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BETA AND
GAMMA
FUNCTIONS
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Beta function

\ T eul,erlan integral Blz,y) = / £1 - 1) dt
here m>0, n>0 is called a Beta function
and Is denoted by B(m,n).

The guantities m and n are positive but not
—J\ecessarily Integers.
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, Properties of Beta Function

~~, Blz,y)=B(y ).

o~ B(x,y) = f ¥ f;):r:+y dt, Re(x) > 0, Re(y) >0
B(x,y) = B(x,y+1) + B(x+1yy)

xB(x,y +1) =y B(x+1,y)

w2
B(z,y) = 2/ (sin @) (cos@)?¥ ! d#, Re(z) > 0, Re(y) = 0
0

~ D(x)T(y)
Blz,y) = [(x+y)
: B(z,y)-Blz+y,1-y) = Isifjr(wy)!
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Gamma function

The Eulerian integ-~' T'(x) = | 7¢"d n>0
' IS called gamma furiction and is denoted

by T (x) |
3 Example:- T'(1) = L”rl‘le"dr
D — lim;'[;e_rdf

i

- = jim — e,
. /’ _ = lim _1—_l:1im l—L_:l
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Recurrence formulae for gamma function
[(x+1)=xI"(x)

\| T,
| : _‘-‘ J
‘ o
F(x - 1) = L t'e”'dt  Use integration by parts.
u=t" dv=e 'dt
du = xt* ' dt v=—e

[(x+1)=—t'e”

: —~ Jj ( —e )xtx_ldt

7 [(x+1) =0+ Luxﬁ_le_tdﬁ!‘ = xL“ng—sz
{ |

r(x+1) = xf(x)



Relation between gamma and factorial

N\ ::_-\r(ﬁ'-l-l): n!
'. Sults

I (1/2) = Iie_”zdu _—

1
'3/2) = EF(1/2)—?
D T(5/2) = %r(B/z)%%:?
_\P(n+%) _ 1'3'5”2;1(%_1)\/1? n=1.23,...



Relation between beta and gamma function
1
B(a.b) = / xa7 11 — x)P L ax.
0

Setting x = y + % gives the more symmetric formula

/2 1 a—1,1 b—1
B(a. b) = 1f2(§+}’) (5—}’) dy.

Now let y = 5 to obtain

5

'D [25)3+b_18(3. b) _ / (5 n r)a—l(s o r)If.‘-‘—l dt.

Multiply by e=2° then integrate with respect to s, 0 < s < A, to
get

B(a. b)/ e~25(25) b lds_/ / S(s+1)Y(s—t)P~1 dt ds.
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Take the limit as A — o¢ to get

%B(a._b) (a+ b) = Ilm f/ (s + )7 (s — t)PL dt ds.
—5

L

o /
let o =s+t, T =5 — t, SO we integrate over

R={(o.7):0+7 <2A, 0,7 >0},
Since s = %(cr +7), t= %(cr — 1) the Jacobian determinant of the

change of variables is

B = B

SO



Thus

|
j B(H«, b)r(a —+ b) = f / e —(o +T]ga—17—b—1 dr do
/ ,/ / e "o _1E Tb 1 dT do
(P )
0 0

_D-.i_» Thus, we have... E'[if-y]=1;"[{:tﬂ:]f§







