dt  

 = =       (0-1) =  

1/s  

 ▼  ▼ o  

2) L[c] = L[c.1] =c. L[1]= c.(1/s)  = c/s  

3) Show that   L[   

Solution:   By definition of  L.T ,     

L[f(t 

Њ   

▄  ▼ ◄   



Put f(t) = ▄╪◄ o.b.s in (1)                    L[ 

Note:  L[   

  ▼  ╪  

4) Show that  L[ Cos at]=   and     L[ Sin at] = =   

Solution:       W.k.t    ▄░Ᵽ = cos Ᵽ + i sinⱣ  

▄░╪◄= cos at + i sin at  

L[▄░╪◄] = L[cos at + i sin at ]  

L[cos at + i sin at]= L[▄░╪◄]   

 
  

Equte real and imaginary parts we get  

  ▼  ╪  

  L[ Cos at]=   and  L[ Sin at] = =   

5) Find L [ Sin hat ]  



 Solution: L [ Sin hat ] = L [ ] = ½ [ L {▄╪◄} ςL {▄╪◄} ]   
  

= ½ [   

 
  

6) Find L [ Cos hat ]  

   ╪◄  ╪◄  

Solution: L [ Cos hat ] = L [] = ½ [ L {▄╪◄} +L {▄╪◄} ]   

 
  

▼  

  = ½ [  ]  =  =    

7) Show  that    (i) )   L [◄▪] = ”(n+1)/▼▪+ ,    n> -1  

(ii)     L [◄▪] = n!/▼▪+ ,    n is +ve integer  



Solution: :  By definition of  L.T    

L[f(t)] =  f(t) dt--------(1)   

  L [ dt  put st =x   i.e t =  x/s  

    dt   

 dx  

(n+1) ,      for   (n+1) >0  

L [◄▪]  = ”(n+1)/▼▪+ ,    n> -1  

L [◄▪]= n!/▼▪+ ,    n is +ve integer       FORMULAE  
  

1) L{1}=    
▼  

╬  

2) L{c}=    

▼  

3) L [  ,   L[▄ ╪◄   ]  =  ▼+   ╪   



▼  

4) L[ Cos at]=   

╪  

5) L[ Sin at] =  

6) L[ Sin hat] = 

7) L[ Cos hat]=    

8) L(tn)=”(n+1)/▼▪+ ,    n> -1  

9) L(tn)= n!/▼▪+ ,    n is +ve integer  

PROBLEMS  

1.Find the Laplace Transformation (L.T) of  ◄ + ◄ + 3  

Solution: L [◄ + ◄ + 3] = L[◄] + ╛[◄] + ╛[3]  

        

  

  



2. Find  

  

3. Find L[ 

Solution:      L[▄◄+ 3▄ ◄]=   L[▄◄] +  

3L[▄ ◄]   

4. Find   L[Sin 3t +   

Solution:   L[Sin 3t +ὅέί ◄]=L[Sin 3t]  +  L[ὅέί ◄]  

       ╒▫▼ ◄  

]   

{ L[1] + L[Cos 4t] }  

 
  

5.Find L[f(t)] if      f(t)= 0,    0< ◄ <   

= 3,    t>   

Solution: By definition of L.T   

L[   
   

Solution:  L [ 

  



 ▼◄ f(t) dt   

  L[f(t)]=   ▄  

   ▼◄ f(t) dt  

 f(t)  dt  +    ▄  

 

  2  ▄ = 0  

▄ ▼  

 =    3    

▼  

First shifting Theorem (F.S.T):  

If L[f(t)]=f (s) then L[▄╪◄ f(t)]= f(s-a)  

Proof :   By definition of  L.T   

   

=   
         0  +          

▄   
   ▼◄   

.3   .     dt   

Њ   

=   
  3 

   
  
▄   

   ▼◄   

   ▼   



L[f(t)]=  f(t) dt = f(s)--------(1)  

L[▄╪◄f(t)]=  f(t)dt    

 f(t) dt Put   s-a=p  f(t)   

dt   

= f(p)  =  f(s-a)  

Note:   L[▄╪◄ f(t)] = f(s+a)  

Problems:  
1) Find  L[t³ ▄ ◄ ]  

Solution :  let  f(t) =  t³    

L[ f(t)] = L[ t³]  =   

By F.S.T , L[▄╪◄ f(t)] = f(s+a)                   a=3 L[▄ ◄ 

f(t)] = f(s+3)  

L[▄ ◄ t³]  =     



2) Find    L  [ ▄◄(3 sin 2t ς 5 cosh 2t)]  
Solution : Let f(t) = (3 sin 2t ς 5 cosh 2t) L 

[f(t)]  = L[(3 sin 2t ς 5 cosh 2t)]  

 
  

By F.S.T ,   L[▄╪◄ f(t)] = f(s+a)                   a=1   

L[▄ ◄ f(t)] = f(s+1)  

L  [ ▄◄(3 sin 2t ς 5 cosh 2t)]   

Second Shifting Theorem (S.S.T)  

STATEMENT:- If L[f(t)]=f(s) and  g(t)=f(t-a),  t>a  

= 0,      t<a         then L{g(t)}=▄╪▼ f(s)  

PROOF:- By definition of  L.T   

  



 L[f(t)]=  f(t) dt = f(s)--------(1)  

L[g(t)]=  g(t) dt =  g(t) 

dt  g(t) dt  

-a) dt  put    t-a=x  f(x) dx  =  0  + 

   t=a+x  
 

   f(x) dx   

= ▄╪▼ f(s)  

Example :  

dt=dx,  (x=0 to Њ)  

Ⱬ  

  Find Laplace Transform of    g( t ) =  )  ,  if t >   

 Ⱬ  

= 0,                   if t <   
  

Ⱬ  

Solution:  Let  f ( t ) = cos t    ,          a =    

  



f ( t-a ) = cos ( t-a ) f ( t  

  

L [f(t)] = L 

[  

By S.S.T     L [g(t)] = ▄╪▼ f(s)  

 
  

Change of scale property:  

If  L[f(t)] = f(s)  then  L [f(at)] =   

NOTE:   L [f(  )] = a f(as)  

- 

  



  Example: If   L [f(t)] =  then find L [f(3t)]  

Solution:        Given   

L[f(t)] = by Change of 

scale property, L [f(at)] 

=  

 
  

Laplace transformof the derivative of f(t)  

 If f(t)is continousfor all t  0 and f (t)is piecewisecontinous,   then 

L{f (t)}exists,providedlim e stf(t) 0 and  

L{f (t)}  sL{f(t)} -f(0) sf(s)-f(0)  

L{f n (t)}  snf(s)-sn-1f(0)-sn-2f (0)....fn-1(0)  

  

L [f(3t)] =    



Example Derivelaplace transformof sin at  

Let f(t) sinat thenfô(t)  =   a cosat and fôô( t )  -a2sinat  

!ƭǎƻ Ŧόлύ Ґ лΣ ŦΩ όлύ Ґ ŀ ŦǊƻƳ ǘƘƛǎ ŀƭǎƻ Ŧέόлύ Ґ лΣ ŀƭǎƻ ŦǊƻƳ ǘƘƛǎ  

By derivative formula,   

[ώŦΩΩόǘύϐ Ґ s2 L[f(t)] ï s f(0) ï fô(0)-------(1)  

L{ -a2sinat} s2 L(sin at)ïa  

( ὥ2) L(Sin at) +  a   = s2 L(sin at) a =   

(s2 + ὥ2) L(sin at)  

 
  

Laplace transform of the integration of f(t)  

If L[f(t)]=f(s)  then  L[   

Example:  



Find L.T. of   Solution:   

Let 

f(t) = 

sin at  

 = f(s)  

L[ 

  

Multiplication by t :  

If L[f(t)]=f(s)  then   L[t f(t)] = - 

L[◄ f(t)] 

=  

L[◄▪ f(t)] =   

L[f(t)] = L[sin at] =  

  

ὥ   

ί   
2   +    ὥ   

2   

  

  



Example : Find L[t ▼░▪t]   

Solution:  Let  f(t) = ▼░▪◄  

let  L[f(t)] = L[ 

  

By theorem  L[t f(t)]  

] (3s²+4)  Division 

by t:  

  

  (  L[1]  ς   L[ Cos 2t] ) =  

  

( s³+4s )   



, provided     exists.   If L[f(t)]=f(s)  then  L[
 ◄  ◄  

Problems: (1) Find    

L[   

Solution:   Let f(t) = ▄ ◄  ▄ ◄
  

L[f(t)] = L[  w.k.t 

,   L[ 

   ◄  ◄  

L[  

Њ  

=  log (s+3) - log (s+4)  

Њs          Њ  

▼+   
  

  =  log (  )     =    log   ▼ (   +  ▼ 
)  

  

 ╢+  s                               s▼ (   +  ▼ )     

 = log 1 - log (  )   

=  0 - log ( )      = log ( )   

(2). Find   L.T of      

  

  ,   



Solution:  Let f(t) = cos at ς cos bt  

L[f(t)] = L[cos at ς cos bt]  

 L[    

 

Њ  

 1  2 + ὥ2) ς log (ί2 + ὦ2)]  

=  [ log (ί  

2  

  Њ  s  

1 = ίί 2 ²  +  +ὥ ὦ ²  2  

) log ( 2  

s  

  

f(s) =    

w.k.t ,   L[   



Evaluation of integrals by Laplace transforms:  

   ὸ  2ὸ  

(1). Using L.T. Evaluate   ] dt  

Solution:   First we will find   L[ let  

f(t) = Ὡὸ  Ὡ2ὸ  

 = log (s+1)  - log (s+2)         = log (

   

s                            s  

Њ  

 =   log     

s  

ЊЊ   

) 
  

L[f(t)] = L[ Ὡ 
 ὸ   

 
  Ὡ 

 2 ὸ ]   

  

w.k.t ,   L[   ,   

L[   



= log 1 - log ( )   

)      = log ( 

)   

therefore,   L [ 

The definition of Laplace Transform is   

L[f(t  f(t) dt  

  ὸ  ςὸ  

  L[ ]     =      ] dt =   log ( )      

Put  s=0 on both sides  

] dt  =   log ( )    = log 2   

2.  Using LT find       

 Solution: First we find L[  ]   

:  Let f(t) = cos at ς cos bt  

L[f(t)] = L [cos at ς cos bt] f(s) 

=   

- 
  log (  

]  = log (    

ί   (    1   +    
1   
ί   )    

ί   (    1   +    
2   
ί   )    

)  dt   



w.k.t ,    

L [ 

L 

[   

  

    +╪) ς log (▼ +╫)]   

  

  

  

By definition of LT,   

Put s=0     o.b.s  

=  =  log (3/5)              Note: put a=5, b=3 in above problem  

Laplace Transform of Periodic Function:  

Definition : A function f(t) is said to be periodic with period T , if 

 ὸ , f(t+T) = f(t) where T is positive constant.  

The least value of T > 0 is called the periodic function of f(t).  

  

=       [  log  ( ▼   
   

Њ   s   

   ▼ ²+  ╪ ²   

=        log ( ▼  +  ╫    )  s   

)   =  log (b/a )   



Example: sin t   = sin (2“ + ὸ) = sin 4“ + ὸ   Here 

sint is periodic  function with period 2“.  

Formula :- If f(t) is periodic function with period T Ὡὲ  

L[f(t)] =  f(t) dt  

Problem :  Find the L. T of the function f(t) = Ὡὸ, 0< ὸ < 5 and f(t)=f(t+5)  

Solution : Here T=5   L[f(t)=  

¢ƘŜ ǳƴƛǘ ǎǘŜǇ ŦǳƴŎǘƛƻƴ ƻǊ IŜŀǾƛǎƛŘŜΩǎ ǳƴƛǘ ŦǳƴŎǘƛƻƴ Υ  

It is denoted by   u(t-a)  or  H(t-a)  and is defined as   H(t-a) =  0,  t<a  

=1,     t>a L.T. 

of unit step function:  
▄╪▼  

Prove that   L[H(t-a)] =   

▼  



Solution :  L[H(t- a)] =  

-a) dt  

Inverse Laplace Transform :  

Definition : If  f(s)  is the Laplace Transform of f(t)  then  f(t)  is called the inverse 

Laplace Transform of f(s)  and is denoted by  ὒ1 Ὢ ί . i.e.,  f(t) =   

 ὒ1 Ὢ ί   

ὒ1 is called inverse Laplace Transform operator, but not reciprocal.  

  Example : If  L [ then   

Linear Property :  

LŦ Ŧѕόǎύ  ŀƴŘ Ŧіόǎύ ŀǊŜ [Φ¢Φ ƻŦ Ŧѕόǘύ  ŀƴŘ Ŧіόǘύ ǊŜǎǇŜŎǘƛǾŜƭȅ ǘƘŜƴ    

- a) dt   

- a) dt  

  .  dt   



ὒ1ώŎѕ Ŧѕόǎύ Ҍ Ŏі Ŧіόǎύϐ  Ґ  Ŏѕ ὒ1ώŦѕόǎύ ϐ  Ҍ  Ŏі ὒ1ώŦіόǎύ ϐ  ǿƘŜǊŜ Ŏѕ 

Σ Ŏі ŎƻƴǎǘŀƴǘǎΦ  

Standard Formulae :  

  

(1) L  

[1] =   
▼  

(4) L [sin at] =  sin at  

(5) L [ Cos at]=  

5) L [ Sin hat] = at  

6) L [ Cos hat]=  ] = cosh at  
▪  

  

▼   
  at   



7) L (tn)=ⱬ(n+1)/▼▪+ ,    n   

▪  

8) L (tn)= ▪!/▼▪+ ,    n is +ve integer Problems:  

(1) Find  

 solution :     

(2)Find solution 

:   

(3) Find   
  

  

  sin 2t + cosh 3t.   

] 
  
  

  

  



solution  :  

] }   

=   ¾ Cos 

(¼ x  8 x  t                  

a=5/2    )    

Sin    

   

  = ¾ Cos 4/5 Sin  t   

  

FIRST SHIFTING THEOREM OF INVERSE L.T:   

If   ╛ [ f(s) ]  = f(t) then   ╛ [  f(s-a) ] = ▄╪◄ █ ◄   

= ▄╪◄ ╛ [  f(s) ]  

  PROOF:  By definition of  L.T   

L[f(t)]=  

solution :      

(4) 
  
Find  

  

(5) 
  
Find    

solution:   ]     

  f(t) dt = f(s) -------- (1)   

f(t)]=    f(t)dt     



L[▄╪◄ 

 f(t) dt Put   s-a=p  f(t)   

dt  

= f(p)  =  f(s-a)                  

L[▄╪◄f(t)]= f(s-a)  

  ᵼ   ὒ1[  f(s-a) ] = Ὡὥὸ Ὢ ὸ  (or) ╛ [  f(s-a) ] =  = ▄╪◄ ╛ [  f(s) ]  

Note:  ╛ [  f(s+a) ] =  = ▄╪◄ ╛ [  f(s) ]  

PROBLEMS  

1) Find  

 Solution :  ]            by F.S.T  

= ▄ ◄ 

Cos 8t.  

2) Find  

 Solution :   ½ Sin 2t  

] 
  
  

] 
  
  

] 
  
  

  t    



3) Find  

Solution :   
▼  

Solution :    

  

5) Find  

Solution :   

]             (By F.S.T)  

4) 
  
Find Inverse L.T of      

] 
  
  

] 
  
  

] 
  
  

]  }       



=  ▄ ◄ [ Cos 2t + 8 x ½ x Sin 2t ]                     a=2  

 [ Cos 2t + 4 Sin 2t ]  

  If   ╛ [ f(s) ]  = f(t) then  ╛ [ ▄╪▼ f(s) ] = Ἧ ◄  ◌▐▄►▄ g(t) = f(t-a), t>a  

=0,         t<a  

Proof:  By S.S.T  of L.T ,  L [g(t)] = ▄╪▼ f(s)     (write proof of SST)  

ᵼ ╛ [ ▄╪▼ f(s) ] = Ἧ ◄   

ᵼ ╛ [ ▄╪▼ f(s) ] = f(t-a), t>a  

=0,         t<a Note: 

We can also written as ╛ [ ▄╪▼ f(s) ] = f(t-a) H(t-a) 

Problem:  
Ⱬ▼  

Find   

  Ⱬ▼  

Solution:    
  

Let  f(s) =   

 ╛  [ f(s)] =   = Sin t = f(t)  



by S.S.T ╛ [ ▄╪▼ f(s) ] =  f(t-a), t>a  

=0,         t<a  

  ╢▫  ╛ [ ▄Ⱬ▼ f(s) ] =  f(t-Ⱬ), t>Ⱬ  

=0,         t<Ⱬ  

] = Sin (t-Ⱬ), t>Ⱬ =0,               

t<Ⱬ  

Chang of scale property :   

  If ὒ1[f(s)] = f(t)  then  )] = a f(at)  

( or )   ὒ1[f(as)] =   

Proof :   By the change of scale property,  

  

L[f(at)] =  

)]  = a f(at )   



(or)  

ὒ1[f(as)] = )   

Problem(1):  If ] = t cost ,  then find  ]    
  

Solution : Given  ] = t cost  

  i.e.,   ╛ [f(s)] = f(t)  

   ,             f(t) = t cost  

 Now      ]   =   ]     

=  ╛ [ f(3s) ]               By change of scale property ,       

 ╛ [f(as)] =   a = 3  

Inverse Laplace Transform of partial fractions :  

Here     f(s) =  



Proof : By theorem of  

L.T.   L[ὸὲ f(t)] 

  = f(s) 

 f(s)] = ρὲ 

ὸὲ f(t) Note:- ὒ1ώŦΩόǎύϐ Ґ 

- t f(t)   

Problem (1):- Find   

 Solution : Let   f(s) = 

log ( ) = log (s+3) ς log 

(s+4)  

1 1 ŦΩόǎύ Ґ  

Problems : (1) Find     

Solution : Given      

] 
  
  

=  1  ς 
  t +    

(2) . Find  solution : Here   f(s) =  
  

reduce into partial  fractions   

f(s) =    

  

Inverse Laplace Transform of derivatives : -   

ὲ   

If  ὒ  1 [ f(s)] = f(t)   then  f(s)] =  ρ ὲ   ὸ ὲ   f(t)   

ὲ   



ὒ   

= Ὡ3ὸ - Ὡ4ὸ  

 Ὡ4ὸ H.W. Find   By theorem,      - t f(t) = Ὡ3ὸ - 

f(t) = Ans: ὒ1[f(s)] =   

   [replace   3  by  1  and   4  by  (-1)]  

 (2) Find  ]       

Solution: W.K.T     sin at  

i.e ὒ1[ f(s)  ]  = f(t) 1 Let   f(s)  

 = ,      f(t) =  sin at  
ὥ  

  

 1 [ ŦΩόǎύϐ Ґ  

  

4 ὸ ὸ   so,          

ᵼ  ὒ  1 [ f(s)] =  



 

Inverse L.T. of integrals :-  

If ὒ1[f(s)] = f(t)   then    

  Proof : We have    L[   provided                          

exist  

-  

We have     ὒ 
 1 ŦΩόǎύϐ Ґ  [ - 

  

t f(t)    

  

sin at  

  

sin at  

  

sin at   

ὒ   
   1   

[   

  
     ί   2   

(    ί ²    +    ὥ ²    )    
2   ]   

    

=   -   

ὸ   

ὥ   



If ὒ1[f(s)] = f(t)  and   f(0) = 0, then ὒ1ώǎ Ŧόǎύϐ Ґ ŦΩόǘύ tǊƻƻŦ Υ 

²ΦYΦ¢Φ   [ώŦΩόǘύϐ Ґ ǎ [ώŦόǘύϐ ς f(0)  

= s f(s) ς 0  

ᵼ ὒ1ώǎ Ŧόǎύϐ Ґ ŦΩόǘύ  

In general we have, ᵼ ὒ1 [ίὲ f(s) ] = Ὢὲ (t)   if = Ὢὲ (0) = 0  

Problems :  

(1) Find  

²  

solution :    
▼  

Let f(s) =  

  



 ╛ [f(s)] = ŦΩόǘύ Ґ  

 [ sin at + t a cos at ]  

We have   ╛ ώǎ Ŧόǎύϐ Ґ ŦΩόǘύ  

 ( sin at + at cos at )  

▼  

Solution 

:  

Let f(s) = ╛  

(2) 

  

Find    

f(t) =   

  

[ f(s)] =    



]      by F.S.T.  

  

 bƻǿ   ŦΩόǘύ Ґ     

  By theorem   ╛ ώǎ Ŧόǎύϐ Ґ ŦΩόǘύ  

 (t + t² +  Division 

by power of S :  

  Theorem: If ╛  █ ▼  = █ Ἴ , then ╛  

 ▼  = ◄ █ ◄ ▀◄  

Prof: we have by LT,  

= 
  ▄ 
◄   ( t + t² +    

█   ▼   



L [ 

 Note:   

Problem:  

1) Find   

 

   

solution: Let f (s) =    

  

  By theorem ,  ╛ 
     ▼   .  █ 

  ▼ 
  =  

  
  
◄   █ ( t)dt    

  

2) 
  
Find    

   

Solution : let f(s)    [f(s)] = sinat = f(t ) =   

╪   

t) dt] =  (   

  ᵼ  ╛   =  
  

  ◄   █ 
  ◄   ▀◄   

  ◄   ◄   

╛ =  
  

  [      █ 
  ◄   ▀◄ ] dt  

█   ▼   

▼   

      █   ▼   

▼      



By 

theorem  

)   

3) Find   

 

  solution : let f(s)  

 =   , f (t) =  sin at  
╪  

theorem,  f(s)] = by 

(t)dt   

◄ 

  

  

  f(s)] =  ( t)dt    

- cos at )   

  sin at dt ]dt   

  at ) dt  

=   

  
  

      

◄   
[          ╪   



Convolution : -  

If  f(t)  and  g(t)   are two functions defined for  t   

. 

f(t)  *  g(t)  can also be written as  (f   *   g)(t). Note:- The convolution 

operation       is commutation   

i.e. ,   ( f  * g ) (t) = (g *  t)  (t)  

.  

If  L[f(t)] = f(s)  and  L[g(t)] = g(s)  then  L[ f(t)  *  g(t)] = L[f(t)] .  L[g(t)]   

(or)  

= f(s). g(s)  

So,    L[( f * g) (t)] = f(s) . g(s)  

Corollary :- [f(s). g(s)] = (f  *  g) t  

.  

Problems:  

(1). Find ]  by using convolution theorem.  



  solution:  Let f(s) =  

 ,  g(s) =   

╛  [f(s)] =  [g(s)] = ] = sin t  

By convolution theorem ,  

  

2 sin u ς 

cos u)]  

2 sin t ς   

 2 sin t ς cos t) +    

  

╛ 
  [ f(s). g(s)] =     



2) Find   

  1  1  

  Solution :  Let  f(s) =  ,                 g(s) =   

  

Application of L . T to  Ordinary Differential Equations :  

2  sin t  ς 
  cos t]   

ί   

ὒ 
 1 [ f(s)] =  ]  = 1 = f(t) ,      ὒ 

 1 g(s)]  =   [   

  
at = g(t) By convolution theorem , 

  

ὒ 
 1 [ f(s). g(s)] =   

  

]  , (apply limits o to t )   

  
( cosh at  ς 

  
1) 

   
  



The L . T   method is easier , time ς saving and excellent tool for 

solving O.D.Es  

Working rule for finding solution of D . E by L . T:   

1) Write down the given equation and apply L . T    O . B . S   

2) Use the given conditions   

3) Re arrange the given equation to given transformation of the 

solution   

4) Take inverse L.T  O. B. S to obtain the desireds obesve Sali 

stying the given conditions   

The formulae to be  used in this process are:  

L [ f¹ (t) ] = s f (s) ς f(0)  

L [ f¹¹ (t) ] = s² f (s) ς s f(0)-f¹(0)  

L [ f¹¹¹ (t)] = s³ f (s) - s² f(0) ς sf (0) ς f¹¹ (0)  

Note : let f(t) = y (t) and f (s) = y (s) Problems :  

1) Solve 4 y¹¹+ y = 0 , y (0) = 2 , y¹ (0)= 0   



Solution :       Here y = y (t)  

Given  D .  E           4 y¹¹ (t)+ ²y (t) = 0       Let L . T     O.B.S   

² L [ y (t) 

] = L [0] ² 

L [y]= 0  

Let  O . B . S,   we get      y (t) = 8  

]   

  2. cos is solution of 

gven D.E  

3) Solve y¹¹¹+2y¹¹- y¹- 2y = 0 with y (0)= y¹ (0) = 0 , y¹¹ (0) = 6   

Solution : given D . E   

4  L [ y¹¹ (t)] +  

4 s(2)  ς 
  
0  =  0   

]  
  
  



Let      L . T         On Both Sides   

L[ y¹¹¹ ] + 2  L [ y¹¹ ]- L [ y¹ ] ς 2 L [ y ] = 0  

 -  

6= A (s + 1 ) (s +2 ) + B (s - 1 ) (s + 2) + C (s ς 1 ) (s+1) _ _ _  

_(2) Put     s = 1  in   _ _ _ (2) 6 = A (2) (3)   

 
  

  

      
  

L [y] =  
  
_ _ _ _ _ (1)   



Substitute A , B , C  in (1)  

 
  

is the solution of  given D . E   

  HW: Solve the D.E  + 5y =  sin t  

Ans: y(t) =  (sin t ς 2 sin 2t)  
  
  
  
  
  
  
  
  
  

UNIT ς IV  

  



FOURIER SERIES  

Periodic Function :  

Definition : A function f(x) is said to be periodic with period T , if 

● , f(x+T) = f(x) where T is positive constant.  

The least value of T > 0 is called the periodic function of f(x). 

Example: sin x   = sin (2Ⱬ + ●) = ἻἱἶⱫ + ●   

Here sinx is periodic  function with period 2Ⱬ. Def: 

Piecewise Continuous Function:  

A function is said to be  piece-wise continuous (or)  Sectionally 

Continuous) over the closed interval [a,b] if it is defined on that 

interval and is such that the interval can be divided into a finite 

number of sub intervals, in each of which f(x) is  continuous and both 

right and left hand limits at every end point if the sub intervals. 

Dirichlet Conditions:   
A function   f(x)   satisfies Dirichlet conditions if  

(1) f(x) is well defined and single valued except at a finite no. of points  

in  (-l,l)  



(2) f(x) is periodic function with period   2l  

(3) ŦόȄύ ŀƴŘ ŦΩόȄύ ŀǊŜ ǇƛŜŎŜ ǿƛǎŜ Ŏƻƴǘƛƴǳƻǳǎ ƛƴ ό-l,l)  

Fourier Series:   If  f(x) satisfies Dirichlet conditions , then it can be 

represented by an infinite series called  Fourier Series in an interval (-l,l) as  

   (1)    where  

Here   ╪Ϛ , an and bn are called Fourier coefficients.  

These are also 

ŎŀƭƭŜ 9ǳƭŜǊΩǎ ŦƻǊƳǳƭŀΦ  

Note (1): If  x Ⱬ, Ⱬ  

Then f(x) 

=  

 ²ƘŜǊŜ ŀє Ґ    

f(x)  = 
  

  

bn    

(  ░ .  ▄ . ,  ░▪◄▄○╪■ 
  ░▼    Ⱬ ,  Ⱬ )    

  

  ,  an =  



 

range expansion series  

Note (4): The above series (1) converges to f(x) if x  is a point of continuity  

The above series (1) converges to   if  x  is a 

point of   discontinuity  

f(Ⱬ )+█ Ⱬ+ )   

  Note (5) : At  x=  , f(x) =   here    x Ⱬ, Ⱬ)   

  

Even and odd functions:  

Case (1):  If the function  f(x)  is an even function in the interval (-l,l)  

i.e., f(-x) = f(x)  then ŀє =   2ὰ  0 ὰ 
 
 Ὢ ὼ  dx  

bn    

Note (2):  In interval (0,2   

²ƘŜǊŜ ŀє Ґ  
  , an =    

bn    

Note (3):  The Fourier Series in ( - l,l) , ( - Ⱬ ,  Ⱬ  ,  )  ▫ ,  Ⱬ   , ( ╬ ,  ╬ 
  +  

  Ⱬ )  
  are called Full        



an =  dx   (since f(x) &  are even functions)  

bn  is odd function)  

Therefore, in this case we get (only) Fourier cosine series only.  

Case (2):  If function f(x) is odd  i.e., f(-x) = - f(x) then   

an = 0  (since f(x)  ƛǎ ƻŘŘύ    όŀєҐл  ŀƭǎƻύ   

And     bn   

In this case we get fourier sine series only.  

[only for intervals (-l,l) , (-  Problems 

:  

1)Find Fourier series for the function f(x) = ▄╪● in (0,2Ⱬ) Solution : Given 

function f(x) = ▄╪● in (0,2Ⱬ)   

 

╪● ŀє Ґ ύ   ŀǇǇƭȅ ƭƛƳƛǘǎ л  

to 2Ⱬ  

1)   



an = 

  

 (a + 0)]     apply limits 0 to 2Ⱬ  

  

  ( a cos nx + n sin nx)]            apply limits 0 to  2 Ⱬ   

  

  ( a sin nx + n cos nx)]       apply limits 0 to  2 Ⱬ   

- 
  n)]   



bn  

  

 Now  the  fourier  series  is  f(x)  =  

 
  

 cosnx   

  (2): Find Fourier series for the function f(x) = ▄●  in (0,2Ⱬ)   

Solution : Given function f(x) = ▄● in (0,2Ⱬύ ŀє Ґ  



  apply limits 0 to 2Ⱬ  

  

bn 

 
  

  

  (  sin nx + n cos nx)]       apply limits 0 to  2 Ⱬ   

- 
  n)]   

  

)         apply limits 0 to  2 Ⱬ 
  

1)      

an =    

  

  nx + n sin nx)]   



Now the fourier series is f(x) =  

 
  

Problem (3): H.W  

  Find Fourier series for the function f(x) = ▄●  in (0,2Ⱬ)  

  (Hint:- put  a = - 1  in problem (1)     we get the solution.)  

(4) Express f(x) = x - Ⱬ as Fourier Series in the interval   - Ⱬ < x < Ⱬ Solution:   

Given function f(x) = x - Ⱬ ŀє  

=   

 
  

= 0 ς [x]  with limits - Ⱬ to Ⱬ  

 =  0  ς  [Ⱬ  +  Ⱬ]  =  2Ⱬ  an  =  

  

  



 dx (since 

even)  

=   0 + 2   [ ] 0 to Ⱬ limits apply we get  an = 

0+0 = 0  

  

(even)                                 (odd)  

 dx ς 0   ( since sin nx is odd)  

 dx ]  

)]          apply  limits 0 to “  

 cos n  Σ ƴҐмΣнΣоΧΧΧΧ  

Now the Fourier Series of  f(x)  is f(x)  

bn  

  

  

(0) ( since x cosnx is odd)  +  2 



  

(5)Obtain the Fourier series for f(x) = x - x²   in the 

interval [-“, “]   

2  

Hence show  

that (or)  
“2  

 Ҍ ΧΧΧΧΦ Ґ   

12  

Solution :  Given function is f(x) = x - x²   in    [-“, “]  

 

f(x)  

  

ŀє Ґ    

  

  0 (odd)     = - 
  /3    

1   

“   
[   

  
  ὼ   

3   

3   
]   
     = 

  
  -   2   “ ²    



an =   

  

(odd)                     (even)  

 u = x² ,       dv = cos nx dx  

]                     du = 2x dx , dv =  cos ὲὼ 

Ὠὼ  

apply  limits 0 to “  

 =   - “2  [  0 -  “2  {(    x cosὲ  ὲὼ )  +  0 “   cosὲ  ὲὼ =  ὲ  sin ὲὼ dx            

apply  limits 0 to “  

   ( sin nx )]   όὨὺ =  όὺ   ὺὨό  

 an =   if n is odd  a1 =   

  

  



ὲ²   

  -  if n is even  a2 =   

a3 =   

(even) (odd)   

sin nx )] b1 = 2/1 = 2  if n is   ( 

odd  b2  

= - 2/2 = -1  

  b3 = 2/3  

Now 

, f(x) 

in 

(1)  

bn  =     

  if n is even   

substitute  

  



 put x = 0 in (2)  

f(0) = 0 = ΧΧΦύ  

“²   

  Ҍ ΧΧΦΦҐ    

12  

Half range series  

  

where  bn   

where  

Note :2) The half range sine series in (0,“) is  f(x) =  where    

bn   

(1)  The half range cosine series in (0,l) is  f(x) =  

  

(2) The half range sine series in (0,l) is f(x) =    

Note :1) The half range cosine series in (0, “ )  is  f(x) =  

  



(1)Express  f(x) = “-x  as Fourier cosine and sine series in (0, “) 

Solution :    

The half range cosine series for f(x) is          f(x) =  ΧΧΧόмύ  

  where  ŀєҐ  

  

an =  

  

(apply o to “)  

 Now (1) ᵼ :   f(x) =    

  H.W.) Express f(x) = “-x  as fourier sine series  in (o, “  Ans : 2   (bn =   

2) Find the half range sine series of   f(x) = x   in the range  0 < x <  Ⱬ  

Ⱬ   

)]   apply o to  “   

  

  dx =  ҍ x dx    

]  apply limits o to  “   

  



  Hence deduce that         Ҍ ΧΧΧΧΦ Ґ    

  

Solution : The half range cosine series for f(x) is         f(x) 

=  ΧΧΧόмύ  

  where  ŀєҐ x dx  ] apply limits o to “  

= “  

 

  dx =  



 if n is  odd  

Now 

(1)  

  

Put x=0 on both sides  

 ᵼ  π   “  4  (   ²   +    ²   +    ²    ȣ ȣ . .)   

 2  “    

 ᵼ 4  (   ²   +   3 ²   +   5 ²    ȣ ȣ . . )  =     “2   

 “    

  

 ᵼ    +      +      +  ΧΧΧΧΦ Ґ “       

3) Express  f(x) =  ,   0 < x <  in half range sine series   

  :    f(x) =    if n is odd   

x =   


