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Unit—1
Complex - analysis

* Function of Complex Variable/ Differentiation:
If for each value of the complex variable Z= X+iY in a given region ‘R’ , we have one or more values of
w=f(z)=u+iv, Then W is said to be a function of ‘2", and we have w=f(z)=u+iv.

Where u and v are real and imaginary parts of f(z). z=x+iy
and

f(z)=u(x,y)+iv(x,y) is a complex function.

e Continuity of a Function:

Let f(z) is said to be continuous function at z=z if
lim f(z) = f(zo)

Z—ZQ

 Differentiability of a Function:
A function f(z) is said to be differentiable at z=z if

1 (f(z+Az)—f(z)))
exists. It is donated by ~ 24z-0 AZ f(zo)

) f(z+az)—f(z)
Le.f%zo)==gég})( )

* Analytical Function:



The complex function f(z) is said to be analytical function at z=a if the function f(z) has derivative at z=a and
neighbourhood of z=a.

Example:
1. Let f(z) = z2f'(z) = 2z
At z=0, f|(z) = 2(0) = 0 (finite) f(z)
has derivative at z=0

Finally f(z) is called analytical function.

1
2. Let f(z) =
Z
~1
fiz) = 2* Atz=0,f(z)=
-1
(0)® f(z) has no

derivative at z=0

Finally f(z) is called not analytical function.

* Singular Point:

Let z=a is said to be singular point if the function f(z) is not analytical at z=a.

Example:
1

fz) =z’
singular point.

| = oo
f(z) = z=0is called



« Cauchy — Riemann Equations in Cartesian co-ordinates:

* If f(z) is continuous in some neighbourhood of z and differentiable at z then the first order partial
0u av au _ av

derivatives satisfy the equations 9x Odyand Oy  Oxatthe point z which are called the
Cauchy-Riemann equations.

proof:

Let f(z) = u+iv be an analytical function

By definition of analytical function, f(z) has derivative.
. f(z+Az)—f(z)
ie.fi(z) = Alzr—r>lo ( AZ )) exists (finite)

1) z=x+iy f(z) = u+iv f(z) = u(x,y)+iv(x,y)
2) z=x+iy Az=AX+1Ay)3)fz+Az=?
zZ+A g = x+iy+ Ax+iAy
Z -i(—A z = (2<+ Ax)+i(y+ Ay)
f(Z +A 2) = u(x+ Ax, y+ A y) +iv(x+ Ax, y+ Ay)
[u(x+ AX, y+ Ay) +iv(x+ AX, y+ Ay) 1-[pxy+ivey )

flz)=  lim ( AXF Ay )9@

AX+ iAy-0
We know that A x+i Ay =0+i0 A

x=0,Ay=0



Case(1)If Ay =0,put Ay =0in @

| [u(x+ 2%, y)+iv(x+2ax,y)) —[ul,y) +ivix,y)]
fi(z)
AX—0 AX

fi(z) (lim [u(x+Ax.v)—u(x,v)]_|_ lim i[V(X+Ax,V)—u(x,y)])
AX—0 AX AX—0 AX

fiiz) = 0x T 9x >Q)

Case(2) If Ax =0, put Ax =0in@

[u(x,y+ Ay)+iv(x,y+AY)) —[uxy +ivxy]

C ) )
f(z) = Alimy-o0 Ay
[u(x,y+Ay)—uxy) ifv(x,y+Aay)—uyxy) )
fI(Z) = —|A11my—>0 Ay + Alimx—>0 Ay
i @ + @

Equate @ & @

Compare the real and imaginary parts



Ou .Ov _ . Ou_ 0Ov
0x ' x 'ay dy

Ju Ov

1 9%~y

ou_ _ov,

dy  Ox (If ux = vy and uy = —vx)

These are Cauchy — Riemann Equations in Cartesian co-ordinate System.

Cauchy — Riemann Equations in Polar co-ordinates:
Let z=x+iy

We know that x=rcos9 ,
y=rsin@ z =

rcosO+irsin® z =

r(cosB+isinB) z = reie

f(z)=u+iv f(re®) = u(r, B)+iv(r,

8)> @
Differentiate @ w.r.t ‘r
0y ,i0 _ au dv
f(re )e +| 3, 9@)

Differentiate @ w.r.t ‘@,

fi(>®

Substitute @ in @ , We get



6v

0y . O _
F)rie = 35+ 55

[@_,_'_”]_d -'
or 9 T o0 90"
Ou Ov _ 0Ou .0v
or "or ~ 00 "' 90

ir
ir
Lets compare real and imaginary parts

du v
26 ~"or
dv _ Ou
90 -~ "or

These are Cauchy — Riemann Equations in Polar co-ordinate System. Examples

1) Show that f(z) = xy+iy is not analytical
Solution : Given, f(z) = xy+iy
f(z) = u+iv u=xy

V=Y

du v

Bxey, Ox 0
o dv_
Oy_y Oy
du _ v

9= = By

du v
dy * 0x

It doesn't not satisfies C-R equations and hence its not an analytical function.

2) Show that f(z) = 2xy+i(x2- y2) is not analytical function. Solution: Given f(z) = 2xy+i(x2- y2)



f(z) = u+iv

u=2xy  v=x2-y?

PR ¥
ax: 2y , ax= 2X
du 9 _

a_3’=2x, a3’_-2y
u v Ou, Ov
Ox = dy g Oy " Ox

It doesn't not satisfies C-R equations and hence its not an analytical function.

3) Test the analyticity f(z) = e*(cosy-isiny) and also find the f(z) Solution: Given f(z) = e*cosy -

iexsiny
f(z) = u+ivu = e*cosy

VvV = -eXsiny

Ju o v ..

a— Cosy’ ax_'e Sln\/ )

f(z) is not analytical function and the fi(z) ~ du _ x does not exist.
ay | siny . . .
4) Show thatf(z)=2zz?2 O is not analytical function

X
= = -7 C0S
Dy Y

@¢@&@¢ @
Ox = dy — dy = Ox

Solution : Given f(z)=z 2z ?2



f(z) = (x+iy)l(x + iy)l2= (x+iy) [ V x2+ y2]2
f(z) = x(x2 + y2)+iy(x2 + y2) f(z) =
u+iv

u =X(x2+y?)=x3+xy? V=y(x?+y?)=x%y +y3

u _ 2 2 @

a - 3 + y ) aX: zxy
au a’l? _ .2 2
a_y_ ay - + 3y

= 2Xy,
Ou . O g Ou , v
dx = dy = dy ~ 0Ox

f(z) is not analytical function

dw
5) Show that w=logz is an analytical function and also find dz

Solution : Given w =logz

putz= reie

iO=logr+loge®ww
=logre

=logr+iBloge
f(z) =w =log r +i0 = u+iv u

=logr v=0



Qu_1 0Ov

Or ' Or

du dv
% = O ’%: 1

Ju Ov Ju Ov

0r _ 06& 08 ' Or

1
r(r)=1 & 0=0 Itisan analytical function f(z)

= u+iv

f(reie) = u(r, 0)+iv(r, 6)

differentiate on both sides w.r.t ‘r’

i0) ,if _ Ou  .0v
re'”) e = 5t

i0_1

o\ € i
fi(z) r - (0)
1 1

fi(

flz)=re® =

6) Show that f(x) = sinz is an analytical function everywhere in the complex plane
Solution : Given f(x) = sinz
f(x) = sin(x+iy) f(x) = sinx
cos(iy) + sin(iy) cosx f(X) = sinx
coshy + isinhy cosx f(x) = u+iv

u = sinx coshy v= sinhy cosx



dx= cosx coshy, 0x -sinxsinhy
du dv

= sinx sinhy, =coshycosx & s an analytical flihction
u _0v  Ou_ v
Ox ~ dy dy ~ Ox

7) Test the analyticity of the function f(z) = ex (cosy+isiny) and find f'(z). Solution : Given, f(z) = e*

(cosy+isiny) = u+iv

u = excosy vV = eXsiny

F_=€ == = e* siny
cosy , Ox Ox
%Lex %=e"cosy
siny y y
Ou _Ov  Ou _ 0Ov
& It is an analytical function 0x  dy dy  Ox
f(z) = u+iv
du . Ov_ o

flz)=0x "0y ¢ cosy+iexsiny
f(z) = e*(cosy+isiny)

f(z) = exi ey= e+iy)
f(z) = ez

1 2 2\ 4 iran—1 PX
8) Determine P such that the function f(z) = 2 log (x* +y) +itan™( y
Solution :

) be an analytical function.



1 2 2Y L itan—1¢ Px
> log (x“ +y°) +itan (7)

Given, f(z) =
It is an analytical function, It satisfies the C-R equation

) v J _;log (x* +y? tan‘l(%)
du , 1 Ov__ 1 _p
-— =1 = PX
Ox 2 x2+y22X’ Ox 1+(7)2 y
du_, 1
dy 2 X2+y22y
dv 1 1
Ov  1+%2z —
Oy "1+ (yz)

@ _ yz (—pX
Oy y?+(5)? " y? )

y

Ov_ py dv_ -px
similarly : 9x p?x%2+y% dy y2+p2x?
By given f(z) is an analytical function, f(z) satisfies C-R equations.

du _Ov
Ox Oy
X _ —pX
24 2 2 X y y +p2x?
Comparing the equations we get:
P=-1

9) Prove that function f(z) defined by f(z) = -R equations are satisfied at the origin, yet f|(0) does not exist.
x3(1+i)-y3(1-1)
Solution : Given f(z) = X% +y?

i) Toshow that f(z) is continuous at z=0



. x2(1+i)-y>(1-0) x> (1410)-y> (1-1) . .
et lim f(z) = »29 21y? ( given f(0) = 0) 2y , 220 and f(0) is continues and C

z—0

y—=0
lim x (1+41)
x—=0 X2
3f(z) =f(z) =
lim x(1+i) = 0 = f(0)
x—0 f(Z) is
continuous

ii) Toshow that C-R equations are satisfied at origin
XP+x3i-yi+iy?  x3-y? i(x3+y?)
f(z) = x2+y? T x24y2  x2+4y?2 f(z)

= U+iv
x3-y 3 x3+y3
x2+y? _ x*+4y?

’




Ju u(x,0)—u(0,0)

ox - im ==
Ju . x-0 .
T lim — => lim
X x-0 X x—0
Ou
ax- 1 -1
% — lim u(0,y)—u(0,0)
y y-0 y
% = lim 2= => lim -1 =-
Yy y-0 Y y—0
Ou
o -1
g_v - lim v(x,0)-v(0,0)
X x—0 X
av . Xx—0 .
I =lim— =lim1=1
X x—0 X X—0
o _
Ox
? = i YO =v(0.0)
y y-0 y
g—v =limY;0 =lim1=1
y y-0Y%Y x—0
dv
B_y =1
du _dv o du  dv_
C - Ox ~ ay aY

lim 0

R Equations are satisfied at originiii) To
show that f'(z) does not exist at origin
. f(z)-f(0)
lim ————= fi(z) =
y—=0 z

x3 1+i —y2 +3 y(1-i) 2

3(1+i)—0
)



f'(Z) = yx »—00 X X+ iy

lim X
x—->0 x
fi(z) =
x1+i 3f(z) th -0 X3=
= 1+i (Finite)
f!(z) Exists
Aty =mx
| H(l) T(Z);I(UJ |
= -
f(z) x3(1+1)-m3x3(1-0) f(z)
lim 2 +x2m2 =
xX—0 X+imx
y—mx

x3[(14i)—m3(1-1)]
fl(z) = x>0 x*(1+m?)x(1+im)

y—mx
i [(141)—-m3(1-1)]
f'(z) x—0 (1+m?)(1+im)
_ [(1+)—m3(1-0)]
(1+m?)(1+im)

fl(z) = (Infinite) f'(z) depends upon the ‘m’ value, so that the f'(z) does not exist at origin



Laplace Equations

the equation of the form 0x?

Harmonic Function
The function u and v are said to be harmonic, if it satisfies Laplace Equations

i.e

d2u  0%u
e Yoy
or

0x2  0Oy?

0

0

Milne — Thomson Method
When u is given find f(z) :

o O
1) To find dx and Oy

2) To find f(z) = u+iv

Differentiate w.r.t ‘x’ we get



9x ' '0x
0 _u
fiiz) = 0x Oy (From C-R equation)
fi(z) =
Ou
0) o =0l
d
a_u =05(2,
g 0) fi(z) =

@1(21,0) - @2(22,0)
Integrate w.r.t ‘2’ f(z) = 10 @(z1,0) dz - i 20 FI(z2,0)
dz + c When v is given find f(z):

oy O
1) To find 9y and 0x

2) To find f(z) = u+iv

Differentiate w.r.t ‘X’ , we get

@ + @
fI(Z) = ax Iax
ov , 0
fI(Z) - ay ax
v
a_y = 04( 1’0)
% _ g (z
dx "2 ) (From C-R equation)



f(z) = @1(z1,0) +i @2(z2,0)
Integrate w.r.t ‘2’ f(z) = 1[{@@(z1,0) + i P2(z2,0)

Jdz +c

1)  Construct an analytical function f(z) when u = x3- 3x y2+ 3x + 1 is given
Ju

Ou_ 2 5.2
T 3x“-3y“+3
Ou_
Solution: dy 6Xy
By Milne Thomson Method

o,

f(z) =u+iv dx = "Yz,0) = 3 z2+3
du du . 0v
== = 0,(z  +ia
dy ~ 2 0)=-  Ox 0Ok 6(z) (0)=0
Ju .0u

Ou .Ou _ i fiizy= Ou _0Ov  Ou _ 0Ov
3x 3y = ?1(z,0) -i Dy(z (z) x "0y g Oy~ Ox

fi(z) = ,0)
Integrate w.r.t ‘2’ f(z) =

A[@1(z,0) +i @2(z,0) ] dz + cf(2)

=[R1(3z2+3-0) dz + cf(z)

3z3
= 3+3z2+¢C

f(z)=z3+3z+c



2)  Construct an analytical function f(z) when u = sinx coshy is given
OJu

Solution: = cosx sinhy 0Ox
Ou

= sinx sinhy dy
By Milne Thomson Method

Ox ~ Ql(Z,O) = cosz(1) = cosz
du du . dv

= =0 T +in
dy ~ 2 (2,0)=sinz(0)  Ox ' Ox -0

O _ - (2) = du_dv  du_ o
E"a_y = 01(z,0)-i0,(z fi(z) 3% =3y 2 3 =

f(z) =u+iv

fi(z) = ,0)
Integrate w.r.t ‘2’ f(z) =
A[D1(z,0) - i @2(z,0) ] dz + c f(z) =

Blcosz dz + c f(z) = sinz + ¢

sin2x

3)  Find the analytical function f(z) = u+iv if u+v ~ (coshzy —cos2x)
sin2x

Solution: u+v = (cosh2y —cos2x)

f(z) = u+iv
if(z) = ui-v
(1 +i0)f(z) = (u-v)+i(u+v)

f(z) = u+iv



av _ [coh2y-cos2x]2cos2x—sin2x[0+2sin2x]
Ox [cosh2y —cos2x]?

dV _ 2cos2x coshy—2cos?2x—2sin?2x
dx [cosh2y —cos2x]?

av 2c0s2x coshy-2

0x [cosh2y —cos2x]?

ov

ax -0

a_V _ 2cos2z cosh0-2  2[cos2z—1]  -2[1-cos2z]
Ox  [coshO-cos2z]? [1-cos2z]2  [1-cos2z]?
av -2

Ox  2sin2z

Where F(z) = (1+i)f(z)

utv =V
_ = Z
Ox 22 0v,0) = —cosec2z
& - 04 (z [coh2y—cos2x] 0—sin2x[sinh2y(2)]
dy 1 0) = [cosh2y —cos2x]?
@ _ —2sin2xsinhy
@1(z,0) = dy ~ [cosh2y —cos2x]?
dv —0 sin2z

dy - [cosh2y —cos2z]?2 -



f(z) = u+iv

@4_'@
fi(z) = Ox ' Ox
v  .0v

a—y + 1 a fl(z) _
f(z) = BA[@1(z,0) +i D2(z,0) ] dz + c
f(z) = B —cosec?z (i) dz+ ¢

f(z) = -i(-cotz) +c=icotz+c

f(z) =icotz+c

(1+i) f(z)  +=— =icotz+c
i1+ 1+
f(z) = i(1-1i)
2
cotz f(z) =
cotz + c1
i+1
f(z) = —2cotz+c1 du ¢ o
a— =e" X «
X cosy+2x e*cosy - ey
01(2,0)= 3¢ = 7 22 o |
4)  Find the X analytical function , whose real partis u =
ex [(x2- 4(z,0) = % - e? 72 + 27 o7 y2)(cosy — 2xysiny)]
Solution:  u=exx?2 du Cosy - eXy2 cosy — 2xy exsiny
a_ = _ X XZ
y X 2
Ou X 2cosy — 2y eXsiny — 2xy eXsiny
¢2(zro) =
0y-0+0-0-0=0



cos(0) + 2z ezcos(0)—0-0-0

siny + e siny y - 2y eXcosy — 2x eXsiny — 2xy eXcosy

f(z) = u+iv
du .0v
flz) 0x”'Ox
Ju .Ov
. 0x 'Oy

fi(z) =

f(z) = ,0)] dz + c z(Dzi -,0) z([P1m
f(z) = Bl (ezz2+ 2z ez- 0) dz + c f(2)
= B 7 (z2+22)dz + ¢ f(z) = B 722

dz + 2 Plzezdz

u=z2dv=erdzdu=2zdz v=ezf(z) = ez
z2-2 Plzdzezdz + 2 Pz ezdz + c f(z) = ez

Z2+ ¢



5)

The analytical function whose imaginary part is v(x,y) = 2xy Solution:

V = 2Xy
dv

= 2y = 02(2,0) =2(0) =0 0x

v
dy  =2x=01(z,0) =2(z) = 22f(2)

= fiz) ,0)] diBicz( ,0) +i z(

= Plzdz+c

3
f(z)= 2 2+c

f(z)=z24+c

Find harmonic conjugate at u = e*2—¥2cos2xy and also find f(z)
Solution : U = eX27Y¥2 cos2xy

ox € ¢ cos2xy (2x) - ex2=¥2sin2xy (2y)

?1(z,0) = e22-0 cos0 (2z) - ex2-¥2(0)

Ju_ y2_y2

=€
P1(z,0) = e722z Oy cos2xy (-2y) -

ex2-y2sin2xy (2x)



P2(z,0)=0-0

02(z,0) = 0 f(z)
= u+iv f'(z) =

Ou . 0v

ox ' Ox

du_. o

Ox Oy fi(z) =

f(z) = @1(z,0) -i @2(z,0)
f(z) = @[@1(z,0) - i @2(z,0) ] dz + c f(z) = @ ez22z

dz+c (putz2=t =>2zdz=dt)f(z) =0 etdt +
c =et+c
f(z) = ez2+ c f(z) = e(x+iy)2f(z) =

exz—yz2+2xyi + € f(z) = exe—yz€2xyi + c u+iv =

eX2=y2 [cos2xy+isin2xy] + ¢ u+iv = ex2—y2
Cos2xy + i e ex27¥2(sin2xy) + ¢

V = eX27¥2sin2xy + ¢

7) Find the analytical function f(z) such that Re[f'(z)] = 3 x2- 4y -3 y2and f(1+i) = 0.



Solution : Re[f'(z)] = 3 x2- 4y -3 y? du
£(2) = u+iv Integrate w.r.t z’y’ \A/3e get Ox
2., 4y* 3y
du . Ov Xy - — - +fx)
fI(Z) = Ox Ox
du
Re[f\(z)] = Ox
Ou 2 2 dv ) )
$=3X -4y -3y 6_y=3X -4y -3y
is - 4xv -3 2
Integrate w.r.t ‘X’ weget & u= 3 X3 st fly) v=3

u= x3-4xy -3 y2x + f(y) v=3x2%y-y3-2y2+f(x)

Differentiate w.r.t ‘yv we get Differentiate w.r.t ‘x’ we get
@ - _ 4X _ 6_V
dy exy + f'(y) dx= 6xy + f(x)

From C-R equations
du __ov
dy  Ox

- 4x - 6xy + fl(y) = - 6xy - f(x)
-4x + fiy) = - fi(x)
Compare equation on both sides
i.efl(x)=4x, fy)=0
f(x) = 4 Bx dx f(y) = c f(x)



4x2

= 2 +¢C
f(x)=2x2+c f(y) =c
f(z) = u+ivf(z) = [x3-4xy -3 y>x] +i [3 x?y -y3-2 y?] +

2X2+cC
given f(1+i) = 0 f(z) = u+iv

z = x+iy = (1+i)

putx=1,y=1f(z) = [1-4-3] + i[3-2-1]
+2 +cf(1+i)=0=-6+2i+cc
=6-2i

f(z) = [x3-4xy -3 y2x] +i [3 X2y -y3-2y2] +2 X2+ 6 — 2i

8) Find the analytic function f(z) = u+iv if u-v = ex(cosy — siny) Solution:
f(z) =u+ivi f(z) =iu-v
(1+i) f(z) = (u-v) + i (u+v)
f(z) =u+tivu=u-v=ex

(cosy — siny)



F(z) = (1+i) f(z) cosy - exsiny =

Ou_ x

Ox ?1(z,0) = ez- 0 = ez siny - ex

Ou_ _ ox

dy cosy = @2(z,0) =0 - e7=- ez
0u_, 0

fi(z) = dx dy

f(z) = B[@1(z,0) - i @2(z,0) ] dz +c

f(z) =B(ez+iez)dz+c
f(z) =( ez+iez)+c(1+i)
f(z) = ez+iez+c

eZ(1+i) L€
f(z) = (1+)  1+if(z)
=ezZ+C

Harmonic Conjugate

1) Show that function u= 2xy+3y is harmonic and find harmonic conjugate.

Solution: u= 2xy+3y
u_ 2 Gu_ 2x+3
ox <Y dy -
0%u 0%u
ox? 0 dy? 0



u au

9x2 T 9y2=0 u satisfies lapl '
= place equation
‘u’ is a Harmonic function

& O
dv = dxdx + 9y dy

dv=-(2x+3)dx + 2y dy v
= [ -(2x+3) dx + 2y dy
(2% +3x) +2% 2 2

V=-+C

V=-Xx2+y%2-3x+c
2) Show that u = 2log (x2+ y2) is harmonic and find its harmonic conjugate.

Solution: u = 2log (x2+y?)



Ju 1 du 1

Ox X2+y?9y dy x2+y22y
0%u _ (x%+y?)(4)—4x(2x) 0%2u _ (x2+y?)(4)—4y(2y)
Oox2 (X2 +y?2)2 ayz - (x2+y?2)2
0%u 62 4x2+4y —8x%+4x%+4y? —8y?
0x2 ay (x24y?)?
d2u 62
0x2 ay =0
o o
dv = Oxdx + 9 dy
du
N du
dv = - dx + Ox dy
—4y 4x
dv = X*4Y% gy + X HY° gy
—4

dv = X*+Y° (y:idx ci(dy)
xdy -y dx
4.[ x2+y

V= v
4fd tan” 1(—)
4tan~1¢
v=- X) + ¢
n-1¢Y) = X dy —y dx
g’ Q)= 1+(y)2[ e

3) Find f(z) if the imaginary part is r2cos20 + r sin0 Solution:
V = r2cos20 + r sin®



Solution:

Integrate W@tan 15(_;) we_géj_u fx dy —y dx
i O

“ﬁaﬂ %Z%gm ef(g)
leferentlatg&w Ek@& y ‘:’; ;; dy

% = -—Z-r?r@oﬁzlea ﬁsrnﬁ)ﬂﬂﬂ(e)
Compare théquatipahgd) & @6
f®=0 ov

fg@) = c T > @
a—-r alB+rcosG+c
f00 =G [or cosze + 5P + ¢ )+i (1

]

>3

sin2

3 3 J sin2
> Q@ 9 0 0 0
4) Show that | 0x ayjqe[real f(Z)c]cgs_ 2 f'(rz)skn
f(z) = u+iv

real f(z) = u

[real f(z)]?=

d(u?) N @

ox - Uk

02(u?) . 0%u . 2@ du

oxz uaxz Ox C%(%@

Similarly,

>®@

cos2

0 + r sinB );-2



Add 9’wy _, 0% ,0uOu

e(;)uation [(’?_: +§—yz]u2 (a )2 ) % +g_;;] Oy? dyz "~ © dy Oy &
o+ lu=21 (G2 + G2 .
]+2u|
%
[f(z) = utiv =>f(z) = 7 '3
| les Gy, By
2f(z) KN
02 L 92, 2 |
[5: ayzlu [real f(z)]%= 2 fl(z) 2

5) If f(z) is analytical function with constant modulus ,then show that f(z) is constant.
Solution:
let f(z) is constant modulus

f(z) = u+iv

|f(z)|= uvf + v2=constant

u2+ v2=c
u2+ v2=c2=C1

Differentiate w.r.t ‘x
5 6u+2 Jv
Uox TV ox=0>Q



2u%+ ZV% Differentiate w.r.t ‘y’
=0>Q@ Y ¥ By C-R

equations 2u g—; -2v g—;
e 20 0% 49y O =0->0)
dy 0 -
aU zau
0> ® 5,
| . 2 0w Ov
Multlply@ v® uv ut g3, twyg, =0
@ *uo =0

Subtract then uv



Similarly

constant

Conformal Mapping :
A transformation w =f (z) is said to be conformal if it preserves angel between
oriented curves in magnitude as well as in orientation.

Bilinear Transformation :

. b
The transformation w = f(z) = azt

cz+d is called the bilinear transformation or
mobius transformation. Where a,b,c,d are complex constants.

The method to find the bilinear transformation if three points and their images are given
as follows:

We know that we need four equations to find 4 unknowns. To find a bilinear
transformation we need three points and their images.



in cross ration, three are four points (w,w1, wz,w3z,) = (2,21, Z2, Z3,)

(Ww=w1)(W2-w3) (z = z1) ( 22-23)

(Wi-w2) (W3—w) (z1-22) (z3—2)
az+b
Since we have to get w = cz+d , we take one point as ‘z’ and its image as ‘W’

Problems about bilinear transformation:
1) Find the bilinear transformation on which maps the points (-1, 0, 1) into the points (0,i,3i) in w-plane
Solution : In z-plane, z1=-1,22=0,z3=1
In w-plane, w1=0, wz=i, w3 = 3i
In cross ration,
(w,0,i,3i) = (z,-1,0,1)

(w-—wn)(w2-w3) (z-21)(22-23)
(Wi=W,) (W3—w) (z:-2,) (z3-2)
(w=0)(i-3i) _ (z+1)(0-1)

(0-i)(3i-w) (—1-0)(1-2)

(wW)(=2i) _—(z+1)

(- (3i-w) —(1-2) =

-2wi(1-z) = (z+1) [ - [i(3i-w)]]

-2wi + 2wiz = -[-3-wi](z+1)

-2wi+ 2wiz =3z + wiz + 3 +wi



w-0)0-1)  @©-1)a-0)
0-iHA-0)  (1-0)O0-2)
-wW —i i2 -1 -1

—i —-Z W= Z y/ y/

- 11 | wli(3-z)] = z(z+1) w
== = [z, -3(z+1)
=0 , 22= i, z23=0 —-i(3-12)

Wy =0, Wy =i, We=-=qa= [w3'=0]
1=Y W2 =1, W3 =1 w,l L3 maps the points (a,i,0) in

2) Find the bilinear transformation which
the z-planeinto (0,i,a) in the w-plane. (w,- 2  (z- 1) (z,-25)

1)(W§W2 -1) _ (ZZ{—l) ( Z,—13)

- 1 -

In w-plane,

Solution: In z-plane, z

(w-w1)

W-w)( -w) ( -2)(z z)2wss=
z1' 23— ((WwW-W1-W2) (Ww3) (-Z1Z2) (23—2) W3' z1'

3) Find the bilinear transformation that maps the points (0,i,a) respectively into (0,1, a).



. 1
=0’22=|’ 23=:6:_ [Z3 ]

Solution: In z-plane, ' a oz
1 1
W1=0, W, =1, W3 :W_?’I :6=a[W3|=0]
In w plane, 1
(Wo—"—"—
_(MJ_)_(LZL).(ZL )m___Zz_L(mu;\Nl—wZ) ¢! _\Ammﬂ(_mz_‘l—_ﬁh)_ (2—21)(222'4—1)
(W1-w2) (_ -w)  (z1—-2z2) (_ z) ( )
W3

w-0)0-1) _ (z 0)i(0)-0)
(0-1)1-0) (0-iHA-0)
-W _ —Z

-1 =i

w=-iz
Fixed point :

az+b
The transformation w = cz+d

The roots of this transformation are called fixed points or invariant points.
az+b

z =cz+d ( we know that w =f(z) ) z(cz+d) =
az+b cz2+dz = az+tbc z2+(d-a)z—b =0
Problems:

1) Find the fixed points of the transformation w =

Solution: The roots of above transformation are called fixed points



— 1 — 1
z—1+1 putvv z—-1
Z+2 z+1

z-1
=z7=z+12(z+1)

=z-1724z2—-2+1

=0 z?

+1=0z2=-1z=+%
i fixed points + i

2) The fixed points of the transformation w =

Solution: putw=1z
Z—1+1i
= 742
z(z+2) = (z-i+1) (a=1,b=1,c=1-i)
Z2+22 = z-i+|
z2+z+i-1=0
—b + /b2 —4ac L Slt1+44(1-i)
Z = 2a = 2
1 +14% -4 ~14#3-4
iz= 2 = 2
Vo o :
-1+ 3—4i —1-—3—4i
2 2 &

3) Determine the bilinear transformation whose fixed points are 1,-1 Solution:

Given fixed pointsare z=1,-1



az+b

The roots of the transformationis w=____ are called fixed points put w = z cz+d
az+b
Z=cz+d

cz2+(d-a)z—b =0(z+1)(z-
1)=0

7z2-1=0 (c=1,d=0,a=0,b=1)
0z+1 _ 1

W = lz+0_ y

Problems on images:

1) Write the image of the triangle with vertices (i,1+i,1) in the z-plane under the transformation w = 3z+4-2i

Solution: y

(x,y) = (1,0)
In w-plane:



Y
in z-plane Transformation z =i @ x+iy = 0+i w= 3z+4-2i (x,y) = (0,1) w=
3(x+iy)+4-2iz=1+i ©@ x+iy=1+iutiv=w
(xy) =(1,1) u = 3x+4, v=3y-2

X z- plane

(1,0)
z=10 x+iy=1



i) (xy)=(0,1) ©® (u,v)=(4,1) i) (x,y) =
(1,1) © (u,v) =(7,1)iii) (x,y) =(1,0) ©® (u,v) =(7,-2)

Conclusion:
The image of the triangle whose vertices (i,1+i,1) is mapped as triangle

whose vertices (4,1) ,(7,1), (7,-2) in w-plane under the transformation

A

(0,1) (1,1)

(4,11\ (7,1)

/|

v (71_2)
w=3z+4-2i w-plane
1 1
2) Find the image of the infinite strip 0 <y < under the transformation w = _
2 Z
Solution: In z —plane
the infinite strip between the linesy =0,y =.
Transformation:
1
W=7z
1z=
1 u-iv 1
wXHY = u+iv u—iv Y=
u—iv
X+iy =
u?+4v? Y < >
u -v X
X Y=0

uZ+4v2 y = uz+4v2
7

v



In w —plane z - plane 2
-V 1 9 1 -V 2
i)y=90_u2+v20 ii)y=2 7 2
O=-v u?+ vZ2=-2vv =0 Conclusion: 1

The image of infinite strip 0 <y < is transferred as straight line (v=0) or circle under the transformation w = _

2
T Z
1
3) Find the image of the region in the z- 2 plane between the linesy=0andy = under the transformation w
=e2
Solution: In z —plane
a1
The lines are y =0, y =2
Transformation
W = ez
utiv=ex+iy=exeiyy = 0 u+iv = ex

[cosy+isiny] u = eXcosy vV = exsiny
In w-plane

i)y=0® u=ex, v=0

T X

ii)y=©@ u=0, v=e



Y
It
Y=,
< > X
0
“V
z - plane
u=0
/
< >
0
v
w - plane

Conclusion:

T

The image of the region linesy =0 & y = are transferred as first quadrant in the w-plane under the

2
transformation w = ez
1

4) Show that transformation w =z + _ maps the circle z = c into the eclipse u=(c + ¢

discuss the zcase when c = 1 in detail.

1 1, .
-) cosB v= E) sin® (c- . Also



Solution: Z —plane Transformation
1

The | circle Z = C

o "

\/* =z

+
Z
elf 1
Xx+iy=c W=r reid
B + isinB)+ % (rcosB - isinB)

x24+y2=c u+iv=r(rcos x2 +yZ=c2u+iv =

1 I 1 1, .

(r+ ;) cosO +i(r- ;) sinB u=(r+ ;) cosO v= (r-;) sin®

w —plane

1) y

| | || _
z=r (r=c) Z'=c¢C

sinZ2@ =1 (C_I_%)z"'(c_%)z =1

Case: Whenc=1 w2 y2
LI az T2l _
z'=1 a r=1

)

A
2 V2 we know that f
A

~
%

u=2cosB,v=0

v

Cc0s20



cosxsinhy

u+iv=2cosB+i(0)2sinBxu=2 v=0
Conclusion:
2

The image of circlez=c isl tIransferred as eclipse
plane and also the image of circle z=1 when

c = 1is transferred as straight linesu=2& v=0inw —
plane under the transformationw =z + .

5) Discuss the transformation of w = sinz using example

+
b

Solution: Transformation w = sinz
W = sin (x+iy) w =
sinxcosiy + cosxsiniy
u+iv = sinxcoshy + icosxsinhyX

u = sinxcoshy

Example: In z —plane
| |

X=C¢C coshy =

X2+y2=1

,Sinhy=___

Y
QZ 22
=1 /\az Tp2 = | |
v
u Vv
—
. 1
z ¥
=C
0
V= 4
In w —plane
uvz=1 ,
sinx COSX

inw—



u? v?

put x=c sin2x  cosZx
. u? v2 .
Conclusion: —— -——-=1os2hy-sinh2y=1
sin<c cos~<c

The image line x

v

= cis transferred as hyperbola =
2 2

u A\

-—=1.
a2 b2 in w — plane under
the transformation w = sinz.

6) Discuss the transformation of w = cosz

Solution: Transformation on w = cosz

v

A

W = cos(x+iy) w = cosxcosiy — sinxsiniy u+iv = u

cosxcoshy — isinxsinhyX u = cosxcoshy

sinxsinhy In
v

sinhy .
z- plane In w-plane y = ¢ cosx = sinx = -
cos?x + sin’x =1
u? v?
+
cosh?y  sinh?y

puty=c y




Conclusion:

. . . . — +—==
The image of line y = cis transferred as ellipse az ~ b2

2 2

u v
cosh?2c  sinhZc
2 2
u v
aZ b2

2 2

u \'%

A

AN
L.

1 under the transformation w = cosz.



Unit—2
Complex Integration

Line Integral:
suppose f(z) is a complex function in the region R, and C is a smooth curve in R. Consider an interval

X1 < X2 ... <Xn<b are pointsin (a, b). Yy A
(a, b)and a< J

A Xy = Xr - Xr—1 are chord vectors, then

A
v

lim C)

nooor=1" AXr= abfZ dz v

Where the summation tends to a limit and independent of the points choice. The
limit exists if f(z) is continuous along the path.

Evaluation of the integrals: fzdz= (u+ iv)(dx + idy) = (udx — vdy +

i(udy + vdx) (v?/here u and v are functions of x. )



( )
Problems:

1) Evaluate x2+ ixydz from A(1, 1) to B(2, 8) along x=tandy = t3.

Solution: Along x = t,)y =13, dx =dt, dy =3 t2dt, The limits fort are 1 and 2 d

(

x2 +ixy (dx+idy) = ¢x2dx—xydy)+i(xy dx+x2dy

)

2 2dt-3todt+i4ttdt=1t"3-3 t"7+i4 t"S(apply the lower

=1t

1+i 2dzalongy=x2

2) Evaluate o z

1+i 2dzalongy=x2,dy=2xdx

Solution: o z

1+ 2- y24+2ixy)(dx+ idy)

= o(x

3 7 5

and upper limit)
1094  124i

1 2-x%) dx-2x3 2x dx +i(x2- x42xdx+2 x3dx)



=0 (x

=- 4

2+i

3) Evaluate 1-iQ2x+ 1+ iy)dz along (1-i) to (2+i).

Solution: Along (1-i) to (2+i) is the straight line AB joining (1,-1) to (2,1).

(=1-1)
The equation of ABisy-1=- (1-2) (x-2) y-2X =
-3,y = 2x-3, dy = 2dx
X varies from 1 to 2
2+i2
1-1(2x+1+iy)dz = 12g+1 dx)- (2x-3)2dx + i[2x-3]dx + (2x+1)2dx]
2
= 1(—2x+7 c?x +i(6x-1)dx
X2 X2
=-2 +7x+i(6 -x)|(apply the lower
2 2
and upper limit)
2+i

1-i(2x4+1+iy)dz = 4+8i

(1,1) 2 4+5y+i(x% —y?)]dz along y?2 = x.
4) Evaluate (0,0 [3 x

A

A(1,-1)

<«



Solution: Along y2 =x, 2ydy = dx, y varies from 0 to 1.

0(L0),3)[3 x2 +5y+i(x2 —y?)][dx+idy] = o? 3 y*2ydy+5y2y - (y* —y?)dy +i[(3y*+5y)dy+ (y* —y?)2ydy]

y6 V5
=5__ __
6 5

129 44i

=" +
30 15

(1,3) 2ydx+(x2—y?)dy alonga) y =3 x2 b)y =3x.

5) Evaluate (0,0)X

Solution: a) y = 3 x2, dy = 6xdx, x varies from0to 1.

y3

3

y6 y5  y4 y2
+ 13 _+i(2—+3 _-2 45
6 5 4 2

) (apply the lower

and upper limit)

0(1,0),3) X2ydx+(x2 —y2)dy = o! 3 x*dx+ (x2 —9x*)6xdx



x5 + 6 x4 -54 x6¢

69

(1,3)

0l 3 x3dx + (x2 — 9x2)3dx

29

4

(1’3) 5 4

(0,0) X2%eX +(%2 — y2)dy =3 _

b) y =3x, dy = 3dx, x varies from 0to 1.

(0,0) X2ydx +(x2 — y2)dy =

=3 __-24 __(apply the lower

6) Evaluate {3z + 1)dz where C s the boundary of the square with vertices at the pointsz=0,z =1, z=1+l,
z =i and the orientation of C is anti-clockwise. Solution: Cis the square OABC




32 +10dz+ Bz +1)dz )

Bz 4+ Vdz= 1Bz + 1'dz
+ c2(3Z + 1)dz + c3(
Along C.= OA ) (1,1)
) \ 4
Y t =0,
dy=0 C(0,1)
1 X2 >
Xvaries fromOto1lc13z+1dz = (3x+1)dx =3 —_ + x(apply
the lower and upper limit)
2=0g 721

A(1,0)

Along c2= AB




x=1,dx=0y
variesfrom0to 1

13 c2(3z + Ddz =i0[3 (1+iy)+1]dy = 4i -2

Along c3=BC vy =1, dy=0 x
variesfrom1to 0

0 3 c3(3z+ dz = 1[3 (x +
i)+1]dx =- _2 -3i-1

Along c4=CO x=0,dx=0 vy
variesfrom 1to 1

g ) &w(3z+1dz = 1

[Biy + Lick= 2 _
53 5 3 ¢3z+1dz==2+4i—2—2
—3i—i+_2=0

(3z+1)dz=0



(1,1) 2 +4xy+ix%]dz along y = x2 7)
Evaluate (0,0)[3 X
Solution: y = x2, dy = 2xdx,

0(1,0,1)[3 x2 +4xy+ix2] = 01(3 x2+4 x3+i x2)(dx+i2xdx)

1 244 x3-2 x3)dx + i(6 x3+8 x*+ x2)dx
=0(3x
1 3 8 1
241 -2+ i(E+ 3 ) (apply the lower
and upper limit)
3 103i

=+
2 30

8) Evaluate { y2+4 2xy)dx + (x2 — 2xy)dy , where is the boundary of the region by y = x2 and x = y2

Solution:
C1: Along OA, y = x2, dy = 2xdx X varies from0to1l c1(y2+ 2xy)dx + (x2 — 2xy)dy = ol( x*+2 x3)dx + (x2

3)2xdx = — 25 C2: Along ABO, x = y2, dx = 2ydy vy variesfrom1toO -
2X

c y2 +-2xy)dx + (x2 —2xy)dy =



1 242y3)2ydy + (y*- 2 y3)dy = -1 Y=x2,
=o(y /
c(y2+2xy)dx+(x2—2xy)dy=-1+25=-35 €
0
y* =x

Cauchy’s theorem

If f(z) is analytical and f'(z) is continuous inside and c' on a simple

closed curve C, then (f(z)dz=0.
Proof: Suppose R is the region bounded by C f(z) = u+iv z=
X+iy
Where C
cf(z)dz = (u + iv)(dx + idy) = (udx — vdy) + i(udy
+ vdx)



cudx + vdy =. r( x = < y) dxdy

Lrviiu L Vix U

— | — — | —

()
cfzdz= .r(— = x-y)dxdy + i.r(2y - < x) dxdy

U mvoy

— —

()
Since f(z) is analytic cfzdz= "r(y-oy)dxdy + i r(2y - y) dxdy

ruir v Fuit vy

—_— — —_— —

x=0yand Sy =-Ox

cf(z)dz=0

Cauchy’s Integral Formula

If f(z) is analytical within and on a simple closed curve and c' a is any point inside C, then
1 f(z)dz

f(a) = 2mi c(z—-a)

proof: Cis a closed curve and a is any point inside C, Enclose a within a circle C whose radius is r and the
centre is at a. Now Cis inside C.

f(z) is not analytical

inside C.
(z—a)



By Cauchy’s theorem for multiple connected region cgzdz= c'gzdz
—8(2) = (z-a) C

Where clisz-a=r

0 .
z—a=rel ,z=a+rel

dz = rieiede

@ varies from 0 to 2min ¢'

) )

c ' fz—azdz) = cf(z—azdz) = 02T f(a + r(erieei)e r)eiede =i 02m f(a + reie)d

Asr—0,c'—>0
()

fzrdr 21
c(z—a) = io f(a) do = f(a) 2 i
fzdz
f(a) = c(z—a)
2Tt

Cauchy’s integral formula for the derivatives
{z)ydz 1




—

f(a) = c(z—a)

21

Differentiating with respect to a successively
fz)dz 1

fl(a) = 2mi ¢ (z—a)2
2 fzdz

f"(a) = c(z—a)3
Q)
27
Q)
fiii (@) = 2.3 c(fz—az dz)4

2ni O

fiv (a) = 2.342TU c (fz—az dz)5

Q)
fn(a) = 2n!Tl c (z—afz)dzn+1

We can evaluate easily the integrals of complex functions using this formula.

Problems:

zeZdz



1) Evaluate (z+2)3 Where 'Clis z = 3. Solution:

z=-2liesinsidez =3 | |
According to Cauchy’s integral formula

()
1fzdzZa=-2] f”(a)= c(z—a)3,

[f(z)=ze
T2
fl(z) =z ez + ez fliz)=zez+
2e? f1(-2) =-2e~2+2e-2=0
ze?dz
c (z+2)3 = 0.

dz

2) Evaluate 23(z+4) wherJ.- é is Z = 2 using Cauchy’s integral formula.

Solution: z=0lies inside C and z = -4 lies outside.

According to Cauchy’s integral formula

2 {2z 1
fl(a) = 2mi c(z—a)3 [a=0 and f(z)=  @+a)] fi(z)=- @E+D*fl(z) =
2 1
(z+4)* and (0) = 32
dz in

cz3(z+4) = 32



(z3—sin3z)dz N

_I3
3) Evaluate (@=3) where Cis z = 2 using Cauchy’s integral formula.

Solution: According to Cauchy’s integral formula

()
1fzdz=3=sin3z] f(a)= c@-a3 [a= andf(z)=z
Tu 2
= |1,
<2,z=2liesinside C: z=2 fi(z)= 3z2-
TC

3cos3z f'(z) = 6z+9 sin3z fi(2 ) = 3m-9
16 lz

T
2

c(z—a)3 = Tli(3T[-9 )
dz

4) Evaluate ¢ es(z-1)3 where C il 4 = 2 using Cauchy’s integral formula.

dz e %dz

Solution: ¢

ez(z—1)3 = ¢ (z—1)3

z=1liesinside Ci.e|z|=2
f(z)=e—2

According to Cauchy’s integral formula

1 f-(z-&-z— C(z—a) =

f(a), [a=1] _ O



21

1fzdz fl(@) =1 cz-a)3

f(2)=- e~ f'(2) = e—2, (1) = e~

e Zdz in

c(z—1)3=e

5) Using Cauchy’s integral formula evaluate

(z+1)(z—0)2
36.

z4dz

Solution: ¢ (z+1)(z—i)2

= ¢ (z+1)(1+0)2 - ¢ (z—i)(1+i)2 + (1+1)

(z—i)2 Splitting into partial fractions

C (Z—a)2_= f'(a)
27
f(z) =z4, a=-1, f(-1) = 1, a=l, f(i)
fi(z) = 4z3 and f'(i) = -4i

z4dz z4dz 1 z4dz

(1+1)2

zadz Where Cis ellipse and 9 x2+4 y2=¢

z=-1land z=ilieinside 9 x2+4 y2 = 36

fzdz
1 ()
2T ¢ (z—a)
=1
1
(1+1)



1

z4dz
C(z+1)(z—)2 = (1+D2 2mi- 2mi + 2mi (-4i)
LS
= =4n(1-i) 143
logzdz1
|
6) Evaluate ¢ (z—1)3 | where-Cis Z—1 = 2 using Cauchy’s integral formula
Solution:
Y .
(,,0) (1,0)
According to Cauchy’s integral formula
1 fzdz f(a) ()
2 ¢ (z—a)3 = 2! [

a=1]mii

Z— 1| = 4s a circle whose centre is (1,0)
2



1 and
radius is , a=1 lies inside C -

2 Z

§Z) yA
L f(2) = ez
logz, fi(z)= , f'(z)=-, f'(1)=-1
Z
1

f'(a) =rti ¢ (z—a)3
logzdz

=- T

c(z—1)3

(z2—z—1)dz 1

7) Evaluate 2(z—i)2 whlere C_Is Z—2=1

(0,1)

Solution:
According to Cauchy’s integral formula
o c-m=2mif(a) .
z =0 inside C and z=i is outside C (— E,O)
2 f(z) = , [a=0, f(0) =1]
(z —z—-1)
2 (z—1)?
(z2—z—1)dz
C z(z—i)2 = 21

(3z24+7z+1)dz




9) If F(a) = ¢ (z—a) Using Cauchy’s integral formula where Cis z = 2, F(1), F(3), f'(1-i) .

(3z2+7z+1)dz

Solution: Suppose F(a) = ¢ (z—a)
(3z24+7z+1)dz

F(1) = , [z=1 lies inside C]
c (z—1)
f(z)dz

c (z—a) = 21l f(a)
[f(z) = 3z2+7z+1, f(1) = 3+7+1 =11]

3z +7z+1)
2 C =
2mi 11 =22 mi =F(1)
(z-3)
2
(3z +7z+1)
F(z) = c—dz, [z=3 is outside (]
(z-3)
(3z +7z+1)
2 c
=0=F(3)
(z-3)

a=1-iisinside C
F(a) = 2mi(3 a2+7a+1)

Fl(a) = 2mi(6a+7)



F'(a) = 12mi
F(1-i) = 12ni

Complex Power Series

Taylor’s Theorem:

If f(z) is analytic inside and a simple closed circle C with centre at a, then for z inside C f(z) = f(a) +

fl(a) (z-a) + f'(a) (z — a)%+ f(a) (z — a)3+...

2! 3!
Proof: Let Z be any point inside C, then enclose z with a circle c', with centre at a, let w be a pointon c',
then
1 1 1 z—a —1
= = (1— - ) w—zZw—a—(z—a) w—aw—-a
converges
1 z—a (z—a)® (z—a)? n (z—a)
uniformly w-a [1+ w—a" (w—a)? (W—a)3+'"+ nte] w-a)
lz—a |<|lw—a |
multiplyin Z—a
Pying w—al<l Therefore, this series
() () () ()
both sides by f(w) and integrating with respect to w on c' c' f(w—zwdw) = ' f(w—aw dw) +(z-a) ' f(w—awdw)2 + (z —

a)2 c' f(w—awdw)3 +..+ (z — a)n c' (w—af w)dwn+1

f(w) is analytic on ¢



1 fwdw

c' (w-2)
f(z) = (O"_2mi 1 )
(a) f wdw
and n! " 2mic (W—a)n+1 Dividing by 2mi

l1fwdwlfwdw(z—a)fwdw(z—a) wadw(&ﬁ‘w dw —él‘ewq) = 21 ¢! (V\7=(372+—2T[i c! (W—Hj('z")i'—Z‘lTi (w—a)3 +...+ 2‘11'1(—%1_

(wW—a)n+1t...
21
(z—a)
2n
f(a)+(z-a) f'(a)+ fl(@)+..+  (Hn(a)+...
2!
This is Taylor’s series of f(z)
if z-a=h
h2

f(a+h)=f(a) + h f'(a)+ f'(a)+...+ ni(a)+... 2!

a=0, h=z

Z2

hn

(z—a)

f(z) =

f(z)=f(0) + z f'(0)+ _2! f'(a)+...+ n



(H) (a)+... _

This is a Maclaurin’s series of f(z)

]
Laurent series
If f(z) is analytic in a ring R bounded by two concentric circles C1and Cz of radii r1 and r2,
(r1 >r2) with centre atathenforallzinR P f(z) =ao + a1 (z-a)+ az (z — a)2+...+ b,b,
1 () 1 2
fwdw (z—a) (-2)’Cy

Where an = 2mi C1 E‘:V—(a921-+-1—

fwdwl
and bn =2mi C2 (w—a)—-n+1
Where c' is any curve in R encircling C2

Proof: Consider cross cut PQ and f(z) is analytic in the region R' bounded by PQ, z is any point in R'.

fwdw 1 fwdw £wddw £wdw
() ()

f(z)= [ PQ o (w—z) - C w—2)- Qp(Ww—z)+ C1  (w-2) ]
27t () ()

fwdw fw 1 dw

f(z) = e w-z) - C2w-2)] @ Equation 1
21t



Where C1 and Cz are described anticlockwise

Consider
a1 Awdw o g v gy Kwpw z=a____(Ok fwdw
woaz 2mi 1“7 Toni ciw-o " 2mi G bt 2M
) " Jwdw C1(w—a)n+1 +...

= n=0 i C* W Dnp

= n=0(Z—a)"an @ Equation 2

fwdw
1 ()
Where an =21 C1(w—a)n+1
()
1 Twadw
Consider C2 (w—2)

21
For C2, w-a < z-a



|:|12—a = +  +.] 1

1 1

(w-2) - w-a—(z-a) - (z-a)(1-"7) fw dw ()" L fwdwhwdw
z—a C 2ni C2 (z—a) + 2ni C2(w—a)-1 +
€2 i (w—a)—3 (z a) 1 _: j] 1
et el weay 2mi
=2b (21 a) f(i)zw (Zla)z ((Z)a)g n(Z—a)™n @ equation3  Where
e T aar fw dw

bn=2mi C2 (w—ad—nt1
Substituting equations 2 & 3in 1, weget f(z)= n=0(z—a)"an+ n=1%Z — a)-1 by This(is called the Laurent series of f(z)

The first part n=0(z — a)™an is called the analytic part and the second part

co

n=1(Z —a)n by is called the principal part. If the principal part is zero, the series reduces to the Taylor’s series
Problems
1) Expand log z by Taylor’s series about z = 1.
Solution: The given function is f(z) = log z "
— o f(a),, 3
Taylor’s series is 3l(z—a)y+.+
fnn('a) (z fi(a) —a)i+...

a=1, f(1) f(z) = f(a) + f'(a) (z-a) + 2! (z — a)+ _



1
fi(z)=z,f(1) =1,

1
fi(z) =- 22, (1) = -1,
2
f'(z) =23 , (1) =2, fiv(z) =

=34, f9(1) = -3

1
logz=(z-1)-2 (z — 1)%+ 13 (z—1)3- 14 (z — 1)*+..+

7z—2

2) Obtain all the Laurent series of the function aboutz=-1
(z+1)z(z—2) 7z—2

Solution: f(z) = C
z+1z(z—-2)

put z+1=u,z=u-1 z-

72-2 7u-1-2 A B C
C

( Z-I-BZ(Z—Z) = ugl—l u-3)=u+u—1+u-3
7u—9

(—1)n—1n(z—1)n+m



A=lim=-3
u—0 u{1 (ud3) 7u=9

B=Ilim =1
u—1u (u-3)
7u—9 C
=lim=2u-3u-1u _
C )
-&+1+%:-3-1-—u-iczf-—u—lu u—1
u-3 u3 3 ( _)
=-3- (1+u+ uZ+ ud+.. ) - (1+U+192+. ) u39 i - —
=-u3-53-(1+_322)(z+1) (1 + — 322 ) (2 +1)2-(1+_324) (z + 1)3+...
__t
3) Expand (%° R%fe region
(o<lz—1l<1 (i 1<lzl< 2 (iilzl> 2
Solution:
1 1 1
(i) (z2-3z+2) (z-2) (z-1)= -

Iz —1l<1



(iii)

(1+ + ) - 22772717

1 1
(z-2) _(z—1) = (z—1-1) _ (z—-1)
1 1 -1 1
_ @l en_(1_4_1)) "

=z +Z-A124G - 13+ ) - 1
(z-1)
1

|1 1I<2

|2

z<2,lzl<1, <1
2

(z—2) (z—1)
-1 z 2 1 4. 72
=2(1+2+4+8+...)-z(1+z z2
2
Il 12]>2,2<|Z]|, <1, 2
1 11
z(1-%) z(1-1 - - i
(z—2)
(z—1))z
=-(1 1—9—1——1(1—1)1
Z Z Z Z



n—1_1)

2 1 1 1
n=1 G S(1+=-+5+-)

(27 Zn=1 “n o2 o 1
z zn - n=1zn
(z2-1) 4) Find thp
Laurent series expansion of the function —________if 2< z <3.
(z+2)(z+3)
Solution:
(z2-1) (5z+7)
=1-
(z+2)(z+3) (z2+5z+6)
38 =1+
(z+2) (z+3)
3 =1+
z(1+3)
8
3(149)
S
—1 -
2 8 z
14 2) 8 (1 %)
2 3 7 Z2 238
w2 atslstarw

1+ +...)



o 2 (_1)n—1n—1Zn—1 co (_1)n
=143 n=1 Z0 + 8 n=1 3 n

oo 8zn-1

(_1)11(_ 2n—1

=1+ n=1 zZn + 3n)

e2z

5) Expand f(z) = (z—1)3 about z=1 as Laurent series. Also indicate the region of convergence of the series.

e2z
Solution: f(z) =
3

(z=1)

put z-1 =u, z= 1+u

o2 e2(1+u)  o2,2u 42 (Zu)z

(z— 1)3 = (s (w3 w’ 2! = = (14+2u+ +...)

_ (2(z—-1))" 1))2

=G 1)3 (142(z-1)+ —— > +...)

1 1 2

2
o (Gt Gt )

Z

6) Express f(z) = in a series of positive and negative powers of z-1.
(z—1D)(z—3) z
Solution: f(z) =
(z—1)(z—3)
Z A B



(z—D(z-3) (z-1) (=z-3)

vA 1
A =lim = -
z—-1(z—3)2z3
B=1lim = z-3 B (z—1) 2
3 1 3 1
f(z) = 2(z-3) _2(z—1) = 2(z—1-2) _ 2(z-1)
3 1
= 21 - 2(z—1)
~4(1-—)
2
_ 1 3 (z=1) 3 !
=_ 3 (1 . —Z—l)2 - 2z-1) ~ 4 (1+ 2 + 22 — 1 2(z-1) 7—1 2 .|.) -

00 (z—l)n
1 3
— 2

=2(z—1) - 4 n=0

Contour Integration
Singular points
Singular point: A point at which f(z) ceases to be analytic is called a singular point.

Isolated singular point: Suppose z=a is a singular point of a function f(z) and no other singular point of f(z) exists in a
circle with centre at a, then z=a is said to be an isolated singular point.



In such a case f(z) can be expanded by Laurent series around z=a
Pole: If the principal part of f(z) consists of a finite number of terms b1, b2... bn  bnz

0 then (z-a) is said to be a pole of order n.

lim f(z) = o0)
if n=1, z=a is said to be a simple pole.(note: if f(z) has a pole at z=a, then z—a
. : . . . . lim () .
Removable singularity: If a single valued function f(z) is not defined at z=a Z—00 and fz exists, then
z=a is said to be a sinzremovable singularity f(z) = _—_, z=0is a removable

singularity. z

Essential singularity: If the principal part of f(z) consists of an infinite number of terms, then z=a is said to be an essential

singularity
1
1, 1 1
e.=1 2 222 T3 T 2=0is an essential singularity.

Singularity at infinity: Suppose we substitute z= %, f(1} = F(w) (say), then the singularity at w=0 of F(w) is called the w

w
1singularity at infinity. ez has an
essential singularity at z =e<, since e - has an essential singularity at z=0.
Entire function: A function which is analytic everywhere in the finite plane is called an entire function or integral function.
Examples: ez, sin z, cos z are entire functions.

Note: An entire function can be represented by a Taylor series which has an infinite radius of convergence. Conversely, if a
power series has an infinite radius of convergence, it represents an entire function.



Liouville’s theorem: If f(z) is analytic and bounded, i.e k(z) & m for some constant m in the entire complex plane, then f(z) is
a constant.
(Z—adz)n =0, ifn=#-1.

Residue: We know that (z—a9%) = 21i where Cislz —al=R and .

C () fz dz = 2ni biwhere C is the circle with centre at a and f(z) is expanded in Laurent series. biis said
1

to be the residue of f(z) at z=a [ the coefficient of (z—a) in the principal part of the Laurent series of
f(z)].

Cauchy’s Residue Theorem:
Statement: If f(z) is an analytic function inside and on a closed curve ‘C’ except at a finite number of points, inside C, then

fzdz= 91% ( sum of the residues at the points where f(z) is not analytic and which lie inside C).

If the poles of order one and n then the residues are

S d 1 dn-1 nf(Z)]
limz—a dz[(z—a) f(z)], lim dzk-1m)>1[ (z—a) z-aeiz 1) Find the poles of the function and the

corresponding residues at each pole, f(z) = (z2+1)

eiz

Solution: The given function is f(z) = (z2+1) , f(z) is not analyticat z=iand z = -i

Therefore, the poles of f(z) are i and -i, both are simple poles If
z=a is a simple pole, then the residue at z=a is lim(z—a)f z z—a ()

Res z=i=lim(z—i)fz =lim(z—i) — e = i—1



yASIVAL (z+i)(z—1) 2

eiz i
Res z=-i=lim(z+i)fz = lim(z+i) — _( )= e.zo—izo—i (z—i)(z+i) 2
sin2z
2) Find the poles of the function and the corresponding residues at each pole, f(z) = ———
(z—)?
6
sinZz T
Solution: The given function is f(z) = « ,Z- isadouble pole
(z=)2 6
6
2 T

sin
— 6mlimg—dzd z(z—m6)2

Resatz= =
(z—)?

7Z—6 6
m w1 _¥ V3
= lim 2 sinz cosz =2 Sin Cos =2 =
Y Amd (4
6

Z sinz

3) Find the residue of (z—m)3 at z = .

Z sinz

Solution: The given function is f(z) = (z—m)3, Z=Tris a pole of order 3

If z=ais a pole of order 3, then residueatz=a'is



[(z—a)
limz—an—1) dz 431 nf(z)] (a=m)
ld2
Res at z = Tt = z-nlim dz2 (z sinz)
2
1d
=lim__ (z 2 =
COSz + sinz) z-»n dz lim (cosz 1
—zsinz+cosz ) =-1. z-T 2
(cosmz?+sinmz2)dz ~ Where C iS|Z|= 3.
2 2
4) Evaluate ¢  4120-2) (cosmz +sinmz )
C )2(z-2)
Solution: The given function —)( _ is f(z) = —2=Z3-+isa-deuble pole
and z =2 is a simple pole, z—1 dzz—1 dz (z—2) both lie inside C. z—1
(z_z)(_2ZSimTZZ+22cos1‘tzz)—cos1'[zz—SimTZ2
Resatz=1=1lim (;,—2)2 d[z—12f(z)] =lim d (cosmz2+sinmz2)
( (cosmz 2:i:sim'[z 2 )
3 vAY) (z—1)2 =1 z—1

lim =



Resatz22=limz—
2 f(z) =lim z-2

According to residue theorem

(cosmz2+sinmz?)dz

—( ) =2-7wi{sum of the residues) = 2 mi(3+1) =8 i

2(z—2)

_ z secz dz 249 y2=9
5) Evaluate ¢ 1-22 where Cis 4 X

z secz Solution:
The given function is f(z) =

3
major axes are 1 and 2.1 and -1 both

lie inside C. Y zsecz secl

Res at z=1 = lim (z-1)f(z) = lim - = -

z—1z-1z+1 2 zsecz secl

Res at z=- 1 = lim (z+1)f(z) = lim - =-

z—>—1 z—>—1 z—1 2

zseczdz ¢

1-z2 = 2 i (sum of the residues, by residue
theorem) X

=2 i (-sec1)=-2mi(sec1l)

e?dz

(0,1)

1-z2 z=1and -1 are simple poles and 4 x2+9 y2=9 is a ellipse whose semi minor and

0

Z

1

3
(,,0)



6) Evaluate ¢  (z+2)(z-1) Where C is the circle lz — 1= 1.

e?dz
Solution: The given functionisf(z)= c— (z+2)(z-1), Z=-2 and 1 are simple poles, z=1
lies inside C and z =-2 lies outside C.
e? e Res at z=1 =lim
(z1)f(z) = lim = z-1 z-1 z+2 3 )

cf(z)dz=2 i

(sum of residues at the poles which lie inside C)

eZdz 2 mie

c(z+2)(z—1)= 3

Evaluation of real integrals in unit circle

2T

(1,0)

|Z—1 |=1

We can evaluate the integrals of the type of( cos 6, sin 8)d0 where f(cos 0, sin 0) is a rational function, using residue

theorem.

® we canwritecos® =
eig+e—io we know thatifz=¢e

1 :
1 eig—e—io cos O = Py (z+ —)and sin 6 =

y/ 2i
1
— 1



sinB = (z- ) 2iz

eio
do =
dz

and
do =

dz

iz

By this substitution we can change the integral into a function of z.

We know that f(z)dz = 2mi (sum of the integrals)

take Cis z =1, then 6 varies from O to 21

2T
0 f(cosH, sinB)dB = cg(z)dz whereCisz=1

1 11dz  g(z)=f[2(z+ ), _(z-)] — z2iziz

We can evaluate using residue theorem

Problems

2T de 2T



dz

1) Show that 0 a+bsine =%2-b2 , a>b>0 using residue theorem.

Solution: Consider C J z|=1, z =ei®
1
11 1 cosB= - (z+),sin0=_(z- )
V/ 2i
2T de dz

0 a+bsind = ciz[a+2bi(Z— 1z )]

2
f(Z) = [ bz2+2aiz—b ]
c f(Z)dZ = c_______ bzp+2aiz—bdz
bz% 4+ 2aiz —b = b(z-a)(z-B)
2ai

where (a+B)=- ,af=-1

b

—aikiaZabZ = —aj—ja’—b?
a=and B=b b
a<landBf>1 « IieJ irln C cf&zj dz=2miResZ=a
2

ResZ=a=lim(Z-a)f(z)=lim

z—0l

z—0 b(Z—B)

Z

—



b(a-p)

21 do

2) Evaluate o

Solution: 0

Substitute z =ei®

2i y/

2

© c—ai+iva2-b2 ai+iVa2-b2
b[ b + " ]
1

" iVaZ—p2

f(z)dz= 1 2dz___ _ 2mi
i  bzl42aiz—b iw
2m de 2n
a+bsin® =Va2_p

(6—3cos)2 Using residue theorem

21 de
(6—3cos0)2
1

cos0= 2(z+_),sinB=(z- ) z

dz

dz =iei®dO and dO =

iz

21 de dz 4zdz



( 72+ 12 _ 9i(z2-4z+1)?
iz[6— - ¢
0 (6—3cosB)~ = c32 )]2 \/—
The poles are a and B wherea =2 -3 and f =2 + 3 and both are double poles, among which a lies inside C.
d *(z) ]
Resatz=a=1im [(Z-a) z-a dz
d__z "+

= z-lima dz[(Z —p)2 ] = (a - B)3

(a+B)=4,0-B=-23 Resatz=‘/07==
4 L 4 1
24v/3  6V3 47dz 4n

c9i(z2—4z+1)2 =9i 2T ¥3 =293

2n de
3) Evaluate o S— (a+bcos®)2 , a>b>0 using residue theorem
Solution: S o 1 _ 02m de _
5 put z=elb, 2
(a+bcos) ) dz = eif

do z =do cos O =
(Z+ 1 ) izz

21 de 4zdz

0 (a+bcosB)2 = ci(2az+bz2+b)2  The poles are a and B, both are double poles
—

—a+ aZ__bZ —a— aZ__bZ



Where oa=and B
=bb

a lies inside C

d z

Residue at z = a = z-lima dz [b2(Z —B)2 ]

la+B
=-() = -
b(a - B)

. l—Zab3 a

3
= - b( b8(a2—b2)32) = 4(a2-b2) 2
21 de

0 — (athcosd)2 = 2Ti (Res z = a by residue theorem)
2miat 2ma

4i(a2—b?%)(az—b2)2

Contour integration when the poles lie on imaginary axis
f(x)
We can evaluate integrals of the type
_=h(x), using residue theorem. g(x)



Consider ¢h(z) dz when the poles of h(z) lie on imaginary axis. We take positive imaginary axis. Integration is taken over the
semicircle and the line — R to R. The poles lie on upper half plane. If the poles lie on real axis

R () ch(z)dz =-rh
z dz ++h(z) dz

We know that by residue theorem ¢h(z) dz = 2mi (sum of the residues of h(z) at its poles which lie on upper half

plane)
R

—ngz) dz + +h(z) dz = 2T (sum of the residues )

In the limiting case R — oo we get /\\
oo r

oo hxHx (if +h(z) dz = 0)

Problems:

© dx 1)

Evaluate by contour integration 0 1+x2
dz

Solution: Consider . 1+z2 Where Cis the contour consisting of semicircle  and the line (diameter) from —R to
R.



dz dz R c

1422 = —Ri1+z%2 4 [ 1+22
r
dz
1+z2 = 0 ©o dx dz
-0 14x2_ 1472 r
= C
The poles of f(z) are—+r, i lie on upper half plane. R R
1 1
Res at z=i= M (z-)) f(z) = lim = z-j z-j@H) € —
dZ c 1+Zz T[l
(residue at z=i)
2Tt - 1 T
= (2i)
oo dx oo dx

2 =
fo 1+x? J oo 1+x% [ f(x) is even]
oo dx 1 dz =
- fc

2

— 2

0 1+4x 2 14z 2
2

oco X
= () 2) Evaluate ~* (¥ (+X%) sing residue theorem.
Solution: oo fx dx
- (O)
R
()
_rfzdz =f + rfzcgz) [rf(Z)dZ = 0]



= f7Zdz fzdz= fZdz

T O )

The poles of f(z) = arei, -i, 2i,-2i. — oo

ZZ

All are simple polesiand (;,,24442) 2ilie on upper half plane.

Res at z=i=lim (z-i)f(z) z - i
72 1

=z lim- i (i+z)(4+z2)= - 6i

Res at
z=2i =lim (z-
2i)f(z) z - 2i
72 4 1

=z lim- 2i (z+2i)(1422)= - 4i(=3) =3; According to residue theorem fZdz
2 (s_umTHf residues)

()

1 1 T

=T (T +7)=
6i  3i
T oo X2

co _ (1+x2)(4+x2)

o0 x2dx



3) Evaluate 0 1+x6 using residue theorem.

oo Solution: _ fO)fx dx
R
=f_Rf(z)dz + rfz(d)z [rf(Z
()
= fzdz
() R

afzdz= f5dz

)dz = 0]

( )
The poles are , e 2nt1m/6 where n=0,1,2,3,4,5

[-1=cosm+isinTt= e—mi =cos(2n+1)m+isin 2n+1 1

cos(2n+1)r  sin{2n+l)m )

1
(_1)E= 6 +i 6 = e 2n+1mi/6
e
Whenn=0,1,2i.e,e6,e,elieonupper half plane.
i i

Resatz—>ees=lim(z-e ¢)f(2)

mZ-e®

ZZ(Z— e6)

(1+z%)

Z-e6 (322-27¢6)

=lim 625

Z —-eb

T

i

-

form

ole



624
miZ —eni6
—3mi oo . , ] ) i
a6 = = ee=(cos -isin_)=-
3 ] , ] .
6e
3mi -
: 0
Resatz > e —s6 lim = (z0e_—_2)f(2) form
3mi

Z ekt i

ZZ(Z— e2 )
=lim ——
i (1+Z6)

Z-o€2 (3z22-2ze2) m

2 oeom (272€7)

. 6z4
= lim
T
Z-e32nl 3 31 i
1 -
= e% (ceo5 2 -isin) =
6

2 6

5ti 5mi



Resatz—>e= (z- & lim < e)f(z) O form

(2l

Z —e
Smi
(2= lim e6)
= (1+42°)
smZ —e 6
5mi
2_22 e6) . (3Z

limy, g8
6

lim L w1 15m

im e P
=z
—e
151 i
= = (cos
Smi
6
Z —e
According to residue theorem
2mi (sum of residues) () fZdz=

2

T

=2(--)= 14+x6
6 6 6 3 ,
T



i

o0 xdx
°O=3

0 xdx

-isin) =-

ii



oo dx

4) Evaluate —°° (x*+1)? using residue theorem.
oo ()

Solution: oo fxdx

R

= _r€2)dz + rf%&z [rf(z)dz = 0]
= cf(ZhZ

rfzdz= cfg(%Z

1
(z2+1)The function is f(z) = -R R

The poles are i and —i of order 3, z=i lies on upper half plan and inside the semicircle

Resatz=i=lim ___19%4%; [(z—1)3f(2)]z~i2
142 1
=1 dz
lim (2+1)? 20 )
z-2i2
1 12
lim 27
=i (Z+i)5



(20)°> 16

According to residue theorem cfZdz = 2
(residue at z = i) ) m
3 3
=21 =
16i 8
b dx 3n
oo (x2+1) B _
3=8
Evaluation of the integrals of the type
oo imxf(x) dx

oo e Jordan’s
Lemma

If f(z) is a function of z satisfying the following properties:

(i) f(z) is analytic in upper half plane except at a finite number of poles
(i)  f(z) = O uniformly asEJ—wowithOSarngn

(iii) ais a positive integer, then

r limoo c(fg eiazdz = 0

—

Where Cis a semicircle with radius r and centre at the origin



oo imxf(x) dx = ceimxfz dz = 2ni

o e

(sum of the residues which lie on upper half plane)

Problems

o cosx dx
=9 (x2+4+16)(x%2+9)

1) Evaluate () using residue theorem.
() .
Solution: fz eimzdz () 2 ~eimxf 7 dz rlim o, f_+

=> ,eimxfz dz =0 (Jordan’s Lemma)

oo imxf(x) dx = ¢ eimxfg az =21 -R R

e

(sum of the residues which lie on upper half plane)

elZdz

C (z2+16)(z2+9) z=3i, -3i, 4i and -4i are simple poles. 3i and 4i lie on upper half

plane.

RR eimxf(z) dz



—ie-3

Resatz=
3i =lim (z-
3i)f(z) z - 3i

ez

=z lim- 3i %3416)(z+30)

(—9+16)(6)) 42

Resatz =
4i = lim (z-
4i)f(z) z - 4i

eiz

=z lim- 4i (z+4i)(z2+9)

ie—-4 = =
(9—-16)(8i) 56

elzdz —i i Tl(4e 3-3e™%)
2 2,9y = 21mi (42€° 4 c¢,4) =
C (22+16)(z%+9) = 2T ( s6e?) = 84
elzdz cosz dz

R.P C(22+16)(22+9)= C

oo cosx dx _ TM(4e 3-3e™h)

—%0 (x2416)(x249) 84

(z2+16)(z2+49)



S0 xsinx dx

0 (a?+x?)
2) Evaluate () 0)
Solution: : .fz eimzdz = | eimxf R lim_ f— zdz +

()

RR eimxf(z) dz /

=> reimxfzdz =0

Z

f(z) =

(a2+2z22)

z = ai and —ai are simple poles.

Resatz =
ai = lim (zai)f(z)
Z - ai
Zeiz
lim

—



(a%2+x?)

Z ai

(z+ai)
aie™@ € —a
_ e—a—da
(2ai) 2
2ni—=mie
(a2+z2) zsinxdz = 2 oo xsinxdx TU

=—ie2

oo xsinx dx

———=n
— 00 (a2+x2.)



Unit -3

LAPLACE TRANSFORMS

LAPLACE TRANSFORM
Definition:
Let f(t) be a function of t, defined V t20. If the integral

00 —stf(t) dt exists, then it is called the Laplace Transform of

0 e
f(t ) and it is denoted by L{f(t)} or f(s).

Here s is parameter, real or complex.L is called Laplace
Transform operator.



[ L{f(t)} = B° eS¢ f(t) dit ]

Def: Piece-wise Continuous Function:

Afunction is said to be piece-wise continuous (or) Sectionally
Continuous) over the closed interval [a,b] if it is defined on that interval
and is such that the interval can be divided into a finite number of sub
intervals, in each of which f(t) is continuous and both right and left
hand limits at every end point if the sub intervals.

Def:Functions of Exponential Order:

A function f(t) is said to be of exponential order as t 2 oo if
fim(e)‘“‘ f(t) = finite quantity

(or)

If for a given positive integer T, 3 a positive number M
Such thatlf(t N < meat v T,



Sufficient Conditions for existence of Laplace Transform are 1)
f(t) is Piece-wise Continuous Function in [a, b] where a>0, 2)

f(t) is of Exponential Order function.

Linear Property:

Theorem: If ¢4, c; are constants and f;, f, are functions of t, then
L[C1 f1(t) + C» fz(t)]=C1 L[f1(t)]+ C> L[fz(t)]

Proof: The definition of Laplace Transform is

e 1=Jo €7 fr) dt (1)

By definition
© —st
L[C1 f1(t) + C> fz(t)]=f0 e * [C1 f1(t)+ C> fz(t)] dt

_ Toos1 J&S‘Z _ZZ%((Q )d§t++c ﬁ{ﬂo g:ssttécg) zdf t) dt



=y L[fa(t)] +c2 L[f(t)]
Laplace Transform (L.T) of some Standard Functions:

1
1)Show that L{1}= _
S J-OO e_St
Solution: By definition of L.T L[f(t)]=f(t) ~° dt----------
—st
Put f(t)=1 o.b.s = Jo €7 1 gt
00
—-1== __(0-1)= [g—_st]
1/s
—-s sO
2) L[c]=L[c.1] =c. L[1]=c.(1/s) =c/s
at] — 1
3) Show that L[® ==
— [ p—st
Solution: By definition of L.T, )=y € f(t) dt---------- (1)
Lf(t eat] - °° %;st eat dt
: e—(s—a)T dt
ef(s:a)t > o
= —(s—a) (e - O)
1

=— 0

s—a



Put f(t) = e2to.b.s in (1) L[

_ 1
“I=5

Note: L[e
S a

4) Show that L[ Cos at]=s2+a2 and L[ Sin at] = =s2+a?
Solution: W.k.t ei®=cos 0 +isinf

elat= cos at +i sin at
L[eiet] = L[cos at + i sin at ]

L[cos at + i sin at]= L[eiaf]

1 1

= L[e*]=——
s—ia ( [ ] s—a)

_ s+ia

" (s—ia)(s+ia)

_ s+ia

" s24q2

=— i

“s2+a2 s2+a?

Equte real and imaginary parts we get
S a
L[ Cos at]= s2+a? and L[ Sin at] = =s2+a?
5) Find L[ Sin hat]



L 1
Solution: L[Sinhat]=L[ ”* [~ m]] =% [L{e*}-L{eat}]

s+a—s+a
=%[ s2-a? ]
a
= 2_g2
6) FindL[ Cos hat]
e +e
2 at at
Solution: L[ Cos hat]=L[]=%[ L {e2t} +L {e—at}]
=%l
s—a Ss+a
S
sta+s—a
=%[ s2-a2 ] = = s2-a?

7) Show that (i)) L[t"]=p(n+1)/s"t1, n>-1

(ii) L[t"] =n!/s"*1, nis+ve integer



1)

2)

Solution: : By definition of L.T
© st
LIf6)] =Jo € §(t) dtemmmomr(1)

ny— (€ ,—st gn
L[t]'fo e " Uyt putst=x i.et= x/s
_ (% ,—x(X\n dx _ dx
-fo € (s) s dt ™ s
__1 O —x N
- sn+1f0 e x dx

1
1 P(n+1), for (n+1)>0

L [t"] = p(n+1)/s"*t1, n>-1

L [t"]=n!/s"t1, nis +ve integer FO RM U LAE

1
L{1}=




S

4) L[ Cos at]= s2+a?

a
5) L[Sinat] s%+a? =
a
2 _q2
6) L[ Sin hat] s =
7) L[ Cos s*-a hat]=

8) L(t")=p(n+1)/smt1, n>-1

9) L(t")=n!/s"*1, nis +ve integer
PROBLEMS
1.Find the Laplace Transformation (L.T) of tZ4 2t 43

Solution: L [t2 + 2t +3] = L[t2] + 2L[t] + L[3]
= —; +2. <+ -
S s s21 3



5

s L
. _ 5
Solution: L[f? +41= L[tz ]1+L[4]
pG) 4
=7—/2+ -
S S o
63t+ 3e_2t] 3. Find L[
Solution: L[e3t+3e—2t]= L[e3t] +
3L[e2t]
1 1
= = 3=

4. Find L[Sin 3t +Cos® 2t]
Solution: L[Sin 3t +Cos%2¢t]=L[Sin 3t] + L[Cos?22t]

+
" 5249 + L 2 3 1 Cos 4t
]
_3 1
s2+9  2{L[1] + L[Cos 4t] }
= o+ Sl ]
s24+9 2's s2+16

5.Find L[f(t)]if f(t)=0, 0<t<2
=3, t>2
Solution: By definition of L.T



00 —stf(t) dt
L[f(t)]= o e

_ (2 -st

=Jpe* 0 -stf(t) dt
f(t) dt + 20 e
= 0+0 e .3 dt

First shifting Theorem (F.S.T):
If L[f(t)]=f (s) then L[e2t f(t)]= f(s-a)

Proof : By definition of L.T




—st

L= Jo € §t) dt = f(s)-mn(1)
Leaf(t)]=Jo €% €™ ft)dt

-f e atf(t)dtPut s-a=p fo e f(t)
dt
= f(p) = f(s-a)

Note: L[e—2tf(t)] = f(s+a)

Problems:
1) Find L[t3 e—3t]
Solution : let f(t) = t3

3! 6
L[f(t)] = L[ €] =53+ —53- 1)

By F.S.T, L[e— 2t f(t)] = f(s+a) a=3 L[e 3t
f(t)] = f(s+3)
6
Lle-3tt3] = (s+3)*




2) Find L [ e {(3 sin 2t — 5 cosh 2t)]
Solution : Let f(t) = (3 sin 2t — 5 cosh 2t)L

[f(t)] = L[(3 sin 2t — 5 cosh 2t)]
2 s

=3 s2+4 > 2—4 f(s)
By F.S.T, L[e2tf(t)] =f(s+a) a=1
L[e-1tf(t)] = f(s+1)
_ 6 5(s+1)
T (s+1)2+4  (s+1)%2—4
6 55+5

L [ e~%(3 sin 2t — 5 cosh 2t)] T $%+2545 | s2425-3

Second Shifting Theorem (S.S.T)

STATEMENT:- If L[f(t)]=f(s) and g(t)=f(t-a), t>a
=0, t<a then L{g(t)}=e—2sf(s)

PROOF:- By definition of L.T



Lf(e)l= [y e~ f(t) dt = f(s)——(1)

[“ewt  Lgl= glt) dt==Jo € gpt)
dt 4 [Zemst g(t)dt

=0+ [ e f(t-a)dt put t-a=x~ Jo et f(x) dx
t=a+x
=e % J-OOO e %% f(X) dx dt=dx, (X=0 to OO)
= e~ 25 f(s)
Example :
2 2
cos(t- Tn "
Find Laplace Transform of g(t)= ), ift>__
321
=0, ift<__
3
21
Solution: Let f(t)=cost , a= __



f(t-a)=cos( -
?)=cos(t- ?)

S

cos t ]= >—=1(s)
L[f(t)] =L s
[
By S.S.T L[g(t)] = e2sf(s)
- (e_ ?S) szj-l

Change of scale property:

If L[F(t)] = f(s) th _2f)
= en L[f(at)]=a ‘a
t

NOTE: L [f(a)] = a f(as)

t-a)f(t



Example: If L [f(t)] = 982—128215 then find L [f(3t)]
(s—1)

Solution: Given 9s2-12s+15
=— =1(s)
(s-1)

L[f(t)] = by Change of 1 _s
~f(0)
scale property, L [f(at)] 1 f(s)
_ LIfBY)] =3 '3
1,9G)2-12(3)+15
"3 G-1)3
_ 1 s2—4s+15
31 (s-3)3/27
_9(s®—4s+15)
S (5-3)3

]

Laplace transformof the derivative of f(t)
O If f(t)is continousfor all t [ and f (tjis piecewisecontinous, then
L{f (t)}eXists,providedlim e Sf(t) &d QOO

L{f ®)3 SLLF()3-F(0) sF@)-f(0)
L{F " ()} EF(s)-s"F(0)-s"2f (0)....F(0)




ExampleDerivelaplace transformof sin at

Let f(t)ldinat thenf’(t) = a cosatand £°(t) -aldinat
Also f(0) =0, f’ (0) = a from this also f’(0) = 0, also from this
By derivative formula,
L[f”(t)] = s* L[f()] — s f(0) — £(0)------- (1)
L{-a’sinat}[3% L(sin at)-a

(—a?) L(Sinat) + a =s?L(sinat)a=

(s?+ a?) L(sin at)

L(sin at)= gzj—az

Laplace transform of the integration of f(t)
f(s)
FLIF(R)]=F(s) then LiJo FO)4E] = =

Example:



t .
Find L.T. of J-0 sin at dtSqution:

Let
_Q_ f(t)

L[f(t)] = L[sin at] = s%+a* sin at
[ fydt] = 12

|-[

f sinat dt == (

s ‘s?4q?

a

)

Multiplication by t :

= [f(s)]
If L[f(t)]=f(s) then L[t f(t)] 2 -.

12 L
L[tz f(t)] ( 1) dsz [f(S)]
- (—D)" = [f(s)]
L[t f(t)] =

= f(s)



Example : Find L[t sin2t]

Solution: Let f(t) = sin2t
sin?t] = L[1 cos Zt]
let 2 ) L[f(t)] = L[
- — (- - = = f
2 ( L[1] - LE{COS Zt] ) = 2 (S S2+4) S(SZ+4-) (S)
=g sl
e ds [s(sz+4)]
=-2 [m] —(s(s +4))
- [ 2 d

{s(s2+4))* £(53+4S)

By theorem L[t f(t)]
2

=lsezar
_ 65’48
s?(s2+4)* ] (3s2+4) Division

:



FB), o (D)

IF LIF()]=f(s) then L[ ¢ 1=Js TS oovided WB ¢ exists.
e —-e ] 3t 4t

Problems: (1) Find ‘

L[

Solution: Letf(t)=e 3t—e %

] =L €

q =L rads
= :‘e_ ]=fs°°(i_ L)ds 3t 4t

S+3 S+4
L[
0
log (s+3) - log (s+4)
oS J (0'e)
s+3
3
= |Og (_)- = log _S(1+§_)
4
5+4S Ss(1+5s)
543
=log1-log ( S+4)
s+3 s+4

= 0-log(s+4) =log(s+3)
cos at —cos bt

(2). Find L.T of t




Solution: Let f(t) = cos at — cos bt
L[f(t)] = L[cos at — cos bt]
S S

f(s) = s*+a?  s?+b?

£
wk.t, tL[ btf f(s)ds
Cosa Ccos ]_f (

32+a2 32+jb2

)ds

ﬁ 2+ a?) —log (s2+ b?)]
log (s

0.0)

)log ( 2

S
1 s?+b?
El (32+a2 )

S



Evaluation of integrals by Laplace transforms:

fooo [ e ~—¢€ t 2t
t
(1). Using L.T. Evaluate ] dt

e—t_ 6—21','

Solution: First we will find L[ t ]Iet
f(t) = e-t— e-2t

L[f(t)] = L[el—t —e %]

1
T S+1 S+2 = 1(s)
f(t) 00
Jy _ d
w.kt, L[ ¢ fs /() S,
e t—e2t o 1 1
[ ¢ 1= ( 511 5+ 98
log (s+1) - log (s+2)
{ J { o
"
S+2)
S S

= log {



s+1
L s+l | =log1-log(s+2)

2
)
s+1 ) :|og(
otz _|Og(S+2 s+2
e -¢ ﬂ) S+1)
t ] = |Og ( S+1
therefore, L|
The definition of Laplace Transform is
_ (% st
Lf(t) Jo e f(t) dt
-t =2t . .
e —e o _o e t—e? s+2
] = do € 14dt= 10g(571)

Put s=0 on both sides

=2t

1= 2
foo cos at —cos bt ‘ ]dt - IOg(l) =|Og2
(—
0

t )dt

cos at —cos bt

Solution: First we find t L[ 1]
: Let f(t) = cos at — cos bt
L[f(t)] = L [cos at — cos bt] f(s)
S S

2. Using LT find

=sZ+a? s2+b?



w.k.t, L:)] = [" f(s)ds

L [ cos at —cos bt 00 s s
) " ]=f ( 2 sz+b2)ds
(o's}
-
= |[log(s
2
N\
co
-
1 s’+a?
= 1Zlqg (s2+b2)
- E ( 2
—st cos at —cos bt 1
e ) dt = -
By definition of LT, fO ( ) 2
cos at —cos bt
Puts=0 o.b.s fo ( t bt =3 Iog(

o cos 5t —cos 3t
Jo C ) dt

3.5T [ (=) e 3

=198V () _ \og (b/a)

Note: put a=5, b=3 in above problem

s*+b?
0g (52)

)

2 +a?)-log (s +b?)]

Laplace Transform of Periodic Function:

Definition : A function f(t) is said to be periodic with period T, if

Yt f(t+T) =

f(t) where T is positive constant.

The least value of T > 0 is called the periodic function of f(t).



Example: sint =sin(2m +t) = sin(4m + t) =———— —Here
sint is periodic function with period 2.

Formula :- If f(t) is periodic function with period T Vt then

1 T _g
L[f(t)] = 1—e—5t Iy e tf(t)dt

Problem : Find the L. T of the function f(t) = ef, 0< t <5 and f(t)=f(t+5)

1 5
—St
1-e~5S5 fO € f(t) dt
__ 1 5 —st ,t
T 1—e~S5 J‘0 € € dt
1 e(l—s)t 1 e5(1-9)

Solution : Here T=5 L[f(t)=" 1—e~5s [ 1—s ] = 1—e~5s [ 1-s ]
The unit step function or Heaviside’s unit function :
It is denoted by u(t-a) or H(t-a) and is defined as H(t-a) = 0, t<a
=1, t>al.T.

of unit step function:

eé—as

Prove that L[H(t-a)] =




H . - o —st -
Solution : L[H(t- [ e H(t_a) dt a)]
— (2 ,—st ®©  —st )
=], e H(t_a) gt J, e St H(t -a) dt
- (¢ ® 5—st
=[,0+ | e .1

=( St)

=) . dt

Inverse Laplace Transform :

Definition : If f(s) is the Laplace Transform of f(t) then f(t) is.called the inverse
Laplace Transform of f(s) and is denoted by L=1f s.i.e.; f(t)=

L-1fs [ ()]

L—1is called inverse Laplace Transform operator, but not reciprocal.

e

-5

e—sa

at] — 1 pat — L'l[ﬁ]

Example : If L° s—a[ then

Linear Property :
If f1(s) and f,(s) are L.T. of f;(t) and f,(t) respectively then




L=Yci fi(s) + c2 fas)] = ¢ L71f(s) ] + c2 L~1[fx(s) ] where ¢,

, C2 constants.

Standard Formulae :

1 = L‘1[§]=1
1)L
at _i ( —IL - pat
(2) Lle®l== = @ L ]=e
—at-is —1i_—at
(3) L[e ]_ s+a : L [S+a] _e
a
_1[ 1 =1
(4) L[sin at] = s*+a? s2+a? " asjn at
s = L™ [5—]=cos
(5) L [ Cos s?+aZt sota at]=
a 1
= 71 = = sinh
5) L[Sinhat] s*-a? [z 1=, = at
S S

s?-a? hat]= ] = cosh at

n

6) L [ Cos s*-a?



>1 =1 =t
7) L (®)=p(n+1)/s™*, n [ 1= ;e

n

-1 _t
8) L (t")=n!/s"*1, nis+ve integer = [ s+l I= n!Problems:

-1 l 1 1 s
(1) L [s2 S+4+sz+4+s2—9] Find
e VIR0 DA SN T -1
solution : L [52]+L [5+4]+L
=t+e M4l
2 sin 2t + cosh 3t.
_1[
sz+25]
L Y] =L [~ ] =~sin 5t
s2425 s2452 5
-1
L [25_ ]

(2)Find solution

(3) Find



1 —¢

—1 _1 .
—- ez solution
solution : [23 5] [S 5/2] 2
L_1[ 2s+1 ]
(4) Find s(s+1)
-1 2s+1 —1,5ts+1 -1 ot
oroT- — +1]= +
[s(s+1)] L [s(s+1)] [s+1 s] 1
_1[ 3s—8 ]
(5) Find 452425 1}
-1y 3s-8 s -1 358
solution: L [452+25]_AL [ 2+2§/§]' = % Cos
= 1 1 - -1 1 (%X 8x t
= A3 +(5/?-)2 I-8L [s2+(5/2)2
a=5/2 25 )
Sin 2
25

=% Cos 4/5 Sin t

FIRST SHIFTING THEOREM OF INVERSE L.T:
If L-1[f(s)] =f(t)then L-1[ f(s-a)]=eatf t()

=ex 1] f(s)]

PROOF: By definition of L.T
[ est
0 f(t) dt = f(s)-------- (1) Lf(v)]=

—st at
f(t)]= Jo e e f(t)dt
= J-Ooo e—(s—a)t



L[eat

- [® ,—pt
f(t) dt Put s-a=p'f0 e’? f(t)
dt

=f(p) = f(s-a)
L[eatf(t)]= f(s-a)

= L[ fls-a)]=extf&) (o) L1 fls-a) ] = = et L] f{(s)]
Note: L1 f(s+a) ]= =e 2 L1 f(s) ]

PROBLEMS
_1[ s+3
(s+3)2+8%) 1) Find
-1 —35+3 e 3t -1 S
Solution [(5+3)2+82] 7w . ] by F.S.T
= e 3t _1[
Cos 8t. sz+25+5 ]
-1 _7-1 —oty-1r_1 4_ -t
[sz+25+5] =L [(s+1)2+4] ‘L [sz+22]_ €
_1[ 1
(s+1)2
L7 . = L —l=e L [;]=¢"
(s+1)2 1 (s+1)2 =€ z17€ t
2) Find

Solution : % Sin 2t



3) Find

Solution :
S
4) Find Inverse L.T of (t3) i .
-1 _ y-1p3t - e 3t 1 S;
L [(s+3)2]_ [(+3)2] L1 ]
‘St{L"ll 1- 3L"1[ 51 }=e73(1-3t)
_1[ s+3
sZ— 10s+29]
-1 5+3 _r-1 s+3 _r—1y (5—5)+5+3
L [32—103+29]_L [(3—5)2+4]_L [(s 5)2+4
5t 1 s+8
=e L [sz+4
_ o5t gy—1p_S -1
=er {L [s2+4]+8L [s2+4]}

— o5t -1 S -1
=e>" {L [52+22]+8L [52+22]}

5) Find
Solution :

] (By F.S.T)

Solution :



= e5t[ Cos 2t + 8 x /2 x Sin 2t ] a=2
5t
=e

SECOND SHIFTING THEOREM: [ Cos 2t + 4 Sin 2t |
If L-1[f(s)] = f(t) then L-1[e-asf(s)] =gt ) where g(t) = f{t-a), t>a

=0, t<a
Proof: By S.5.T of L.T, L [g(t)] =e—2sf(s) (write proof of SST)
> L1 e-af(s)]=gt( )

= L-1[ e—2sf(s) ] = f(t-a), t>a

=0, t<a Note:
We can also written as L-1[ e—asf(s) ] = f(t-a) H(t-a)

Problem:
-1
Find [ 2+1]
-1 1r,—1s 1
[s2 1:| L™[e sz+1] s
Solution:
1
Let f(s) = s2+1
1

i) =L Gl =sint=f()



by S.S.T L-1[ e~25f(s) ] = f(t-a), t>a
=0, t<a

So L1 e-7msf(s) ] = f(t-.), t>m

=0, t<m
1

s2+1] = Sin (t-1r), t>w =0,
t<mr

—1[e—n's

Chang of scale property :

if L-1[f(s)] = f(t) then LA, 2)] = a f(at)

(or) L-1[f(as)] =a Sf(2)

Proof : By the change of scale property,
1 f( i)
Lif{at)] =4 "4
= L7L[f( 2
a)] = a f(at)



(or)

1 f(t
L-1[f(as)] =a ‘a)
-1 s2-1 -1 9s2-1
Problem(1): If (s’+1)?] = t cost, then find (95°+1)?]
2
_1[ -1
Solution : Given (s’+1)%] = t cost
i.e., L71[f(s)] = f(t)
sf-1
, Here f(s) = "*D? f(t) = t cost
_1[ 9s2-1 _1[ (3s)%2-1
(9s%+1)2 Now ] = {(39)2+1)7]
= L71[f(3s) ] By change of scale property,
1,,t
=_f(_)
( — t
L—1[f(as)] = ) 33 €9°3 a=3

Inverse Laplace Transform of partial fractions :



log

-1 [(5 +1)(5 1)]

Problems : (1) Find

Solution : Given

_7-1r1
= [S

- L7 5]

3
1ot

=1-t+?2 6

S+5

~1
(2). FindL [ 522[

reduce into partial
S+5

S+3
s+4glnlut|on Here f(s)=

S+

2 fractions

s+5

f(S) — s2—35+2

T 5-1)(5-2)

= s+5 = A(s-2) + B(s-1)

put s=1 on both sides
put s=2 on both sides

Therefore (1) = f(s) = S__61

=>A=-6
=>B=7

7

L f(s) ] =L =

2

Inverse Laplace Transform of derivatives :-

If L=1[f(s)] = f(t)

n

— 1 d n
dsm

11f(s) =

+ L =1- LY 5

A
1

2 3_c24 ¢
L_l[(s +i)4(s 1)] =L_1[(s S°+s 1)]

s4

54]

s2—35+42

+ 5 ——— ()

s—2

-6et +7e%

then f(s)] = (—1)"t"f(t)

Proof : By theorem of
L.T. Ltr  f(t)]
d
— n—
(=1) st = ()
= M

ds™ f(s)] = (—=1)»
tn f(t) Note:- L-1[f'(s)] =

- t (t)
Problem (1):- Find

Solution : Let f(s) =
( )=log(s+3)—log
(s+4)



s+3 s+4

1, 1 1
L=t B T
= e-3t- e—4t
L[ log ()]
By theorem, -tf(t)=e3t- - —_te e~*4H.W. Find #ts0, : _te
f(t) = Ans: L-1[f(s)] =
[replace 3 by =>L‘1[f(s)]S= : 1 and 4 by (-1)]
L7
. 2 2\2
(2) Find ~ 7+a%) ]
_1[ 1 _ l
Solution: W.K.T (s?+a®) " asin at
i.e L71[f(s) ] =f(t) 1Let f(s)
1 .
=, f(t) — = sin at

(s?+a?)




We have L7Yf'(s)] = - t f(t)

—1 d 1 _ l
L [ds ((52+a2)) I=-1 a cin at

1 —25 t
[ (s*+a*)? I=-4 sin at

] = t
" 2a

sin at

Inverse L.T. of integrals :-

- 0o i)
fL-1[f(s)] = f(t) then L LJs F()ds]=—=7~

@)y _ (®
Proof : We have L[ t _fs f(s)ds provided
exist
= L7 f:of(s) ds ] =@

Multiplication by powers of s ;.




If L-1[f(s)] = f(t) and f(0) =0, then L~1[s f(s)] = f'(t) Proof :
W.K.T. L[f(t)] =s L[f(t)] —f(O)
=sf(s)—0
= L=1[s f(s)] = f'(t)
In general we have, = L-1[sf(s) ] = fn(t) if=f"(0)=0

Problems :
L1 —

S
(s2+a?)?
L -
(1) Find [(52+a2)

2

]

s
(s2+a?)?

1= L 1s.

]

solution :

Let f(s) =



L-1[f(s)] = (52+az)2f( t)= F(t)=
- L7 ]
2a [ sin (s2+a?)*' at +ta cos at ]

We have L-1fs f(s)] = f'(t)

1y 5" q_
=L [(sz+a2)]
_1[ s? ]
(2) Find D" (gin at + at cos at)
S
(s—1)*
L1
[f(s)= G-V
_ 1¢S— 1+1
=L [(s 1)4]

e L_l[s+1

2a

Solution

]

= e L_l[_g 5—4]

=e (—2 —) = f(t)
Let f(s) = L-1



] byF.S.T.

t* t’ t?
e >+ ) +el(t+ 3)
£
Now f(t)= =ef(t+t?+6
By theorem L—1[s f(s)] = f'(t)

L 1[s—

(s—1)4] =’

t3
(t+t2+ o) Division
by power of S :

Theorem: If L-1f s [ ()] () ()
o

s =olltf tdt
Prof: we have by LT,

= ft,then L1



t @ L
J-Of(t) dt]= s [

(s)
= L-1 [’LSL] =dolf ¢ dt
(s)
Al e Note: ()
* 7 L= ol[ol f t dt]dt
Problem:
-1 1
1) Find L [s(s+3)]
1
solution: Let f (s) = s+3 .
L' f(s)] =L7" [5]= e 3t=f(t)

By theorem , L1 [ s, f(s)] = o1 f(t)dt

-1 1 ot _3pq, €3 ot 1-e3
=L [s(s+3)]_fﬂe dt = -3 ]fﬂ_ 3
L—l
2) Find st
1 _1 1
s2+a? L
Solution : let f(s) = [f(s)] = sinat = f(t)

a



By 1=
theorem E > f(s)] f f(t)dt
= L7 IEIN —smat-—(
_1
~a?"_cos at)

cosat

s(sz+a2) a

1
L—l
3) Find [32(32+a2)]
s’+a’

11 solution : let f(s)

= , f(t)=_sinat

by theorem,

t rt
Io Jo f i)t =% [ a sin at dt Jdt
t 1 smat)

t
—(1- cos t-a—(

_1[l

f(s)]



Convolution : -
If f(t) and g(t) are two functions defined for t = 0,then the convolution

of f(t) and g(t) is defined as, f(t) * gt) = f(: fw) g(t —wdu

f(t) * g(t) can also be written as (f * g)(t). Note:- The convolution
operation is commutation

ie., (f*g)(t)=(g* t) (v)
= [, fw) g (t-wdu= [ ft-u gwdu
Convolution theorem :- ]
If L[f(t)] =f(s) and L[g(t)] = g(s) then L[f(t) * g(t)] = L[f(t)] . Lig(t)]
(or)
= f(s). g(s)

So, L[(f*g)(t)]=1(s).sgls)
Corollary :-L~1[f(s). g(s)] = (f * g)t

= [, f(w) g(t —wdu
= [, ft—w) g wdu

Problems:

L1

1
(s—2)(s*+1)] by using convolution theorem.

(1). Find



11solution: Let f(s) =
s-2, g(s) = s*+1

—1p 1 ,_ 2t 7-1 —1p_1
Ls) =L =€ L g = L ) = sint
By convolution theorem,
t
L_l[f(s). g(s)] - fo f(t o u) g (u)du
_ 1 t —u) e
> L oy =y e sinudu
= e?t fot e " sinudu
2t e—2u
2 -¢ [(‘2)2“2 ¥ sinu -
cos u)]
eO
_2 cos t) - —(-1)]
= e2[C— - ;
5 '2sint— e2t
=1
2sint—cost)+ 5%



=1 [eZt -
2 sint—cos t]

_1 1 .
2) Find L [S(Sz_az)] by convolution theorem
1 1
Solution : Let f(s)=_, g(s) = s2-a?
S
1,1 1, 1
~ L
L=M[f(s)] = [S] =1=A1(t), L7'[g(s)] = o
=L sinh ,
a at = g(t) By convolution theorem,

fo £t =w) g Wadu
f 1 —smhaudu

1 cosh au

a  a ], (applylimitsotot)
1

1[f(S) §(S)] =

T a? (cosh at—1)
Application of L. T to Ordinary Differential Equations :




ThelL.T method is easier, time — saving and excellent tool for
solving O.D.Es

Working rule for finding solutionof D.E by L. T:

1) Write down the given equation and applyL. T O.B.S

2) Use the given conditions

3) Re arrange the given equation to given transformation of the
solution

4) Take inverse L.T O. B. S to obtain the desireds obesve Sali
stying the given conditions

The formulae to be used in this process are:

L[f'(t)]=sf(s)-f(0)

L[f"(t)]=s*f(s)-s f(0)-f'(0)

L[ f(t)] = s3f (s) - s> f(0) — sf (0) — " (O)

Note : let f(t) =y (t) and f (s) = y (s) Problems :

1) Solve 4y"+w“y=0,y(0)=2,y'(0)=0



Solution: Herey=y (t)

Given D. E 4y" (t)+ M’y (t)=0 LetL.T O.B.S

) 4L[y"(t)]1—” L[y (t)
=>4 [s°L(M]-sy(0) -y (0)]+my=[0]?
= L[y] [4s?+m?] - Lly]=0

8s
=L [Y] = 4s*+m?

4s(2)-0=0
1 S

-1 L [4(s2+”2/) =
letL""O.B.S, weget y(t) J] =8
- —1[

2+(”2/ )?
1= 2. cos /o,

=y () =2. cos /2t is solution of

gven D.E
3) Solve y"+2y"- y'- 2y =0 withy (0)=y' (0) =0, y" (0) =6
Solution : givenD . E



let L.T On Both Sides
Lly"]+2 L[y"]-L[y']-2L[y]=0

y i1 ]
-sLBd—yUD-ZL[Y]=0
=L [y] s*+2s*-s-2)-6=0

:L[Y]—S+ZS s 2

=s°L[yls®y (0)sy* (0)y** (0)+2[s* L[y]
6 A B C
L [y] — (s—1)(s+1)(s+2) T s—1  s+1  s+2 (1)

-sy (0)

6=A(s+1)(s+2)+B(s-1)(s+2)+C(s—1)(s+1)

(2)Put s=1in __ (2)6=A(2)(3)>A=1
Put s=-1in (2)

=>6=B(-2)(1) =B=-3

Put s =-2in (2)

=6 =C(-3) (-1) =>C=2



Substitute A, B, C in (1)

1 3 2

:L[Y]=E T sl T Sez

_y-1p L3 2
:y_L [s—l s+1+ s+2]

Sy(t)=e! — 3et + 2e7

is the solution of given D . E
d?y +2 dy
HW: Solve the D.E di2 ~ “ dt+5y=e !sint

—t
e

Ans: y(t) = 3 (sin t—2 sin 2t)

UNIT -1V



FOURIER SERIES

Periodic Function :
Definition : A function f(x) is said to be periodic with period T, if V
x , f(x+T) = f(x) where T is positive constant.

The least value of T > 0 is called the periodic function of f(x).
Example: sin x =sin (2 + x) = sin4m + x) =——— —

Here sinx is periodic function with period 2m. Def:

Piecewise Continuous Function:

A function is said to be piece-wise continuous (or) Sectionally
Continuous) over the closed interval [a,b] if it is defined on that
interval and is such that the interval can be divided into a finite
number of sub intervals, in each of which f(x) is continuous and both
right and left hand limits at every end point if the sub intervals.

Dirichlet Conditions:
A function f(x) satisfies Dirichlet conditions if

(1) f(x) is well defined and single valued except at a finite no. of points
in (-1,1)



(2) f(x) is periodic function with period 2I

(3) f(x) and f’(x) are piece wise continuous in (-1,1)

Fourier Series: 1f f(x) satisfies Dirichlet conditions , then it can be

represented by an infinite series called Fourier Series in an interval (-1,1) as

24+ ¥® an cos% ++ )1 bn sin n—fx ------------
f(x) = 2

a0=%f_llf(x)dx, an = % f_llf(x) cos"—’{x dx

1 (l . nmx
on =1 JZ f(x) sin—= dx

Here a,, an and bn are called Fourier coefficients.

(1) where

These are also

calle Euler’s formula. a) (i.e.,intevalis (—m, )
Note (1): If x€ (—n, T 7° + Y.-1(an cosnx + bnsin nx)

Then f(x) % ffnf(x)dx an = i f:rf(x) cosnx dx

Where ag =



) =i f_”nf(x) sinnx dx

b
do o .
) ,f(x) = =+ Y*_.(an cosnx + bnsinnx
Note (2): In interval (0,2 ), f(x) 2 Zn_l( )

1 2m 1 2m;
;fo f(x)dx’an=;f0 f(x) cosnxdx

= % foznf(x) sinnx dx

Where ag =

bn
Note (3): The Fourier Series in (-L1) , (-7, 1) ,(o, Zn), (¢, ¢ + 2m) are called Full
range expansion series

Note (4): The above series (1) converges to f(x) if x is a point of continuity
f(x+0)+f(x—0)
The above series (1) converges to 2 if x isa

point of discontinuity

f(r—0)+f(—n+0)

Note (5) : At x=1T , f(x) = here x€ (—m, )
2

Even and odd functions:

Case (1): If the function f(x) is an even function in the interval (-1,1)

i.e., f(-x) = f(x) thenao % o ng dx



nitx
an=1 f f(x) cos= l dx (since f(x) & 9> 77 are even functions)

. . Nmx
= T f_lf(x) smT dx = bn=0 (since f(x). Sin—= . 44 function)

Therefore, in this case we get (only) Fourier cosine series only.

bn

Case (2): If function f(x) is odd i.e., f(-x) = - f(x) then

nmx
an=0 (since f(x) COS™ s odd) (ap=0 also)

And bn = f f(x) sm— dx

In this case we get fourier sine series only.
[only for intervals (-1,1), (-7 ) ]Problems

1)Find Fourier series for the function f(x) = e2*in (0,2m) Solution : Given
function f(x) = e2*in (0,2m)

1 om 12 pax g, = 1 (E
nfo f(x)dx 'nfo e™dx=— (—
axao =) apply limits 0

to 2w

- 2ma _
T am (e 1)



1 2
==/ " e cosnx dx
ax
l e
ma’+n® (a COS NX + n sin nx)]
_1 e
~ +
= [a[2 (a cos 2nm + 0) - e
11
———[e?*™ a-1.a]
Tl’ a +n
= % (pima
n(a2+n2) (e -1)

== fo f(x) sinnx dx

1 2@ .
== [ e™sinnxdx

ax
e

1

=—[=

™ "a*+n® (3 sin nX + n cos nx)]
l am eO
YA
_1

an

apply limits 0 to 2w

apply limits 0 to 2w

[ - (0 —n cos 2n7) - = -(0
+ +n - n)]
n 21a elna
211 a’+n? (1-e ) = n(a2+n2)( -1)
%fo " f(x) cos nx dx
(a+0)] applylimits0to2mr



bn

Now the fourier series is f(x)
a .
—+Yy> ,an cosnx+)y.,_,bn sinnx

2
i (eZTTa _1) a 5
— an + OO_ mTa _
2 Z"‘111'(45112+nz) (e 1)
—n 2ma .
—F (e -1) sinnx 0o
m(a?+n?) ( ) cosnx + 2in=1

(2): Find Fourier series for the function f(x) = e* in (0,2m)

Solution : Given function f(x) = exin (0,21) ap =



apply ifoznf(x)dx =%f02” e* dx

limits 0 to 27t
N
T ) apply limits O to 21
- l (8211'_
1 2; . 1)
—Jo f(x) cosnxdx
an =
2
=%f0nexcosnxdx bn
=1 [ 2 (1 cos
T 1 nx + n sin nx)]
1
_; 14+n
1 1
T m1+n? -1
__ 1 2m _
" m(1+n2) (e 1)

1 2r; .
=1—rf0 f(x) sinnx dx

1 2@ .
== [ e*sinnxdx
zJ0

1ex

~ m 1+0* (sin nx + n cos nx)] apply limits 0 to 2m
eZ‘n:
-(0 = n cos 2nm) -

i T
- = 21y — _ 2T _
= ———(1-e°")= ) (e 1)



Now the fourier series is f(x) =
a .
?" +) 1an cosnx+),, . bn sinnx

- ; +Y 4 T (e“™-1) cosnx + ). 4

(e?™ - 1) sinnx

-n
m(1+n?)

Problem (3): HW
Find Fourier series for the function f(x) =e—* in (0,2m)

(Hint:- put a=-1 in problem (1) we get the solution.)
(4) Express f(x) = x - 7T as Fourier Series in the interval - 7T < x < it Solution:
Given function f(x) = x - 1T a¢

T f@dx= [T (x-m) dx

1 1
=;f_nnx dx -;f_nnndx

0 - [x] with limits-Ttom

0 - [m + ] 21T  an



dx —f f(x) cosnxdx = lf _(x —m) cosnxdx (since

—J_
1

even) _—f xcosnxdx-—(-ﬂ')f cosnx dx

YT n -

1

’f(O) (smce e X cosnx is odd) + Zf cosnx

= 0+2 [ n ]Otom limits apply we get an =
0+0=0

1 (m . 1 (1 .
bn=;f_nf(x) sinnx dx = gf_n(x — 1) sinnx dx

1 . 1 .
== " xsinnxdx- =(-m) [_sinnx dx
TY-T T -

(even) (odd)
=2 anxsinnx

T dx—0 (since sin nxis odd)
2 cos nx — cosnx
X0y o]
=E [-TL' cosnn+0+l (Slnnx
T n n-on )] appIy limitsOtom
2 cosnn 1 __2 __ 2/ 1yn_ n+1
T [-m +0+ n (0)] ncosn’ n( )" = ( 1) ,n=1,23

Now the Fourier Series of f(x) is f(x)



_ do

>+ Y (an cosnx + bnsin nx)

2 fx)
Zn

==+ ¥_.[(0) cosnx + —( 1)+ sin nx]

=1 + Zn=1[; (—1)™**1sinnx]

(5)Obtain the Fourier series for f(x)
interval [-7, 7] YO (G
) n=1 n2 12
Hence show
that (or)
T2
i 1.1 1
1222 32 424 ... =
12

Solution : Given function is f(x) =x - x* in [-m, 1]

T f@dx= = " (x —x?) dx
\=
= %ffnx dx - %ffn x* dx

3

X
- 0(odd) -n L3l =273

=X-X

2

in the



1 @
an = 7 J_, f(x) cosnx dx
= % f_nn (x = x?) cosnx dx

1 1 @
== xcosnxdx - = [ x*cosnxdx
T v—TT YT

(odd) (even)
1
=0-—2f0n x2 cos nx dx ,
u = T X*, dv = cos nx dx
2 ., X*sinnx

== 2

2 m .
) 'Efo X sinnx dx

T n du =2xdx, dv="[1 cos nx
dx
apply limitsOton
= -nZ[ O0-n2 {( —Xcosn nx) + 007 cosn nx= n sin nx dX

apply limitsOtom

LI e D L
n n n?
_4 _1yn+1
_nz( 1)
4 (sinnx)] B udv = 4 uv — 0@ vdu

;=4
an = ifnisodd al-= 1



n2

4 44
-n%if nis even a2 =22
4
1 23=3- 43
N _ 2
o - nf_n(x x?) cos nx dx
1 VA . Vs 2 .-
= —[J, x sinnxdx - JO_ x*sinnxdx
_ 2 [(—_xcosm")+lf7T cos nx dx ]
m n n -0 (even) (odd)
2 D" 1 _2_qyn+1 _Z2
( - n[ n o sinnx)]bl=2/1=2 n( D) nif nis
odd b2
=- 2/2 =-1
2
b3 =2/3 . " 7nifniseven
0 .
=—+4 Y% (an cosnx + bn sin nx)------ 1
Now 2 2n=1( ) ( )substitute
—m? COSX Ccos2x coS3x
. = f(x) = 3 +4 7 T2 T v rees)

7 ( sin x sin 2x sin 3x

. + ’ ek i | R (2)




putx=0in(2)

—m? 1 1 1
fo)=0=3 tHE=t7.)
7T2

1 1 1
RAETRPTATE =
12
Half range series

nmx
an cos—
(1) The haIf range cosine serles in (0,1) i |s f(x) =2 * 2n=1 l

-Tfof(x)dx, an = 7 fof(x) cosT dx

Zn 1b sin—-—

(2)The half range sine series in (0,1) is f(x) = L

=% folf(x) sinn—Tx dx

where bn

an cos nx
Note :1) The, half range cosine seges in (0,7) is f(x)= 2 + 2n=1

ao =—f f(x)dx, an = f f(x) cosnm dx where

Note :2) The half range sine series in (0,7) is f(x) = 2in=1 bnsinnxyhere
2 T .
on = - fo f(x) sin nx dx



(1)Express f(x) = m-x as Fourier cosine and sine series in (0, n)
Solution :

The half range cosine series for f(x) is f(x) = 2 2 * Zn=1ancosnx (1)

=M IC NN

where apg= T 0 "_x dx

x2

2] apply I|m|tsoto7t
2[ 2 T

—f f(x) cofnn g ©- )]__(_) )

== f (m-x) cosnm dx

_[{( 3 ) smnx} fnsinnx dX]

0 n

2
w

an =

(apply o to m)
=%[(0_0) ( cosnx

2)] applyotom

_1] =

Now (1) = %"’21?:1 % [[1—-(—=1)"] cosnx

. f(x) =

Z sinnx
H.W.) Express f(x) = m-x as fourier sine series in (o, Ans :2“n=1 5

2) Find the half range sine series of f(x) =x intherange O0<x< m
T2

2
(bn =;)



Hence deduce that 12 ' 32 ' 52 + =
8

Solution The half range cosine series for f(x) is f(x)
3t ancosnx )

2 T 2 2

= X = - 2 X
where ao=71’f0 /( )dx=7‘r O x dx | 2] apply limitsoto

=T

an-_ f f(x) cosnx dx

=— (x) cosnx dx

sin nx T sin nx

[{( ) } - dx]
(apply o to m)

—[(00)-—(

= SID"-1]

an=0if nis even

)] applyoton



_ 4
T mn?
T —4
Now —+),, —cosnx
f(x) = 2 n if nis odd
(1) T i (cosx cos3x COSb5x )
(o 2 - E v =
Put x=0 on both sides
=> 0=n—4 (2+ 2+ 2—......)
2 T
1 1 1
=4 (24 3%+ 52— .3...7) = n2
T 1 1
1
1 1 1 2
=2 +32+ gt e, =rm.g

3) Express f(x) =cosx, 0<x<min halfrange sine series

if nis odd



T Yin=q bn sin nx ------- (1)
2 (m .
== Jo f(x) sinnx dx

2 rm :
== [~ cosx sinnx dx
T Y0

- i % OH [sin (n + 1)x + sin(n — 1)x] dx
_1 [ —cos(n+1)x i cos(n—1)x
T n+1 n-1 J]applylimitsotom
_1 [ —cos(n+1)m . cos(n—-1)m N 1 N 1
T n+1 n-1 n+l n-1
_(_1yn+1 —_13\n
=l[(l) +(1)+1+1
T n+1 n-—1 n+l1 n-1
_ 27 n —_1\n
JlpEient eot 11y
T n+1 n-—1 n+l n-1
_ 1, snp 1 1 1 1
- n[( D™ 1 n—1}+{n+1 ¥ n—1}]

= S [{(— )™M + -

T
2n 1+(-1)"

= 2 e ] (n not equal to 1)
Solution : The half range sine seriesin (0, ) is f(x) = where

1
-1

)]




bn

]

] ,nisnotequaltol

bn =0 if nis odd.
_ 4n
n(n%-1) if n is even bl=b3=Db5=---—--- =0
)b ™ sinnx
(1) = f(x) = <=2 n@n2-1) , forniseven
4)Find half range sine series for f(x) =x(r —x) ,in0<x<m

1 1 1 1 3

— y — +— - —
3 3 3 3
1% 3% 57 7 Deduce that +....... =

32



Solution : Fourier series is f(x) = 2in=1 bn sinnx...(1)pn

2 m .
= fo f(x) sin nx dx
=§ f;rx(n—x)sin nx dx

2 T, 2 m oo .
== [, xsinnxdx- = [ "x*sin nx dx

- 2 [ ( —-X COSTLX) _ fTC —Cos nx dX] _ E [( —x2 COSTLX) - fﬂ.’ —Ccos nx

n 0 n T n 0

(apply —1T COSNT 1 ,sin nx 2 ., —m?cosnm
Otom) = o (T2 40+ - (I -2
(apply (=" 2 —-1)" 4 x sin nx
o tom) =2[-m n +0]+n'n2 n  7@n L( n )Otom
_9 [-T( (—=1) ] - (—=1) + 42 (— cosnx
n n n n
4
—ﬂnB[-cosn:n:+C050] )0 to T
4

5 [1_(_1):1] sub in (1)

mn

2x dx]

n

)+0+%f0nx cosnx dx]

7T sin nx
- '

dx



bn

(1) = f(x) = 2in=1 —= [[1=(=1)" ] sinnx

(1) = f(x) = bl sin x+ b2 sin 2x + b3 sin 3x + .....

ix(n_x)_g[sinx_l_sin&x ]
B L 33 (2) sin 3x + ...... Put

X = 1t/2 on both sides

T [ - 34+ ... ]:>
(2)~ 3
2
g 1 1
LI O S
= n42%(z8) L L+5L ..... ]
1 3
1 1 1 3
:>[1—33+ 53 ..... l=m

* FOURIER SERIES IN AN ARBITRARY INTERVAL Le in (-1,1) & (0,2l)




Problem : 1) Obtain the half range sine series for e*in 0<x<1 Solution

f(x) = exin (0,

Zp=1bn sin==

The half range sine series for f(x) in (0,1) is f(x)=
2 rl nimx
== in2% d
I=1 Where bn ! Jo £ () sin T
2 1 :
== Jo f(x) sinnmx dx o

= 2 f01 e* sin(nmx) 4,

ex

=2
(1)2+(nm)* ( sin nTTx - n7T . cos n7tx ) apply limits 0 to 1
=—2 _[eX(0-nm
1+n’nm .cos nm) - e%(0 - n7 . cos 0)]
2
T 14n?nm?

[-nmT. e

. COS NTT + nit]
[-nme(—1)" + n 1]

T 14n?m?

_ 2nm _ _a\n
[1-e(=D"] o

T 14n?n?

co 2N o e AV o
Zn:11+n2n2 [1—e(=1)"] sinnmx f(x)=

. Given



2) Find the half

o . NmX
_ . bn sin— ]
Zin=1 Lo, (1) range sine

2 .
] Jo fC0) sin—= dX sarjes of f(x) =
1 in (0,l) Solution : The half range sine series in
(0,1) isf(x) =

where bn
nmx

2 1. .
=7151anx
2 Zeos () -
=7[ x| apply limitso to |
z
2 1

= - .~ [ cos nit —cos0 ]
nr

_ 2 i, a\n
= = [(-D" 1]
bn=0 if nis even

if nis odd



Now (1) . GfRigsdd  ©

3)Find the half range cosine series of f(x) =x(2-x) intherange 0 <x =<2
1 1 1 1

Hence find sum of series 12722732 "2 e
Solution : Given function f(x) = x(2-x) = 2x - x?

Qo Yo nnx
The half range cosine series for f(x) is  f(x)= 2 n=1 N COS—= (1)

where ao —zf f(x))dx—_ff f(x) 2x -2 )d

2 2x? 2x3 4

=§[7_T] appIyOto2 )

an=1 f f(x) cos— dx
= —f f(x) cos— dx (I=2)

nmx
= [, (2x-x ) cos —= o .
2 dx (usmg integration by parts)
x ) nmx 8 sin nmwx
= [(2x - nm 2 n’m n’m’ 2]

. . apply limits 0to 2
- _ (_1\n
nqr? n?m? - n2m? [1 ( 1) ]
—-16

n*’ when n is even an =




=0 when nis odd
Substitute the values of ap and an in (1) we get

2 16 nmwx
(1)= 2x-x¢= 3 Z’O’?:“ﬁ( cos =7)
2 1 1
=§——(— COS TLX + -5 COS 2TLX +— COS 370X + ----- )
2 16 1 1 1
=3 " - (Cosnx+—c032nx+3— CoS 3TxX + ------- )
2 1 1
- — —Z(COS X + = COS 2TX + — COS 3TX + -------  [— (2)
= 2x-x?= 3 T 2 3
Puttingx=1
in (2) we get

2 4 1 1 1
2—1=§—F(cosn+§ c052n+§ cos3n+; cos 4T + ------- )

2 1 1

:’1?:__(1 23”? e, )
1 1 1
= 3l mt g R )
T2
SR S S S |
+ 1222 32 42 s ) =
12

(4) Expand f(x) = e~*as Fourier series in (-1,1)



Solution : Here | =1
1 (1
Ao = 7 f_lf(x)dx
—-X
ol P
1-°-1 —1)apply limits -1 to 1
=-e‘1+e1=e-§=25inh 1
1 ,l nmx
T J_, f(0) cos—— dx .
1
=1 —-X
f_l_f cos(nmx) d

_ e
(12 +(nm)?

(- cos nTx + nm
.sin nmtx ) apply limits -1 to 1



= 12 ~[e"H-(—1)™+ 0} —el{-(—1)"+ 0}] - sin nTTx -

T 1+ncm

1 (1) (e — e-1) nT . COSs
1+n°m® nmTx )
= 1+112TE2 (_1)?1 2sinh1 app|y
1 I . nmx limits -1

==~ x) sin— dx
bn ! LG l bn to1

=% f_llf(x) sin? dxbn

= [ f () sin™= dx (1=1)

ol
= f_le_ sm(nnx)dx

ex

= Thrren ( Now Fourier series of f(x)

in (-1,1) is
.cos nm) - e*(0 - nT . cos nm)] f(x) =

- 1+112n:2 le™(0-nm
1

T cos nm (e —e™)

= 1+i2n2 nt(—1)" 2sinh1

%+Z;f=1 an cosNTx ++ Yn_q1 bnsinnmx (1)




2sinh 1 o
+ _
f(X) — 2 Zn_l

1 : .
— nm(—1)" 2sinh1 sin nmx
1+n’n

1
1+n?m?

(=1)™ 2sinh1 cosnmx + ). —4

1+Zw 1
= f(x) =2sinh1+[ 2 n=1 q4nn?

* Functions having points of discontinuity : Problems:

(=)™ {cosnmx + n7m sin Ny

(1) If f(x)is a function with period 27 is defined by f(x) =
0, for-mr<x=x<0

=Xx,for 0 X x<m then write the fourier series for f(x)

T2
1,11
Hence deduce that 12 32 " 52 4. =
8
Solution : The Fourier series in (- T, ) is f(x) =
a .
7" + Y _,(an cosnx + bn sin nx) - (1)

Where Ao = % f—nn'f(x)dx = % f_On-f(x)dx + f:f(x)dx

1 T 1 ,x?
=;[0+f0 de:l=;(?)0t0ﬂ'=§



an = ;f f(x) cosnxdx

=;[O+f0 X cos nx dx

—1]

Audv=uv-BAvdu

u=x, dv=cosnxdx=0, ifniseven
2

mn® if n is odd
== f_nf(x) sin nx dx

=1[0+f”xsinnxdx]

bnh 7
—X cosnx T —COS NX
=— - d
1 [ ( ) fo n | (apply O to m)
—TT cosSnm sin nx
== +0+
”[ ( ) ( n )0 to ]
:l[_n( 1)7’1 (_1)1’1
n n +0+0 =- n
_1
bn 7, if nisodd
1
" n, if niseven
(1) 3f( )— in _E[(cosx cos 3x+ _____ ) +(SiHX_Sin2x+sin3x
VT2 3? 1 2 3

Put x = 0 on both sides f(0) =

------ )----~(2)



T 2
2)=0=1 ZlEtute—
2,1 1 1 m
e et
:}(l +l+i______)=n_z
1> 3% 52 8 )+0

Problem (2) : Find Fourier series to represent the function f(x) given by
f(x)= -k , for-m<x<0
k, for O0<x<m hence show

rt.r r. _T
that13 5 7 ~ 4Solution: In
-1t<x<0

i.e,x€(m0), f(x)=-k
f(-x) =-f(x) in (0, )
In 0<x<mi.e., x€ (0, ) fx)
= kf(-x) =k =-
(-k)
=-f(x) in(-
1t,0) There fore f(x) is odd function in (- 7, 1)
SO ap=0,an=0

bn =% :f(x) sin nx dx



2 T .
== [, k sinnxdx
w

_ 2k (— cos nx
= —

= i—’; (=" —1]

bn
) apply limitsOto it
=0, ifniseven
_ 4k
mn ifnis odd_
Now f(x) = Y1 bnsinnx
= by sin 1x + b, sin 2x + bs sin 3x + b, sin 4x
4k 4k Sin 3X
=nSinXx+ 0+ PRI IR — (1)

TT

Deduction : put x = on both sidesin (1) 2



4k 4k , 1 4k 1
(1):> k_;(1)+;(-§)+;(g)+ --------
:}k:4—k[1_l l _________
4 3 5
:}E:]__l l _________
4 3 5

Parseval’s Formula :-

l a2 o
Prove That f_l[f(X)]z dx = | [ 7 + Zn=1(an2 + an)

Proof :- We know that the Fourier series of f(x) in (-I,1) is f(x)

_S Y an cos— =+ Ny bn sin T eeeeeeeees (1)

Multiplying on both sides of (1) by f(x) and integrate term by
term from - to | we get J’—ll[f(x)]z dx =
% _llf(x)dx + Y an f_llf(x) cosn—fx dx
+ B b [1 () sin ™ dx —e(2)
a0=%f_llf(x)dx =>f_llf(x)dx =la,

Now
1 -l nmwx l nmx
el J_ f(x) cos —~ dx= [, f(x) cos—- dx _lan
1 (1 nx l nmwx
= = x) sin— dx= x) sin— dx



Substitute these in (2)

Ao
—.1 00 0o
2 3o + 1lean+zn 1 bn

(2):_{ f(X) _I[_+Zn 1(an +bn2)] 1bn

This is called parseval s formula.

Note 1): In (0,2l) the parseval’s formula is
fOZZ[f(X)] dx= | [ — + 2n= 1(an® + bn?)]
Note :2) If 0 < x < | (for haIf range cosine series of f(x)) parsevel’s formula is
[AFCOT? gy 3 12+ Sy an?)

Note :3) If 0 < x < | (for half range sine series of f(x)) parsevel’s formula is

JF QT gy < 5 [Ty 2]

mx 3mx
1_4_1((:051 +cos£+ ________
Problem : prove thatin0<x<l, x=2 m  1° 32
1 1 1 s
TEAETAN T " 9% ) and hence

N

deduce that



Solution : Let f(X) =x, 0< X<

The Fourier cosine series for f(x) in (0,l) is

l2

2 (I 1=

= [T f(x) cos7= dx
an -0 L

2 rl nmx
=2 Jyx cos== dx

2
:7[

u=xX, nmx
2 xsinT lsinn—Tx
=7 Jo -
dx] I }0tol - !
2 1 —cosg
=7 —[(0-0)-{—==
l L }10tol]
2

=— .— [ cos nit — cos O]
nmw nm

=S [[(-D)"- 1)

Ao o0 nmwx
—+ ) _.an coS— --—---- 1
2 .l
= X
Here ag = fo A )) dx
_2 l
L 0xdx
_2.x
L= 2] apply limits Oto |
cos —=
dv = [ dx
—41 —4lan=0,



H 242 2 a2
niseven a;=7"1", a3=7"3

—41
~n*n?, nisodd a,=0,a,=0...........
Substitute ag,an in (1)
[ —41] cos>  cos X
1)=> - .- Loy —L g
(1)=.  (—F +— )
—4l —41

Now ap =1, a;=n%1%?, a3 = n%3?

From parseval’s formula , we have
J‘l[f(x)]Z i a_oz
0 dx=2" 2
[ .l 16l 161
ol by 4 14 2 2241
22 mw*1*+a1” + m*.3 d2
) 2
dx=+0%+
x® 1
= (= | —+ + + - ]
3 .
JOtol=".
12[ 2

=>folx2 +




Ny 1 16,1 1 )
3 2 gt ‘14 34
1 71'4_1+1+
6 16 14 34
4
1 1 T
Tt = o
There fore 1 3 96

COMPLEX FOURIER SERIES in (-1,1) or (0,2]):-

The complex form of Fourier series of a periodic function f(x) of period 2|
is defined by

inmx —Inmnx

1 1
o =— x)e 1
f(x) = Dn——wCne U -— (1) where 2l Llf( ) cndx , n=0,-1,1,2....

Note (1) : If period of function is 2m, i.e., in (-, m ) or (0,2 ) then

complex fourier series is f(x) = Din=—oo CTL €T v (2)
1

__+ (T —inx
Where cn  2n f—nf(x) € dx , n=0,-1,1,-2,2 .........

Problem : Find complex fourier series of f(x) = exif - m < x < w and f(x) = f(x
+ 2 1)

Solution : Complex fourier series of f(x) = exis f(x) = Y=o CN em* (1)



I f ) e

When cn =2n°"T dx
=_f X p—inx if” p(1—in)x
2w T dX = 2M YT
1 e (1—in)x ST T[) — 1 [e(l—in)n _ e(l—in)(—n)]
a 2w 1-in ] limits ( ’ 2n(1-in)
— 1 T ,—INT _ ,—T ,INm
C2m(1- in)[ € e . e
1 n_e-m (_1)n
T on (1 m) T =0T (=1
— _1\n = (— 14
B 2 (1— m)( ) (e +inm ( 1) +0
1 1+in
] e =cosn T+ |
sinni

(1 —in ) 1+in*



_ =D 1+i”; (sinhm) subin (1)
2 (1+1°) (2 sin h m)

1+n? _
Therefore cn i +n1)+m Problem : Find the comgex for@ oFthe fourier
(1) = f(x) = Xp=—o (D™, T(14n?) Series of f(x) = -1 X

here(I=1)
Solution : The complex fourier series of f(x) in (-1,1) is
f(x) = Zn=—oCN € T -——(1)
11 p~X pinmx 1 J‘l o —(1+inm)x
Where cn=2""1 dx =2--1 dx
—l e—(1+in1r)x
T2 —(1+inm)x
__1 1 [e—(1+in1r)_e(1+imr)

2 1+inm
_ 1 d-inm, o (14inm) _ ,—(1+inm)
B 2 [1+7r2n2] le € ]

—inm — —7

- » [1+n2n2] [ mn -e 1' e mn]

1 1—-inm 1

2 1+7T2n2] [( Dn (e €
1. n 1-inm

( 1) ([1+7T2n2] 2 sin h)

1—inm

(1) = f(x) = Xaz-w(-1)"[ = 5] sinh.e™™™ ] limits(-1,1)



UNIT V

FOURIER TRANSFORMS
&

/- TRANSFORMS

. FOURIER TRANSFORMS
Fourier Integral Theorem:-

Statement : If f(x) is a given function defined in (-I,I) and satisfies Dirichlet’s
1 Co (00

condition then f{x) = x 0 J-eo /() COSALL ) 4

The representation of f(x) is known as Fourier Integral of f(x)

Problems on integral theorem:
(1) Express the function f(x) =1, |x]| =<1



=0,-00<x<-1=

0,1<x<
oo sin A cos Ax
[ dA

0 A

as fourier integral and hence evaluate (i)

oo sin x T

(i) ol x dx=2
e Solution: The Fourier Integral theorem is given by f(x)

= % fOOO f—OOOO f(t) cos A(t-X) dt dA.

= in o | 111_. cos A(t-x) dt ] dA
= i oo [Smaﬂ] dA limits (-1to 1) fort
=i oo [sin A(1—x) —lsink(—l—x)] 1\
_ i oo [sin (it—?\x)-;sin (7\+7\x)] "
‘i oo 5 [sin A;oslx] I\
therefore f(x) = l. [sm g COSM] dA ----- (1)

Deduction :



00 sin A cos Ax T
== f(x
1 J, - dA =2 (x)
=E ) |X|51
2
—0 |x|>1 --—-----
’ (2)
Putx=0
o sin A cos 0 T
oo sin A T
=>f0 3 d?\—;
co sin x T
ﬁfo ~ dX—E

Fourier cosine & sine Integrals:
1) Fourier cosine Integral of f(x) is
f(x) = 2o cos M [T £(8) cos Ay

2) Fourler sine Integral of f(x) is
f(x) = 2o s @ sind g g

Problems:-
2) Expressf(x)=1,0=x=<m



O,x>m asafourier sine integral and

00,1 —COSAT, .
Hence evaluate fO ( A ) sin Ax dA

Solution : Fourier sine integral of f(x) is given by

2 oo ¢') .
f(x) = ;fo sin A [[, f(t) sin At dt ] dA

=2 [ sin A [y sin At dt] dA
— COS At

, A )(0Otom)dA
2 r00_ 1 —COSATT .

Efo (T) sin Ax dA

2 o ,
== [, sinAx(

f(x) =
= fooo(—l _C;SM ) sin Ax dA =

2

3

“2.1,0<x=<mw

O ,x>m
Problem : 3) Using Fourier Integral show that

—_ A .
foooﬂ5|nx7\d7\=z,0<x<n
A 2

0, x>m

f(x) .



Solution: Letf(x)=1,0=x=m
O ,x>m

then write above solution (problem.(2) solution).

p—ax _ 2a oo cosAx
Problem :4) Using Fourier Integral , show that Y0 A%+a?

Solution : Let f(x) =e™%*

The Fourier Cosine Integral is given by f(x)
2 roo (o)

= ;fo cos M [f, f(t) cos At dt]dA

dA

Now f(t) = e—at
e~ aX = % fooo coS AXx [foOo e~ %cos At dt ] dA (1)

at

o  _ t _ e
J, e *cos At dt = [

el

=0 (

a’+A?

Therefore

Now -a cos At + A sin At)(0 to 0)]

-a.1 +0) = a®+2?



subin (1)

(1) > e~ = —f cos x.. — 7\2 dA
2a [ COSAx
T Jo a4l dA

T _y 00 COS AX
Problem 5 2¢7 =1 a*+A? " ): Provethat ,puta=1in
above problem(4)
Solution : Let f(x) = e~
Problem 6): Using Fourier Integral , show that
d\ (a,b>0)

—ax

e

_ —bx _ 2(b2—a2) A sin Ax
e fo

(A%2+a?)(A%+b?)
—ax

Solution : Let f(x) =

The Fourier Sine integral is given by f(x)
2 oo [o'e) .
= J, sinAx[J; f(©) sinAtdt] d?\f( =

2 foo Sin Ax [foo e %sin At dt ] dA (1)

—at
f e~sin At dt = [~

2 )\2(

A .
=0- ) = -a sin At - A cos At)(0 to )]
=0 a+x2( A) = a sin cos At)(0 to




subin (1)

2 poo A
(1) = f(x) = —f sin Ax. —— dA
=>e—ax=—j°°“lf"f oy 2)
p—bx — o0 A sin 7Lx
== | ———dA - 3
similarly, 7\2+b2 8)
~ p—ax _ p—bx _ 2 11
(2) (3) T fo A sin Ax (A2+a2 A2+ b2 ) dA
2 (o . b*—a?
== J, Asin J\x[(l2+a2)(12+b2)] dA
_2090 _2 (® A sin Ax
B (b a’) fo (A2+a2)(A2+b2) dA
—ax _ p—bx _ Z(bz—az) A sin Ax
€ T J‘0 (A2+a?)(A2+b?) dA

There fore,
FOURIER TRANSFORMATION:

Definition : 1)The fourier transform of f(x) , —o0 < x < o is denoted by f(s) or
F{f(x)} and is defined as,

FF(X)} = o0 € F(x) dx = () ———(1)
The inverse fourier transform is given by

1 ™ —isx
f(x) = F-1f(s)} = 2n f—OO € f(s) ds ----- (2) F{f(x)} = f(s)



Note 2): Some authors also defined as

Lfoo plsX
F{f(x)} = V2 /- f(x) dx
LJ‘OO o isx
and inverse fourier transform as f(x) = va2r 7= f(s) ds

Def:3): F{f(x)}=J-w€ " f(x)dx and
1 J‘OO plsx
Inverse Fourier Transform as f(x) = 2w /- f(s) ds

Def: Fourier Sine Transform:-

The Fourier Sine Transform of f(x), 0 < x < oo is denoted by fs(s) or Fs{f(x)} and
defined by

Fstfia) = Jo O SN gy = fs(s) ———(3)

Fs{f(x)} = fo f(x) SINGy dx = fs(s) ----- (3) The
inverse Fourier Sine Transform is given by

2 (oo .
) =mdo SO g ()

Note : Some authors also defined as

2 o |
Fs{f(x)} = \/; FGsin o ax = fs(s)



2

: S sin
and inverse fourier sine transform as f(x) = 0@ /S (5)5M gy gs
Def : Fourier Cosine Transform :-

The Fourier Cosine Transform of f(x) , 0 < x < o is denoted by fc(s) or Fc{f(x)} and
defined by

Fc{f(x)} = fo f () COSsx dx = fc(s) - (5) and
The inverse Fourier Cosine Transform is given by,

fix) = Jo £E() €0 g

Note : Some authors also defined as

2 oo
Fc{f(x)}=\/; fx)cos o gy

2 o

, : , cos
and inverse fourier cosine transform as f(x) =  #90[ fe(s) sx ds

Linear Property: If f(s) , g(s) are Fourier Transform of f(x) & g(x) then

F{c: f(x) + c2 g(x)} = ¢4 F{f(x)} + c2 F{g(x)}
= ¢ f(S) + c2 g(s)



Proof:- The definition of Fourier Transform is

FEF)} = o0 € £(x) dx = f(s) (1)

By definition F{c; f(x) + ¢ 8(x)} = oo € [c1 F(X) + C2 8(x)] dX

=1 J_0 €5 f(x) dx + ¢2 J—co € g(x) dx
= ¢ f(s) + c2 g(s) by (1) Note:-
Linear Property:
(1) Fs{cq f(x) + c2 g(x)} = c1fs(s) + c2 gs(s)
(1) Fc{cq f(x) + c2 g(x)} = ¢q fc(s) + ¢z ge(s)
Proof:- (1) The definition of Fourier Sine Transform is
Fstf(x)} = Jo £ (XD SNy iy = f5(s) (1)
By the definition, Fs{c; f(x) + c2 g(x)} = 70 [c1 f(x) + c2 g(x)] sin sx dx
-G fO (%) Slnsx dx + c; fo g(x) Sinsx dx
= ¢, fs(s) + c2 gs(s) by (1) Change

of scale property:
1,.s
Statement : If F{f(X)} = f(s) then F{f(ax)}=a \a

Proof :- The definition of Fourier Transform of f(x) is

FIFX)) = J—oo € £(x) dx = £(5) v (1)



By definition F{f(ax)} _ f_oooo e™* f(ax) dx letax=t x=t/a
= foo eiSa 1 1
e f(t) dt dx = dt

f(x) dx ( by property of def. integral)

{flax)}==_3)
Note : 1) If Fs{f(x)} = afs(a  fs(s) then Fs

1, ,s

ax)} =~ fc(-)
2) If Fc{f(x)} = fc(s) a a then Fc{f(
Proof: (1) The definition of Fourier Sine Transform is

Fstfpgy Jo SO sing, dx = s(s) (1)
= {flax)} = [, f(ax) sin

By definition = fooof(t) _9).> Fssxdx let ax =t
Sin 4 @

s(dt dx=dt



)t. dt =%fooof(t) sin (%
=2y FOOsin

)x. dx =

~fs(2) by (1)

Shifting Property:-

If F{f(x)} = f(s) then F{f(x-a)} = eisa f ()

j‘oo plsx

Proof : F{f(x)} /- f(x) dx =f(s)--(1)

_ [© eisx fix

By definition = fjooo els(t+a) F{f(x-a)} = -a) dx let
x-a=t  f(t)  dt = [oett el x=t+a

=et | et f(t) dt dx= dt

f(x) dx
= eisaf(s) by (1)
Modulation Theorem :-

If E4F(x)} = (s) then F{f(x)°°S @} =3 TT55) 4 f(s+a))

=l[f°° ei(s+a)x J‘OO pl(s—a)x



Proof:

Transform

=f(s)---(1)

The defination of Fourier

- isx

f(x) cos ax dx F{f(X)} = J-e€°" f(x) dx

. iax —iax
_ [P _isx e " te
= e
— Q0

5 definition F{f(x)

_ (P Lisx
, COS ax} = I__e

By

f(x) dx

f(x) dx + f(x) dx
1

"2 {f(s-a) + f(s+a)}

Note: If Fs(s) & Fc(s) are Fourier Sine & Cosine Transform of f(x) respectively

E {Fs(s+a) + Fs(s

Then (i) Fs{f(x) cos ax} = 2 -a)}

(ii) Fs{f(x) sin ax}

E {Fs(s+a) - Fs(s

) -a)}
p {Fc(s+a) - Fc(s

(i) Fs{f(x) sin ax} = -a)}
Proof: The definition of Fourier Sine Transform of f(x) is

Fs{f(x)} = fooo f(x) SINGy dx = fs(s) ----- (1)

By definition Fs{f(x) cos ax} = fo f (x) cos axsin sx dx

sx. Cos ax) dx



= [ f(x) .5 (2sin sin (s-a)x dx ]

_1 ®r. i (cx-
= > f(x) Jo [sin(sx + ax) + sin(sx ax)]dx

[f f(x) sin (s+a f f(x)
= E [ Fs(s+a) + Fs(s
Similarly we get (ii) & (iii) Problems:
1) Find Fourier Transform of f(x) = ei**,a<x<b
0, x<a, x>b
. _— [ els*
Solution : By definition, F{f(x)} = /- f(x) dx -0 00
_ (b ,i ik
_fa elsX ol xdx
_ fb pi(s+k)x
a

dx
el(stk)x
L(s+k) ] (apply limits a to
ei(s+k)b_ei(s+k)a
= b)
i(s+k)

2) Find, F{f(x)} if f(x)=x, [x] <a



0, |x|>a

|x] <ameans—a<x<a

f(x) dx

_ (% _isx
—f_ae X dx

integration by parts,

u=x, dv= eisxdx

isx

LS

m .
. L f elsx
Solution : By definition, F{f(x)}=/-
- fa x. eisx
use e dx
= (xe_lsx) i lf_a pisx
dx @ udv = Ls ts 7—a uv — B vdu
(apply —a to a)
. . isx
=.l(a. elds 4 3, glas ) __l (e'
LS LS LS
_2acosas 1 . igs_ _—ias
- iS + SZ (e e )
_ —2lacosas + 2i sin as
- s s? ) (apply —a to a)

3)Iff(x)=1, |x| <a
0

si

J~00 sin as cos sx

- ds (i) [°.

S S

Deduce that

(i) Joeo " 1) ox
Solution : F{f(X)} =

= —a €isx .1. dx
£_:,isx

==

is “-atoa)

du=dx, v=[. eisxdx

, |x| >a, Find Fourier Transform of f(x)

ns
ds

x| <ameans—a<x<a



— i(eias _ e—ias )
1

s
2 sin as(2j sin as)

f(s) = F{f(x)} = f(s)

Deduction :
1

L r® —isx
Inverse Fourier Transform is defined by f(x) = 2n f—oo € f(s) ds
2 sin as

1 (oo . .
— COSSX — 15SIn SX
2 I~ ) ds f(x) =

sin as sin as

- %[ I~ (cos sx)

* (sin sx
ds—if“”( ) S

ds]
(even) (odd)




(ii) Puta=1,x=0 in(i)weget

00 sin dS _
o sin S yis
= ‘ =,
4) Find Fourler Transform of f(x) =1 -x?, |x| <1
_ 0, x| >1
O X COSX —SInx X
COS =
Jo € x? ) cos 3 dx Evaluate
Isx
Solution:- F{f(x)} = f—oole f(x) dx
— isx
le e (L x? ) dx
- 1 - 2 plisx
f (1=x9) dx 2l udv =uv — 0B vdu
=[{(1 - x?). —} f — ( 2x)dx]
(limits -1 to 1) u= (1 - x?) dv= efsxdx
2 1 :
0+— x.et%
is f-l =[0— dx du =-2x
dx, v=[l. eisxdx _e”
is
1 ele
pisx f—l s dX]

=5 E5) to1) -



= is2 [1.( eis+ise —is ) -isleisisx ] (-1 to1)

is - 2i sin s)
— 4 o
S
[sins—s= is2[2cosiss-isl (e is—ise —is )] cos s] = f(s)
Deduction : = is2 . is1 (2 coss 1 Inverse
1 fo pisx
Fourier = -s22.2] coss-si_ns_g]27I —
Transform is defined by f(x)=  f(s) ds
4
.S° [ sin s—s cos s] ds
1 o0 . SiNS—SCOS S 1 o0 _:
=—.4 [ (cossx — isin sx)( - ) — Lsx
2T —0Co S ds= 2m"—®
2, (oo Sin S—S CoS S I SiN S—SCOS S
==[J_ cossx ( - )ds-|f sin sx - - )
T —0o S —0o

S ds]

(even function) (odd function)

2 [ f_oo COS X (sin's _35 COS S) ds -
f(x) = o

S 0
SinS—SCcos S

= [ cos sx ( ) T

—00

S3

ds = f(x)



2

T
=20, =1
0, x| >1
1 o s (sins—scoss) T, 1
— :> _ i =
Atx=2"’ f—ooc 2 s° ds=2(1 4)put
S =X
Sin X — X COS X 1. 3
= [ cos X4 ’ ) Tq-hy3m
2 X dX: 2 4 8
in X —X X
=2 [ " cos> (s X 05 ) 3n
2 x dx. = 8
00 x . ( X cos x— sinx) 3T
J, cos> . ] 3n
X dx =- 16

1

5) Find Fourier Transform of f(x) = 2a if |xr1 =a
0, if |x|>a



Solution : By definition,

@ isx
i =fls) == gk -
= [ Celsx f(x)dx+fa e f(x)dx + [ e f(x)dx
_ Lsx s i(eisa_e—isa)
fa2a dx = —— (apply limits) = ~
sin as

Las
6) Find Fourier Transform of f(x) = sinx, if0O<x<T

0 , otherwise
Solution : By definition,

F{F(x)} = f(s) = [ f(x) dx
= f_ooo eS* f(x)dx +f0ﬂ e!S* f(x)dx + fnoo eS* f(x)dx

_ (T _isx
J ‘e sin x dx
NOPEE [is sinx -
1.cosx] applyOtom
= fsz[ew”(o —cosm)-e%(0-1)]
= —[e'™(1)- 1(0-1)]
elST 41

1—s2



7) Find Fourier Transform of f(x) = xe™, 0 <x <
Solution : By definition,
f°° plisx
F{f(x)} = —o " f(x) dx f(s) =
— J‘O elSX yo=X i

- J‘OOO x elis—1x

dx
_ [x e(is—1)x 1 plis—1)x
L sy ] (0 to oo)
X {eisx_ e—x} ) isx . —x
= [ is —1 ](O to OO) (lg _1)2 (e e )
1
=[(0-0) - 7= (0-1)
_ 1
" (is —=1)?
_ 1 (is+1)?
T (is —1)% " (is+1)?
_ (1+is)?
T (1+s)?



8) Find Fourier Transform of e __2. Show that e __2is reciprocal Solution : By

definition,
_ _Ff-me
F{f(x)} = f(s) f(x) dx
lsx
\/_ f dx
J- —(x —2isx)
‘/_ dx (x-is)? \/2 y?
=if —[(x is)%+s?
vam J-e dx X-is = 2y
4 = o0 =My —is)?
=,_e? [ e’ _
) —_5‘foo _yzf/% dx  dx=2dy
=— @€ 2 e
V2m —
].Tr =’ fOO _y2
=—8e 2 e
T dy
:\/—% 2 Zfo e_y
= Q_TSZ i ﬂ
N
_Sz

Therefore Function is self reciprocal



9) Find the inverse Fourier Transform of f(x) of f(s) = e~Isly

Solution : We have |s| = -s,ifs<0
s,ifs>0
From inverse Fourier Transform, we have
1 o _isx
f(x)= 2m°~%® f(s) ds
1 —isx ©
—_ e ISX
8 f(s)ds+Jo € " (s) ds]
= — e e e e
2m T ds + 2m -0 ds
1 e-ix)s 1 e—(y ix)s
=—[———](-0to 0) +
2T y—ix —(y+ix)
1. 1 1, 1
= +
27r[ y—ix] Zn[ y+ix]
1 [ y+ix+y—ix ] _ y
T 2m (y—=ix)(y+ix) 27 y*—

_1 Yy
] (Oto T yi+xt )




Problems on sine and cosine Transform:-

1) Find Fourier cosine Transform of f(x) defined by f(x) = cosx,0<x<a

=0, x>a

Solution : Fc{f(x)} = fooof(x) COS ox dx

= [* == [%2 cosx cos
= J, cosx cos > Jo ox

sx dx X dx

= % foa [ cos(x + sx)

1 a a
=3 [fo cos(1 + s)x dy + fO cos(1l — s)x
:% [ sin(1+s)x 4 sin(1-s)x

1+s 1=s ] (applyOto a)
_ 1 [ sin(1+s)a N sin(1-s)a ]
T2 1+s 1-s

2cosAcosB=cos(A+B)+cos(A-B)

+ cos (x-sx)] dx A=x, B=sx

dx]



2) Find Fourier cosine Transform of f(x) defined by f(x) = x, O0<x<1

2-Xx,1<x<2

0, x>2
o
Solution : Fe{f(x)}= Jo () €0S o g
2
) {sz(x)cos
= J, xcos_ o (2 — x)cos
- [x sin sx 1 (- COS SX x) sinsx (-1) (- COS SX
s s“ ) (applyOtol) + [(2 ~ = s*
sins coss 1 cos2s sins CcoSSs
= ( + 2 0- 2 2 + 2 )
S S S ) + ( 0- s S S
_2coss —cos 2s —1
= =
_2coss—(2cos’s—1) -1
= =
1
=—(2coss-—
= 2 cos?s)
= 32 cos s(1- cos
! s) »
= Jo F(x) cosgy gy 4 sxdx tJ2 fx)cosgy gy

sxdx+0



)l (1to 2)

3)Find Fourier sine & cosine Transform of 2e=>*+ 5e=2%

Solution : Given f(x) = 2e=>*+ 5e—2x

Fsgfi} = Jo /(0 singy gy
= fgoo(Ze‘Sx + 5e7%%) sin

=[2 [~ e 5% s Cem s
[ Jﬂo _‘: s'msx dx + 5f0 ¢ Slnsx dx
:[ 2{ - 2 (- .
25+s” " 5sin sx —s cos sx )} (apply 0to o)} sx

dx



—-2X

+ 5{i+ (- 2 sin sx —s cos sx )} (apply O to o)}
0)}+51{0 (05 cos el
=[2{0- 25+s7
¢ 28 58
B [25+s2 * 4+52]
Similarly 10, 30 ] (i) Fc{f(x)} = [

s?4+25  s?+4 _ , . ,
4) Find Fourier cosine Transform of (i) e—ax

cos ax, (ii) e=2xsin ax Solution



: Given f(x) = e~axcos ax (i)

* £(x) cos
Fe{f(x)} ffi, FO9 €
= [~ e~ cosax cos
0 sx dx

1 o0 _
== J, €74 2cosax cos

) sx dx
_ 11 (*® ,—ax o _
=3 [J, e™** cos (a+S)X dy + J, e cos (a-s)
o = % m {-a cos (a+s)x + (a+s) sin (a+s
e—ax
i (as) {-a cos (a_ e
)x} (apply p s)x + (a-s) sin (a-s)x} (apply O to o)
0 to o) —[{ m(—a cos
a eo
[ (—a cos

~2 a +(a+s) * a’+(a-s)? 0)} +{0- a’+(a-s)?

0)}]
S {(e™ sinax) =~ [ s - =
(i) Similarly Fs{f(x)} =Fs 2" a*t(s—a)* a’+(a+s)?

5) Find Fourier cosine & sine Transform of e~2x, a > 0 hence




00 COS SX

deduce (i) fO a’+s? ds
Solution : Let f(x) =

Feff(x)) = Jo /) 03

a’+s?

e—ax

sx dx
_ (* ,—-ax
= Jy e eos g,
. =[e2 2(—a COS SX
+ S SIn SX a“+ L0
(—a+0)] =[0- a’+s?
Fsif(x} Jo SOOI Sing o
P —ax
= fo e™sin_
e—ax
-a sin sx - =1 a?+s> (
S
OO) a’+s? (2)
Fs{f(x)} =

By Inverse cosine Transform

£(x) = ~Jy fe(s)cos g

2 r0 a

CcoO
70 a’+s?

S
sx ds

(“) J-OO S sin sx

ds

)] (apply O to o)

scos sx )] (applyOto



co 1 —ax

COS
2 2
e O;H, a“+s SX dS =

a 2

By inverse sine Transform,

£(x) = ~Jy fs(s)sing ¢

=2 [* = _in
770 aq?+s? X ds
w s

—

. T _
S T p-ax
-2

in
0 a’+s* " sxds = 1

6) Find Fourier sine Transform of f(x) =

X

fo j.”(x) SIN_ 4
CO SIn sx

= J77 S gy (1)
Vs

Solution : Fs{f(x)} = 2

7) Find Fourier sine Transform of , hence deduce
that



Solution : Fs{f(x)} = foo f(x) SINGy dix

—ax

co e
= sin
f sxdx =1---(1)
f sx dx
f —ax
sx dx
e —ax
=[ —— (-a cos sx _
a‘+s ssinsx)] (apply O
eO
to =[0- I )
ﬁ_ a
ds a’+s® (—a+0)]

Integrate on both sides w.r.t. s we get

[— > .Tan 12
|= a“+s“ds =g .a ay c
=Tan 1(§)+c —————— (2)

put s =0 on both sides we get {in (1) & (2)}
0=Tan " {{0)+c=>0=0+c=c=0



_ -1/5
TG = R
1
8)Find Fourier cosine Transform of 12+x?, and
X

(ii) Fourier sine Transform of 12+x?
, We will find Fc{f(x)} = Fc{
1
}

1242

1
Solution : Let f(x) =  1°+x°

= [, £ (x) cos

sx dx

Y 21 - COS Fc{f(x)}
0 1°+x

sx dx = | ------- (1)
Differentiate on both sides w.r.t s



f X sin sx

1+x? dx -—(2)
oo x*sin sx
0 x(1+x2) dx
_ _f (14+x2%-1) sin sx
x(1+x?) dx

0o Sin Sx 0o Sin sx
[f dx - J‘0 x(1+x2)

dl T c© sinsx
E"Tfo xae) P g it

on both sides w.r.t ‘s’

2
dl 00 X COS SX
d

We get s J0 x(1+x?) dx



d?I d21
:> 2
dS—Iby(l) ds®- =0
= (D2-1)I =0 Thisis D.E
AE.is m?-1=0

m==1
solutionis [ =cqe® +ce™° ----- (4)
dl _
—.-Cie’-cze S e (5)
S -s _ (*_1
From (1) & (4),cie” +c2e™° = |, Tz COSSX dy

Put s=0 on both sides



o 1

=>C1+C2=f0

1+x% dx
= (tan™1)(0 to ©) =tan™! w -tan™1 0
=Z.0
2
T
C1+ Cp =7 - 6
there fore, =~ 2 (6)
T o sin sx
cieS-cpeS=-=+
From (3) & (5), 2 0 x(1+x®) gy
YA
= C1-C=-3 ---=-(7)
c1=0,c= g .
solve (6) & (7) we get 2 subin (4)

(4)=> 1= g e s
_1
i.e., Fc {f(x)} = Fc{1+x?
T

—S
—.e
Now [|=2

a _ m s
ds 2 € (8)
From (2) & (8), we have

foox sin sx T

_T s
}—z.e

—_ e_S
20 14x2 gy =-2°




There fore Fs 1+x?
1

9) Find the Inverse Fourier Cosine Transform of f(x) of fc(s) = 2a (a- 2), s<?2a
0 , s=2a

S

Solution : From the inverse  Fourier Cosine Transform , we have

2 co
f(X) = n fo fe(x) cos sx ds

=2 1y feGcos_ Joa FE(¥) cosgy g

S +
2a
n2af (a——) cos sx ds

sin sx 2a sin sx
~a [ {(a- _) }O0 to 2a) Jo ) ds]

=E [ (0-0) +5. ? (— COS SX

- (- cos
2max 2ax + cos 0)
_1-cos 2ax _ sin’ ax

© 2max* max? )(0 to 2a)]
10) Find f(x) if its Fourier Sine Transform is e—as

Solution : Given f(s) = e—as



By definition of inverse sine transform
2 (o :
fix) =z Jo FSQDsing ¢

= Efooe_""s sin

sx ds
ﬂf[a +x ( -a sin sx — x cos sx)(0 to o0)
T [ 0-72!
_ 2x
m(a?+x?) X)]
S
11) Find the Inverse Fourier Sine Transform f(x) of Fs(s) T 1452
(or)
S
Find f(x) if its Fourier sine Transform is 1+s?
2 [ Fs(x) sin
Solution : By Fourier Inverse sine Transform f(x) = f(x) = = 70

sx ds = |



]
f(x) =7 Jo T+s? Smsx S —— (1)

= —f (‘ o 5(52+1)) sin sx as
00 Sin Sx 0o sin sx
L5 ds g S ds
T © sin sx
ol e 5241 95
2 % Sinsx ds = | -------- (2)

f(x)=1-m70 s(s2+1)

diff on both sides w.r.t. X

dl 2 (0O S COS SX
d

We geta w70 s(s?+4+1)

Diff w.r.t. x
d’1 2 (oo COS SX
dx* 7w fO —s (s2+1) ds
_ EJ-OOS COS SX ds
70 (s2+1)
d’I 5 -
ax’= | from (1) = (D7 -DI=10 - (4) is D.E.
Solution of (4) s | = Cie*+ce (5)
—=C1e% - Cy @ - (6)

dx



From (2) & (5)

fx=0,1=1,
=C1t =15 From
Substitute in (3) & (6) (5)
(5) =1f(x) = :%:%Owljsz ds [=0+
c,e X
If x =
> f(x) = x=0.0) , e -
ifx=0,(6)=>c-c,=- ; (I:an_1 s)(0 to o)
J— ;E_
- 7'[2_-1

Nowsolve ¢c;+c,=1&

ci-C2=-1 weget ¢;=0 & c;=1



Convolution : The convolution of two functions f(x) & g(x) over the interval
(-00,00) is defined as f*g = \/%_n fjooof(x) g(x-u) du

CONVOLUTION THEOREM: If F{f(x)} and F{g(x)} are Fourier Transform of
functions f(x) and g(x) , then

F{f(x) * 800} = 7= [, €% {f() *8(x) } dx

== [, e [= [T, f(w) glx-w)du] dx

1 00 1 00 :
== o W [/, e" g(x-w)dx] du

= = [0, fW) [75= [, €50+ gy)dy] du

1 (0e] - 1 (0'e] .
= J_ " f(uwydu. NoT J_e" g(y)dy
=F {f{(x)}* F{g(x)}
Relation between Fourier and Laplace Transform:

Statement: If f(t) = e ¥ g(t) , t > 0 then F{f(t)} = L{g(t)}

0O , t<O
Proof : Fif(t)}=J_ €™ f(D dt




= [0 eBt f(t) dt+ [ et f(t) dt

= 0+foooeislt e ¥t g(t) dt

= [, e~ (X~ o(t) dt

= J, e g(t)dt

= L{g(t)}
Fourier Transform of derivatives of a function :
Statement: If F{(f(x)} = f(s) then F{f™(x)} = (—is)" f(s),if the 15¢ (n-1)
derivatives of f(x) vanish identically as x — +oo

Proof : By definition F{f(x)} = ["._eS* f(x) dx ------- (1)

F{F' ()} = F{ - f(x))
= [° e* f(x) dx
= [e's* f(x)](-oo to 00) — fjooof(x). is. es* dx

= 0 ic S e €S () dx




There fore F{f'(x)} =-1is F{f(x)}
F{f'(x)} = - i f(x) --—(2)
Now F{f’(x)} = [_. e™* f’(x) dx

= [e* £'(x)](- o0 to o) - f_oooo f'(x).is. e"* dx
=0-is [ . e"* f'(x) dx
= -is. F{f'(x)}
= -is (-is) f(s) by (2)

There fore F{f"(x)} = (-is)* f(s)

Similarly we can show that F{f"(x)} = (—is)" f(s)

Finite Fourier Transforms :-

Definition : The Finite Fourier sine Transform of f(x) , 0 < x < | is defined by
(s) = J, f(x) sin ==
Fsff(x)} == 0 Cdx s

(5= Jo QD SIN Loy = fs

fO<x<r, sx dx

The function f(x) is called the inverse finite Fourier sine transform of fs(s) and is

given by f(x) = ds



If 0 < x <, f(x) % Yoz 1 f5(5) sin? = SX

Definition 2 weo ~ The finite Fourier sine Transform of f(x) , 0 <
T Ls=1fs(s) sin defined by

x < | 'is
[ STTX
Feff(x)} = fe(s) = Jo S () cOs == 4

T
IfO<x<m, Fc{f(x)} = fo f(x) CO%x dx
The function f(x) is called inverse finite Fourier cosine transform of f(x) and is

given
1 2

by f(x) = Fe-1fe(s)} = 7 fe(0) + 1 Loz 1/€(8) €057~ 4o ey

2 o
= Fe-lffe(s)} = 1fc(0) +n Os=1/¢(8)cos o g 1y

Problem :
1) Find the Fourier Finite cosine transform of f(x) = x, 0 < x < w Solution : Fc{f(x)}
VA
= fc(s) = fo f(x) COSsx dx

X sin sx

sxdx =( s )(Oto

1 —cossx

=(0-0)7s 5 0tom)

=" ) - = [ sin sx
—foxcos o i



s=1,2,3,...... =s_12 [COS 57-[_1]

1

If s=0,fc(s)= =?[(—1)S —1]
Therefore 2 i fc(s) =
T x _m
foxdng(OtOﬂ)—
1
= [[(—1)5 —1
Sl .
2) Find the Fourier T’ Finite sine transform of f(x)
= ,0<X<T 2, s =0
T
T X 1
- Pl i — X Sin
Solution (M =B o Sin gy =7 fo nx dx
[X( cos nx) 1 (0tom) - 1 smnx) (0 to T[)
n+1
=l[-—cosnn+0 0- 0]—-l =-_( "= 1)
T n cos n

3) Find the Fourier Finite sine transform of f(x) =x®in (0, ) Solution : By definition
the finite Fourier sine Transform is

Fstfia = Jo £C0) Sing gy

= [ x3sin
0 sx dx



— COSNXx — sin nx cos nx sin nx

u=x33x26x60dv=sinnxdx n n? n’ n4
cos nx — sinnx cos nx sin nx
=[-x3 - 3x3( ) rex( ) —6( ”: )] (Otom
_ [-7’[3 cosnmw 0+ 6 co:snﬂr_O] _0

n
_ 3
= (1) ()"

=(-D)" I -n
D ], n=1,2,3...... )

4) Find Finite sine Transform of f(x) =xin0<x< 4

4 . Nnmx
Solution : Let f(x) is Fs{f(x)} = Jo £ sin "4 dx

e = D=
—C0S — —  DMXgin +  )(0to
(—==")(0 to 4)]
4)_ 16
4 16
B 4.Cosnn_o+n2”2(0_0)
== m=-2 ()"
nﬂ'cosn nm

16 .
Similarly Fe{f(x)} = 2 D" "17 = fe(n)



\ &
ifn=0,fc(0)=f0xdx 2)(0to4)=8
Parseval’s Identity for Fourier Transforms :-

Statement : If f(s) & g(s) are Fourier Transform of f(x) & g(x) respectively then

N1 o
(I)%— {;oof(x) g(x) dx
(i) 5 Lo IF G, 2 1F GOk g,

Now(m)ﬂ - f() f J(x)

gc(s) ds = g(x) dx

Proof : By the inverse Fourier Transform we have

g(x) = 2n f— g(s) e 1% ds - (1)

Taking cojugate Complex on both sides in (1)
1 oo -
(1) = g() =2 J_,9(s) €™ 4

S PG g g o oo f O b [ 90D €8
=— [ 9 U7, f(x) e
=— % 9(s)

2O s

ds

f(s) ds



dx dx ]
ds

(ii) Putting g(x) = f(x) in (2) we get
— [ F(s)

27

f(s) ds = J=o0F O £ dix

1 o0

o oo IF Oy [ 1F GO dx oo

For Sine Transform:

2 (oo 00
@)= 20y 15 gs)ds=Jo O gix) dx
2

= S s 2gs= fy 1f DR gy

Similarly for Cosine

Problem 1):) If f(x) =1, |x]| <a

0, |x| >a, Find Fourier Transform of f(x)

Therefore (3)

oo sin ax a
fo x2 dx = o 2
Deduce that
@ X
Solution : F{f(X)} = f—oo €7 f(x) dx x| <ameans—a<x<a

= Pl-qeisx.1. dx



_et* (-atoa)

s

- Z(elas _g—iasy =1  (2isin as)
LS LS _2sinas _
B S — f(s)

By parseval’s identity for Fourier Transform

I 1@k, Ol

co 2 sinas

fald = 2n —ool )zds
2
> x(-atoa) = — 22 fjooo Smszas ;
S
co sm as
:Za—gf_oo 7 g
J'OO Sll’l as
—© s* ds=aT
co _sin as
:>f‘°°( 2 ds=aTll
00511‘1 as
=2 f s* ds=al
foo sin as . T
0 5?2 2

Therefore ds =

Ff(x)} = f(s)



2)Find Fourier Transform of f(x) =1 -x?, |x| X 1

4
0, |x|>1 is s*[sins—scoss]
Using Parseval’s Identity Prove That
© oy foo[ (sin x — x cos x)]2 ™
f_loo e f(x) dx 0 x3 dx = 15
PR - isx _
Solution : :- = [ e (1 %) dx F{f(x)} =
1 .
— 1 = x2)elisx
[ @-ess
ele

udv =uv — =[{(1 - x?). }- f_11% (-2x)dx] vdu

is

(limits -1 to 1) u= (1 - x?) dv= efsxdx

du =-2x dx, v= [. eisxdx



2 rl isx
=[0—0+is f—lx'e dx ] o _
_elsx By parseval’s identity for
" s Fourier Transform
lS.?C 1 eL.S'x
[( )(1t01) f 1 is dx]
1 e"S—i-e —is 1 isx
= is[l'( is ) Cis s ] ( 1to 1)

2 2coss 1 eBS—e7ls
_lS[ s -is( s )]

2
(2 coss-_2| sin s)

T s is
2 sin s

s? 2[coss- s

S
il
s®[sins—scoss] = f(s)

2N g - 5 I f O,y 1,1 =222

dx =



1 ;0 4, 1 1 o (sin s—s cos s)
27?L°° S ( s—scos s)]*ds fo( x*) dx = 27 :>f0[ s 12
foo[(sins—Bs COS S) ds =
.2.16°0 s 12 ds 15
16 oo (Sins—s oS s) 8 o (Sin X — X COS X
:?0[ s3 ]2d5=2.— =>f0[( e )
15
T
VA
1> dx =

15



Shifting Properties:-

1.Shifting f(n) to the right : -

If Z[f(n)]=F(Z) then Z[f(n-k)]=Z—kF(2)
| |

Proof: we know that 0 k k+1 k+£ k+3 ------- oo

Z[f(n)]=
K)=Xn=o f(n —Kk)Z7T (k,n are different forms)

=Yn=i f(R—K)Z7" (since we are shifting f(n) to right)
=f(0)z K+ f(1)z =K+ D4 f(2)z=(k+2)yp oo

= Z7R[£(0) + f(1)z1+f(2)z %+ - - - - - - ]
=Z kYo f()Z™
=7"FF(2)

Yin=0f(MZ™" consider Z[f(n-

Z[f(n-K)]=Z~*F (Z)



NOTE :- Z[f(n-k)]=Z~kF(Z) putting k=1 ,we have
Z[f(n-1)]=Z-1F(Z) putting k=2 ,we have Z[f(n-2)]=272F (Z)
putting k=3 ,we have

Z[f(n-3)]=Z-3F(2)
2.Shifting f(n) to left :-

If Z[f(n)]=F(Z) then Z[f(n+k)]=ZX[F(2)-f(0)-f(1)Z-1 — fAZ}2 - —————— —

Proof: we know that Z[f(n)]=2%°=o fm)z="
=Yoo f(n+ k)Z™™
consider Z[f(n+k =ZF Yooy f(n + k)Z~ ()
=Z" Y fF(MZ™™  (replace (n+k) by n)

f(k-1)Z-¢-D)

[Z—n: 7k Z—(n+k)]

- 7Mo% fz -6 % )z |

=2k zLF] = o Y P FG) 27 0 K kil k2 k3 c--con- o0
Z[f(n+k)]=ZK[F(2)-f(0)-f(1)Z-1 =2 Z-2 — ————— —f(k-1)Z-*-D]  which is Recurrence formula

In particular
(a)If k=1 then Z[f(n+1)]=Z[F(Z)-f(0)]
(b) If k=2 then Z[f(n+2)]=Z2[F(Z)-f(0)-f(1)Z~1]



(c) If k=3 then Z[f(n+3)]=Z3[F(2)-f(0)-f(1)Z-1-f(2)Z?%] -------------- and so on.
Problems:1.Prove Z(

1 Z
)~ Llogl )

1
o0 T Solution- let f(n)=z(m)
we klnow that Z{f(n)]=2n=0 f(n)z
_]:Z%(;O_Z_n

n+1 n+1 Z[
_yoo 1 1
n=0p41" zn
11 11,1 1
itz Tyt -
- expansion needs Z’ in

denominator’s, for this,multiply &divide with 'Z’



1 1 1 1 1
=Z[-+ E Sttt evaluate (a)Z( ; B
> G )2 (%) Solution- we know that Z[f(n)]=Zn=0 fm)z
Z[ e e - -] L
=Z[-|Og(1- E)] let f(n)= forn=0,1,2,3 - - -
=Z[log(1 - )] "
=Zlog( —) ' Z[n'] = 0
=Zlog( Z)
~. hence proved
1
2.Find Z["!] and Ysing shifting th(;orem
(n+1)!) and (b)z((n+2)!)
s1+—Z 142724178
1! 2! 3!
AL DD
z 20 3l
1 x x2
=ez [8 =1+ +------
11 2!

=F(Z) (say) By
shifting theorem



-> Z[f(n+1)]=Z[F(Z)-F(0)]
2L C) () 4D

2 1
(nHmLﬂ=Zkz—u [f(0)= = 1]
1 1 1
(2) Zl ] =Z%[ez =1 —Z7"]
. 1

- 72[p7 —1 — 71
=Z%lez =1 = Z77] fin)= >Z[f(n+2)]=ZFZ—-F0—F1Z

n!
1

T (n+1)

1)

f(n+
_ 1
" (n+2)

2)

Hf(n+



(n))=-Z; [F(2)]

Proof:- we know that Z[f(n)]=2n=0f(M)Z~"
=~ Z[nf(n)]==Z Z[nf(n)] =0 n=onf(M)Z~"
d
az [F(2)] =205 f(m)(-m)Z ™"

=205 [fZ7]

4 o -
ob)If F(2)= =25, [on=0 fWZ™] 7 1), then find the values of f(2) and (3)
d
=z lZf()]
_,d @
F(Z) =54, Z%(5+3z71+12z27?)
A A s
_1 (5+3Z271+1227%)
Solution:Given F(Z)= zz  (1-z7H)*
By Intial value theorem we have
Multiplication by ‘n’:If Z[f(n)]=F(Z) then VAL AN ALES

ZInf [ (2™ = (-n)z7"1]



572437412

5Z243Z+12
f(0)=lim F(Z) =0 (= =0) 1
f(1)=lim Z[f (Z)_f(o)] _o
f(2)=lim Z?[F(Z) - f(0) — f(1)Z™"]
=5-0-0
=5

f(3)=lim Z3[F(2)-f(0)-f(1)Z " —f(2)2 ]
= lim Z3[F(2)- (0)—(0.Z71) = 5Z72]
. 5Z%4+3Z+12 5
=lm 2= 7

= lim Z3524+3273+2(122-212)—45 7—14



2% z C )

=1lim Z 35[Z4+SZ3+1222—25((ZZ—41—l44Z3+6ZZ—4Z+1)

Z—00 YA

= lim Z35%“*+543+1442—324 (A4+—4U1)443—5U42+4U4]~5

= |
=lij£10232[}z-z;.—ma(p44—2234—294-z¢]—5

=lim Z323-18237[11+-202-21"24-5Z"3 2500 z

=23

- (Z—-1*=(z—1)2.(z—1)?
=(Z2+1-22)(Z*+ 1 - 22)
=74+ 72— 273472+ 1—-2Z—-273—-27 +47%2=7*+
6Z2—473—-47Z + 1

INVERSE Z-TRANSFORM




[g(0) + g(1)Z 1+ g8 224+ g38D4 - +g(n)Z "+ - - - - -]
=Y neo[f(0)g(n) + f(Dgn — 1) + f(2)g(n — 2) + - - - - +f(n)g(0)]1Z ™"
*We have Z[f(n)]=F(Z) which can be also written as f(n)=Z-1[F(Z)].

Then f(n) is called inverse Z-transform of F(Z)
+xThus finding the sequence {f(n)} from F(Z) is defined as Inverse Z-Transform.

xThe symbol Z-1is the Inverse Z —

ifz-1F g )] =f(n) and z-16 & )] =9(n)then Transform.
Z7HF(2).G(2)] = f(n) x g(n) = Xf=o f(M)g(n —m)

o _ oo _ CONVOLUTION
Proof:- We have F(Z)=Zn=0 f(n) Z™" and G(Z) = Xy=og(n)Z™" then

THEOREM(v.v.imp):-

[where * is convolution operator]

=Z[f(0)g(n)+f(n)g(n-1)+ - ------ +f(n)g(0)] Z-1[F(2).G(2)]
=f(0)g(n)+f(n)g(n-1)+ - - - - - - - +f(n)g(0)



=Y _of(m)g(n —m)
~Z7UF(Z2).6D] =f(m) » gn) = Yo f(M)g(n —m)

Problems:-
[( Z )2] () [ z2 ]
1.Evaluate (a)Z L Z-a p 7-11(Z-a)(Z-b)
Solution:-
z 2]
(a) Z-1 [(Z—a)
1L L
= . [ ]
Z—a Z—a
F(Z)= z=>fn =7Z-1 7z =an
Z—a Z—a
G(2)= Z=>gn= Z-1 7 = an
Z—a Z—a
by convolution theorem , Z g((")) =Y2m=0Z-1F
762555
Z—a Z-—a

=O0nm=0 am. dn—m



-1;£Z<(T TS —

=dn l_ - Onm=0 1

=a"[1+1+1+----- +1] (n+1)times

=(n+1)ar

fmgn-m)( )
(b) Z-1 72
lZ a Z— b]
(
=/- 1 . Z
lZ a Z— b]

=7Z-1 F(2)=2 => fq)
Z—a l
()
G(Z2)= z=>gn=7"1 [_Z_] = bn
Z-b  Z—-bby convolution

| =

Z—a Z-b

HF(@2).6)] =f) xgn) =

theorem,

74K 68 ) =27

=Onm=0am. bn—m

m=0 f(M)g(n —m)



= onm=0 bn. ( ab)m

= bn onm=0 (ab)m

= ()04 ()1 (2 (P --- e +(ay]
b b b b b

this is in geometric progression,

24+ar3+ - ---+arr 14+ ---- =a(1-rm), r<la+ar

1-r
a(r™-1)

= ,r>1
1-r

bn [— i ]

bn [— bn_n-l:}ll




= b—a
b

Put a=3 and b=4 we get
n pntl_ n+l
b [ﬂ n+l ]
= b”_
Z-1 L(F )( )J S 4n+1-3n+1=4n+1— 3n+12-37-44-3
bn+1_an+1 b
bnﬂ_anil b—a 2.Using Convolution theorem
b=a ) [—1 1—] — : :
show that  _; [ z? ] gt 7 Z-11 ~*° | = —2nwhere * is convolution operator
(Z-a)(Z-p)1 ™ b—a . n! n! n!
1 1

Solution: f(n)=  g(n)=



f(m) xgn) = Y=o f(M)g(n — m)
1 1

- n —_—
??11=0 ml .(n_m)!
P TI  SI S 11
"(n- - T
=ln! 11! (n 1%’ 2!1 (n—2)! 1+n!'(0)
n | (n-1) @ 21" SoviL il o 1 _ n 1
— i + ii +in(n_(?) ) ) n! [(n—l)! n(n_l)! - (n_l)!]
) ey ey A R A —
—— n  n(n-1 ' !
_Ti|[1+;+ (n )+---
=a(1+1)"
21’1

n!
- to (n+1) terms]



3.Evaluate Z~ [(Z 4)(7— 5)]

Z
7—4
Solution- Given Z~* sz ZZTS] 5_5
F=—=>f =z"[5]=4 1  6@]=rm)+gm) = 5o fm)g(n—m)
[ (G2F ] = =>g(n) =2~ [_] =5" , . F

Z—=5

by convolution theorem , Z~* [F(2). =Onm=0 4m . Sn—m
z.6z =775 2
=0nm=0 5n. (45)m

= 5n0nm=0 (45)m

=5A[()0+ ()14 (4 (74 o= oo +(4y1]
5 5 5 5 5
=51+ 44 (2 (b - - +(4)]
5 5 5 5

this is in geometric progression,

L+ar3+ - ---4arm14----

=q(1-r"), r<la+ar
1-r

a(r—1)



5n1_4n+1]
i n+1
= 54
5
- [5n+1_4n +1]
_n+l
= 5—4

5
5n+1_4n+1 5

_rch 2__—* 2
- 5 ' gn+1 1

5n+1_4n+1
(z- 4)(2 5)]

= 5 Z5n+1 — 4n+1

Partial Fractions Method:-

ZL+11ZZ+24 (r]on repeated linear factors) (v. imp)

1.Find Z—1 [ ]



Solution:- let F(Z) = Z-1z2+112z+24 = (Z+3)Z(Z+8)

F(Z) 1 A B
then Z ~ (Z+3)(Z+8) (Z+3) (Z+8)
_ 1 _A(Z+8)+B(Z+3)
T (Z+3)(Z+8) T (Z+3)(Z+8)
= 1 =A(Z48)+B(Z+3) — 2
putZ=8=1=A(-8+8) + B(—8 +3)
1 = B(-5)
-1
B=5
putzZ=3=>1=A-3+8)+B(-3 +3)
1=A(5) (Z+8=0=>Z=-8&Z+3=0=>2z=-3}
1A=

5

now substitute A and B values in equation -1 we get



| (1 1 Z—[FJZ(Z—Jfanzz :L>Z—]1 Z=an)
Z T 5(Z+3) 5(Z+8) 7—a 7—a
F(7) = z_~  _Z
( )‘5(z+3) 5(z+8)
1|z Z
=21 5(Z2+3) 5(Z+8)]

b2 )

. -1 Z _l n n
2 Find ~<4 [22+11z+24]_5[(_3) - —8 ]thelnverseZ-Transform of

, gZ—l)(Z—Z)

Solution:- let F(Z) = (Z-1)(Z-2) here we can resolve F(Z) into partial
fractions directly as follows

1 1

1
F(Z) = Z] 1= Zl — ]
(Z-1)(Z-2) z-2  Z-1
Z Z

F(Z) =72 z-1

henceZ—l[F%)]=Z—1— ‘i‘ 71 ‘i‘
I Z-27-1



[<SZ—1)(SZ+2)]

Z(3Z+1)

Solution:- let F(Z) =, _1)(s740) then
EZ) _ 3Z+1 A B _ _
7 T Gz-16z+2)  5z-1 Vszez O 1 (by partial fractions)
3Z+1 _A(5Z+2)+B(5Z—1)
(5Z2-1)(5Z+2) ~ (5Z-1)(5Z-2)
37+1 = A(52+2)+B(5Z-1)
put ZZ? = A= 1—52 o

1 1
put Z=s5 = b= 15substituting A and B values in

equation-1 we get

F(Z) 8 1 1 1
Z  155Z—1 155Z+2
F(z) 8 1 n 1 1
Z 15 (Z_E) 15 (Z+§)



8 _Z 1 Z

hence F(z) = —_ = T (z42)
5 5
[F(Z)] =7 [785 z_Zo,z +7_15 Z+Zo.4)]

iz_l (z Zo 2) T Lz_l (z—(io.z}))

(0 2)" + ( 04)
_ 37247
~Z l(52—1)(52+2) (0 2) + ( 04)

Geometric Progression:a)

Finite —
_-n+1
5 +ar+ar?+ard+-------- +ar 14 qr = —a(llrr )
b) . Infinite —
+ar+ar?+ard+-------- +ar™ !l 4 qr4---=-2
a a-r
+r+r2+r34- oo P g oo m - =1_ir

eg; 1



4.Find Z7* [(Z+3)§(Z_2)] (repeated Linear factor of form (ax + b)2 times)

Solution:-let F(Z) = 57, )

Fz) _ 1
z  (Z+3)2(z-2)
F(Z) _ 1 ;. B c 1
7~ (z+3)2(z-2) "z-2 tis T (Z+3)2 -

_A(Z+3)*+B(Z-2)(Z+3)+c(Z-2)

(Z+3)2(Z-2) (z—2)(z+3)2
=A(Z 4+ 3)24+B(Z -2)(Z + 3 B CZLZ){Z—z =0>Z=28&2Z+3=0 =>7=-3}put Z=2 => 1=A(2 +

1
3)?

1

1=A(25)
1

A =
25
put Z=-3 =>1=c(-3-2)

1=-5cc=
-1

5

now comparing the co-efficients of Z2on both sides
0=A+B



-1
B=25 substituting A,B and C

values in equation-1,we get

FZ) _ 1 1 1 1 1 1 1
Z (Z+3)2(Z-2) 25°Z-2 25 Z+3 5 (Z+3)2
1 Z _ 1 _z _ 1 _z
e . >
F(Z)=25 Z-2 25Z+3 5 (Z+3)

Z-1 [(z+3)zz(z—2 Z-1[251.22-2 — 251 7Z+z3 —15. (Z+23)2]

[ =_12"—1_(_—3)"—1n(—3)"
( 23 H¥ s

&N Z-1 Z43727-2 =2512n— 2_51(—3 % —-15n(—3)n

Solutions Of Difference Equations

Difference Equations:-
Just as the Differential equations are used for dealing with continuous process in nature, the
difference equations are used for dealing of discrete process.

Definition:-
A difference equation is a relation between the difference of an unknown function at one (or)

more
general value of the argument.



thus Ay, + 2y,= 0 and
A%y, + 5Ay,+6y,, = 0 are difference equations

Solution:-

The solution of a difference equation is an expression for y, which satisfies the given
difference equation

General Solution:-.

The general solution of a difference equation is that in which the number of arbitrary constants is
equal to the order of the difference equation.

Linear Difference Equation:-
The Linear difference equation is that in which yn11, Vnt2, yn43————- - - - etc occur to the 1s¢
degree only and are not multiplied together.
The difference equation is called Homogeneous if f(n)=0,0therwise it is called as

NonHomogeneous equation (i.e:-f(n)# 0)

Working rule (or) Working Procedure:-
To solve a given linear difference equation with constant co-efficient by Z-transform:s.

Step-1 :- Let Z(yn)=Z[y(n)] =Y(2)

Step-2 :-Take Z-Transform on bothsides of the given difference equation.



Step-3 :-Use the formulae Z(y,) =Y % )
Z[yn+ 1] =Z[Y(2)-y0]
Z[yn+ 2] = Z2[Y(2)-yo — y1Z~1]
Step-4:-Simplify and find Y(Z) by transposing the terms to the right and dividing by the co-efficient of y(Z).

Step-5:-Take the Inverse Z-Transform of Y(Z) and find the solution yy,
This gives y,as a function of n which is the desired solution. Problems:-

1.Solve yn+1— 2yn=0using Z —Transforms.

Solution:-let Z[y,] = Y{ )

|
L[yn+1] =2 Y[Z(—)yo taking Z-Transform of the given equation we get Z[yn+1] —

2Zyn=10 [ ]

Z[Y(Z) - y&]:@(%)——jo [ Z(a™) = ﬁ |
Y(Z)[zZ- ’
Y(Z) = z—2 y0
Z—1[Y(Z)] =Z—1LZ_—Jyo => Z[Y(n)]=Y(2)
yn=2nYo 7.y )] = yn

2.Solve the difference equation using Z-Transforms



Un+2 — 3Un+1 + 2un = 0 Given that
uo=0 ,u1=1
Solution:-let Z(uny = 4 )
ZL(pn+1) = Z[ME ) — pho]

Z(Un+2) = Z2 H[Z(—)ﬂo — Hgl no_vl taking Z-Transform on both sides of
the given equation we get

_Z(,Un+2) — 3Z(Un+1) + 2Z(un) = 0Z2— po— pz?
_M(Z) -3Z[u Z_J Ho] +2/5 Z)= 0 using tlge %iven

() conditi_ins it reduces to
JIAYA ()
Z2—0—1-3ZuluZ Z{ )—2 0] —3+2Zu+ 22 1=0
z () —
U

Z=72-31Z+2 Z (or)

-2 -1

= (z-1)2(z-2)

=2z —z ]



Z Z

=7-2—7-1
on taking Inverse Z-Transform on both sides we get

Z-1u/t =7Z-1y z—1z
(O = =

=71 |Z| —Z-1 |ZZ—1|

Un = 2n—1

3.Solve the difference equation using Z-Transform

Ynt+2 — 4yn+1+ 3yn=0
Giventhat yo=2 and y1=4
Solution:- let Z[y,] = =v%)
Z[yn+1] = ZYL » O]Z[Yn+2] =72Y Z — yo— y1Z-']
taking Z-Transform of the given equation we get

Z(yn+2) 4Z()’n+1) + BZj;yn) — O
72¥ ) yvo—y1Z-1-47vZ 3Y(Z) = Ousing

the |ven conditions it.reduces to
LE),E "t }
YA 2—47-1-47Y 2143Y(Z) =



e Y(2)[Z2—4Z + 3] —272—4Z +8Z =0
Y(2)[Z2 - 4Z + 3] =2(22-4)

YZ _ 27-4
Z  [z2-4z+3]
_ 2Z-4
Z-1)(Z-3) |
e _ 1 41 (reducing by partial fractions)
== g by p

Y(Z)=42-1 Z-30n taking Inverse Z-Transform on both
sides we obtain

7-1[XZ)| = 7-1 ‘ 7—‘ +Z-1 ‘ z—|

Yn=1+3"

Z—-1 Z-3






