FORMAL LANGUAGES AND AUTOMATA THEORY

UNIT 1




Introduction to Automata

* Theory




i What is Automata Theory?

s Study of abstract computing devices, or
“machines”
= Automaton = an abstract computing device

= Note: A “device” need not even be a physical
hardware!

= A fundamental question in computer science:

s Find out what different models of machines can do
and cannot do

= The theory of computation
= Computability vs. Complexity




(A pioneer of automata theory)

* Alan Turing (1912-1954)

Father of Modern Computer
Science

English mathematician

Studied abstract machines callec
Turing machines even before
computers existed

Heard of the Turing test?




Languages & Grammars

An alphabet is a set of symbols:

Or "words” -

Sentences are strings of symbols:

A language is a set of sentences:

A arammar is a finite list of rules
defining a language.

Image source: Nowak et al. Nature, vol 417, 2002

Languages: “A language is a

collection of sentences of
finite length all constructed
from a finite alphabet of
symbols”

Grammars: “A grammar can

be regarded as a device that
enumerates the sentences of
a language” - nothing more,
nothing less

N. Chomsky, Information
and Control, Vol 2, 1959
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The Central Concepts of
* Automata Theory




i Alphabet

An alphabet is a finite, non-empty set of
symbols

= We use the symbol } (sigma) to denote an
alphabet

= Examples:
= Binary: > ={0,1}
= All lower case letters: > ={a,b,c,..z}
= Alphanumeric: > ={a-z, A-Z, 0-9}
= DNA molecule letters: ) ={a,c,g,t}




i Strings

A string or word is a finite sequence of symbols
chosen from >

= Empty string is € (or “epsilon”)

= Length of a string w, denoted by “|w|”, is
equal to the number of (non- €) characters in the

string
= Eg,x=010100 x| =6
m Xx=07e0eT1e00¢ [x[ =7

= Xy = concatentation of two strings x and y
9



* Powers of an alphabet

Let > be an alphabet.

= > ¥ =the set of all strings of length k

- T*=50UT'UT2U ...

- S =Y'US2UT3U ...




Languages

L is a said to be a language over alphabet >, only if L &> *

=> this is because >~ is the set of all strings (of all possible
length including 0) over the given alphabet >
Examples:
1. Let L be the language of all strings consisting of n 0’s

followed by n1’s:
L ={¢,01,0011,000111,...}

> Let L be the language of all strings of with equal number of
O’'s and 1’s:
L = {¢,01,10,0011,1100,0101,1010,1001,...}

[ Definition: @ denotes the Empty language ]

= LetL={e}:1s L=@? |NO

1



* The Membership Problem

Given a string w €3 *and a language L
over Y, decide whether or not w L.

Example:

Letw = 100011

Q) Is w € the language of strings with
equal number of Os and 1s?




i Finite Automata

= Some Applications

= Software for designing and checking the behavior
of digital circuits

= Lexical analyzer of a typical compiler

= Software for scanning large bodies of text (e.g.,
web pages) for pattern finding

= Software for verifying systems of all types that
have a finite number of states (e.g., stock market
transaction, communication/network protocol)

13




i Finite Automata : Examples
 action i
= On/Off switch (\ 7 isiais

Push

= Modeling recognition of the word “then’

O e e

Start state Tran3|t|on Intermedlate Final state
state

14




i Structural expressions

= Grammars

= Regular expressions

= E.g., unix style to capture city names such
as “Palo Alto CA”:

- [A Z] [a 4l [][A Z)a-z]")" [][A Z|[A- Z]

" A Y
l

4
Start with 4 Ietter

A string of other ;
letters (possibly ;’ Should end w/ 2-letter state code

empty)

Other space delimited words
(part of city name) 15




Summary

= Automata theory & a historical perspective

=  Chomsky hierarchy

= Finite automata

= Alphabets, strings/words/sentences, languages
= Membership problem




* Finite Automata




Finite Automaton (FA)

Informally, a state diagram that comprehensively
captures all possible states and transitions that a
machine can take while responding to a stream or
sequence of input symbols

Recognizer for “Regular Languages”

Deterministic Finite Automata (DFA)
= The machine can exist in only one state at any given time

Non-deterministic Finite Automata (NFA)
= The machine can exist in multiple states at the same time




Deterministic Finite Automata

& - Definition

= A Deterministic Finite Automaton (DFA)
consists of:
= Q ==> a finite set of states
= > ==> a finite set of input symbols (alphabet)
= (, ==> a start state
= F ==> set of final states

= O ==> a transition function, which is a mapping
between Q x > ==>Q

= A DFA is defined by the 5-tuple:
u {Qs Z ’ qO!F! 6 }




What does a DFA do on

i reading an input string?

= Input: awordwin )~
= Question: Is w acceptable by the DFA?

m Steps:
» Start at the “start state” q,

= For every input symbol in the sequence w do

» Compute the next state from the current state, given the
current input symbol in w and the transition function

= If after all symbols in w are consumed, the current
state is one of the final states (F) then accept w;

= Otherwise, reject w.




i Regular Languages

= Let L(A) be a language recognized by a
DFA A.

= Then L(A) is called a “Regular Language”.

= Locate regular languages in the
Chomsky Hierarchy




Example #1

= Build a DFA for the following language:

= L={w]|wis a binary string that contains 01 as a substring}
= Steps for building a DFA to recognize L:

- 3=1{01)

= Decide on the states: Q

= Designate start state and final state(s)

= 0: Decide on the transitions:

= Final states == same as “accepting states”
= Other states == same as “non-accepting states”




Regular expression: (0+1)*01(0+1)*

DFA for strings containing O

« What makes this DFA deterministic? * Q={q,,q;,0,}
1 *2 ={0,1}
« start state = g
start ’
* F ={qy}
« Transition table
state symbols
b} 0 1
— o Q1 Qo
* What if the Iar;guage allows % a, g, 9%
empty strings* B *q, % %




Example #2

Clamping Logic:
= A clamping circuit waits for a ”1” input, and turns on forever,
However, to avoid clamping on spurious noise, we'll design
a DFA that waits for two consecutive 1sin a row before
clamping on.
= Build a DFA for the following language:
L ={w | wis a bit string which contains the
substring 11}

= State Design:

= (, : Start state (initially off), also means the most recent input
was nota 1

= Qy: has never seen 11 but the most recent input was a 1
= (,: has seen 11 at |least once



Example #3

= Build a DFA for the following language:
L ={w | wis a binary string that has even
number of 1s and even number of 0s}

= ?




Extension of transitions (0) to

N\

Paths (0)

= 0 (q,w) = destination state from state g
on input string w

« 8 (qwa) =5 (3(qw), a)

= Work out example #3 using the input
sequence w=10010, a=1:

m 8 (qo,Wa) =7




i Language of a DFA

A DFA A accepts string w if there is a
path from g, to an accepting (or final)
state that is labeled by w

wie, L(A)={w] d(guw) € F)

w l.e., L(A) = all strings that lead to a final
state from q,

1




Non-deterministic Finite

& Automata (NFA)

s A Non-deterministic Finite Automaton
(NFA)

= IS of course “non-deterministic”

= Implying that the machine can exist in more
than one state at the same time

= Transitions could be non-deterministic

« Each transition function therefore
maps to a set of states

12




Non-deterministic Finite

i Automata (NFA)

= A Non-deterministic Finite Automaton (NFA)
consists of:
= Q ==> afinite set of states
= > ==> a finite set of input symbols (alphabet)
= (, ==> a start state
= F ==> set of final states

= O ==> atransition function, which is a mapping
between Q x ¥ ==> subset of Q

= An NFA is also defined by the 5-tuple:
u {Qs Z ’ qO'«'F! 6}

13




How to use an NFA?

= Input: awordwin > *
= Question: Is w acceptable by the NFA?

n Steps:

= Start at the “start state” q,

= For every input symbol in the sequence w do

»« Determine all possible next states from all current states, given
the current input symbol in w and the transition function

= [f after all symbols in w are consumed and if at least one of
the current states is a final state then accept w;

= Otherwise, reject w.




Regular expression: (0+1)*01(0+1)*

NFA for strings containing O

Why is this non-deterministic?
y * Q = {q05q1=q2}
0,1 01| +z-io.1)
« start state = q
start g 0 1 ’
* F ={qy}
Final « Transition table
State Symb0|s
o 0 1
What will happen if at state q; g1 {994} [{%}
an input of 0 is received? 2 q ® {92}
@ *d {05} {02}




Note: Explicitly specifying dead states is just a matter of design convenience
(one that is generally followed in NFAs), and
this feature does not make a machine deterministic or non-deterministic.

i What is a “dead state”?

= A DFA for recognlzmg the key word
“while”

= An NFA for the same purpose:

W h i | e

Iransitions into a dead state are implicit




Example #2

= Build an NFA for the following language:
L={w|wendsin 01}
m ?

= Other examples

= Keyword recognizer (e.qg., if, then, else,
while, for, include, etc.)

= Strings where the first symbol is present
somewhere later on at least once

17




* Extension of 0 to NFA Paths

= Basis: 0 (9,¢) = {q}

. Induction:A

= Let O (Qo,W) = {P1,Ps--..Px}
= 0 (p,a)=S5  fori=1,2....k

= Then, 8(q0,wa)=81U82U... US,




& Language of an NFA

= An NFA accepts wif there exists at
least one path from the start state to an
accepting (or final) state that is labeled
by w A

s LIN)={w[d(qy,w) N F#®}




i Advantages & Caveats for NFA

= Great for modeling regular expressions
= String processing - e.g., grep, lexical analyzer

= Could a non-deterministic state machine be
implemented in practice?

= A parallel computer could exist in multiple “states”
at the same time

= Probabilistic models could be viewed as
extensions of non-deterministic state machines
(e.g., toss of a coin, a roll of dice)

20



But, DFAs and NFAs are equivalent in their power to capture langauges !!

Differences: DFA vs. NFA

n DFA

All transitions are

deterministic

. Each transition leads to
exactly one state

2 For each state, transition on

all possible symbols

(alphabet) should be defined

3. Accepts input if the last state
isinF
s, Sometimes harder to

construct because of the
number of states

5. Practical implementation is
feasible

—

—

NFA

Some transitions could be
non-deterministic
" A transition could lead 10 a
subset of states

Not all symbol transitions
need to be defined explicitly (if
undefined will go to a dead
state — this is just a design
convenience, not to be
confused with “non-
determinism”)

Accepts input if one of the last
statesisin F

Generally easier than a DFA
to construct

Practical implementation has
to be deterministic (convert to
DFA) or in the form of
parallelism 21



Equivalence of DFA & NFA

= Theorem:
Shoudbe = . A language L is accepted by a DFA if and only if
grf)‘f o it is accepted by an NFA.
= Proof:
1. |If part:

Prove by showing every NFA can be converted to an
equivalent DFA (in the next few slides...)

2. Only-if part is trivial:

Every DFA is a special case of an NFA where each
state has exactly one transition for every input symbol.
Therefore, if L is accepted by a DFA, it is acceptedl%y

a corresponding NFA. >



i Proof for the if-part

= If-part: A language L is accepted by a DFA if
it is accepted by an NFA

= rephrasing...

= Given any NFA N, we can construct a DFA D
such that L(N)=L(D)

= How to convert an NFA into a DFA?

= Observation: In an NFA, each transition maps to a
subset of states
» Idea: Represent:
each “subset of NFA_states” = a single “DFA_state”

Subset construction s



i NFA to DFA by subset construction

= LetN={Qu.2.,0n0,Fn}
= Goal: Build D={Qp,> ,0p,{00},Fp} s.1.
L(D)=L(N)
= (Construction:
1. Qp= all subsets of Q(i.e., power set)

>.  Fp=set of subsets S of Q s.t. SNFFP

5. Op: for each subset S of Qy and for each input
symbol ain >:
0p(S.a) = U On(p.a)

24




Idea: To avoid enumerating all of
power set, do
“lazy creation of states”

NFA to DFA construction: Example

» L={w/wendsin01}

NFA: DFA:
0,1 -
0 1
ol o 0 1
By 0 ! —— —» {9} {9001} {do)
—% {0004} {Qo} —{q} {94,q,} {dg.a4} {0e.02}
o 7 (sPY) o = “{Ao-012} {0504} {0}
“p 3] %) —{g—
{q0,04}
“{00.02} 0. Enumerate all possible subsets
B U Fer I 1.  Determine transitions
— T 2. Retain only those states

reachable from {q,}
25




NFA to DFA: Repeating the example

* using LAZY CREATION

» L={w/wendsin01} 1 0
NFA: DFA:

—P

0 1
By 0 1 55 | 0 | 1 I
—0 (o0} | {0 o) | ooa) | a0l |
gy @ {a,}
q %) %)

Main Idea:
Introduce states as you go
(on a need basis)

20




* Correctness of subset construction

Theorem: If D is the DFA constructed
from NFA N by subset construction,
then L(D)=L(N)

= Proof: )
= Show that 0,({q.},w) = %N(qo,w} , for all w

= Using induction on w’s length:
« Letw =xa R R
= Op({Qo},xa) = Op( On(QsX}, @ ) = Oy(0o,W}

27




A bad case where
tstates(DFA)>>#states(NFA)

= L={w|wis abinary string s.t., the k" symbol
from its end is a 1}

= NFA has k+1 states

= But an equivalent DFA needs to have at least 2%
states

(Pigeon hole principle)

= mholes and >m pigeons
= => at least one hole has to contain two or more pigeons

28



& Applications

= [extindexing
= inverted indexing

= For each unique word in the database, store all
locations that contain it using an NFA or a DFA

= Find pattern P intext T

= Example: Google querying
s Extensions of this idea:

= PATRICIA tree, suffix tree

29




A few subtle properties of
DFAs and NFAs

= [he machine never really terminates.

= |t is always waiting for the next input symbol or making
transitions.

= The machine decides when to consume the next symbol from
the input and when to ignore it.

= (but the machine can never skip a symbol)

= => A transition can happen even without really consuming an
input symbol (think of consuming ¢ as a free token)

= A single transition cannot consume more than one symbol.

30




i FA with e-Transitions

= We can allow explicit e-transitions in finite
automata

= 1.e., a transition from one state to another state
without consuming any additional input symbol

= Makes it easier sometimes to construct NFAs

Definition: € -NFAs are those NFAs with at
least one explicit e-transition defined.

s € -NFAs have one more column in their
transition table

31



Example of an e-NFA

L = {w | wis empty, or if non-empty will end in 01}

€

O¢

0,1
g ()

—

€
: ; | ECLOSE(q’
"do 7 2 {0, 90} (o)
Qo {do 1} | {0} {do} +T— ECLOSE(q,)
q, @ { | {a} J— ECLOSEQ)
I 2 9} EcLOSE(,)

m €-closure of a state q,
ECLOSE(q), is the set
of all states (including
itself) that can be
reached from q by
repeatedly making an

arbitrary number of €-
transitions.

32




To simulate any transition:
Step 1) Go to all immediate destination states.
Step 2) From there go to all their e-closure states as well.

i Example of an e-NFA

L = {w | wis empty, or if non-empty will end in 01}

0,1
:i ) I 1 : Simulate for w=101:
E q,
Qo Qo

1J, 1%
O 0 1 e | )Q(} Of
— q, 7 7 {0, Q¢ ECLOSE(@0) o
%o {9001} | {d} [ {a} <J— ECLOSE(qp) R’
d4 7 {d2} {a.} Gz

"0 % % {} 33




To simulate any transition:
Step 1) Go to all immediate destination states.
Step 2) From there go to all their e-closure states as well.

Example of another e-NFA

0,1 Simulate for w=101:
?

o |0 1 e
— (| O %) {q'0,%0.A3}
Qo {9,001} {aet | {9095}
d4 % {azt | {94t
q |9 I {q2}
3 % {qzt | {9sh

34




i Equivalency of DFA, NFA, e-NFA

= Theorem: A language L is accepted by

some €-NFA if and only if L is accepted by
some DFA

= Implication:

= DFA = NFA = &-NFA
= (all accept Regular Languages)

35




Eliminating e-transitions

Let E = {Qg,>,0¢,90,Fc} be an e-NFA
Goal: To build DFA D={Qp,>,0p.{dp}.Fp} s.t. L(D)=L(E)

Construction:
Qp= all reachable subsets of Qg factoring in e-closures

1.
5. Fp=subsets Sin Qp s.t. SNF#P
s 0p:for each subset S of Q¢ and for each input symbol

acy .

« LetR=U d:(p,a) // go to destination states

pins
=  8,(S,a) = U ECLOSE(r) // from there, take a union
rin R of all their e-closures
36



Example: e-NFA = DFA

L = {w | wis empty, or if non-empty will end in 01}

O 0 1 e 8o 0 1
—> "q, & Z {q'0,90} —> "{q'0,00}

o {4} | {} {Qo}

dq 7] {q2} {a4}

Qe % %) {ao} 37




Example: e-NFA = DFA

L = {w | wis empty, or if non-empty will end in 01}

0,1
0 1
£

— union

B¢ 0 o
A B | €
— 9, |2 |@ “;iq’_ocio}

o J{@{}s%}‘! {Co} o .
q D77 |{ald fa.h 1
Qs %) %) {ao}

—> q0,q0} \“{%:Ch} {0}
{90,901} {90,941} {do, %}
{0} {Go,G1} {0o}
{00,902} {90,941} e

38




Summary

= DFA
= Definition
= Transition diagrams & tables
= Regular language
= NFA
= Definition
= [ransition diagrams & tables
= DFAvs. NFA
= NFA to DFA conversion using subset construction
= Equivalency of DFA & NFA
= Removal of redundant states and including dead states

m E-transitions in NFA
= Pigeon hole principles
= Text searching applications 39



Equivalence & Minimization of

* DFAs

41




* Applications of interest

= Comparing two DFAs:
= L(DFA,) == L(DFA,)?

= How to minimize a DFA?
1. Remove unreachable states
> ldentify & condense equivalent states into one

42




When to call two states in a DFA
* “equivalent™?

Two states p and g are said to be
equivalent iff;

) Any string w accepted by starting at p is also accepted by
starting at q; I ©
—©@

) Any string w rejected by starting at p is also rejected by

starting at q.
@~"—0
= p=q . .

Past doesn’t matter - only future does!
T
Z
]

43




Computing equivalent states
in a DFA Table Filling Algorithm

1 Mark accepting states # non-accepting states

IG)'I'IITIUO|WJ>

1. Compare every pair of states
2.  Distinguish by one symbol transition
3.  Mark = or # or blank(tbd)

Pass #2
1. Compare every pair of states
2.  Distinguish by up to two symbol transitions (until different or same or tbd)

(keep repeating until table complete) 44




Table Filling Algorithm - step

& by step

IG)'I'IITIUO|WJ>

>

45




Table Filling Algorithm - step

& by step

A
B
C|
D
— T E[X[X

F X
G X
1. Mark X between accepting vs. non-accepting state H X
A|B ?

46




Table Filling Algorithm - step

* by step

IG)'I'IITIUO|WJ>

1. Mark X between accepting vs. non-accepting state
2. Look 1- hop away for distinguishing states or strings

— > [ X | X

47




Table Filling Algorithm - step

* by step

IG)'I'IITIUO|WJ>

1. Mark X between accepting vs. non-accepting state
2. Look 1- hop away for distinguishing states or strings

— o XX

48




Table Filling Algorithm - step

* by step

T|o|n|m|o|o|wn|>
=
=

X

XXX

X

XXX

1. Mark X between accepting vs. non-accepting state X1X|=
2.  Look 1- hop away for distinguishing states or strings AlBIC
!

49




Table Filling Algorithm - step

* by step

IG)'I'IITIUO|WJ>

1. Mark X between accepting vs. non-accepting state
2. Look 1- hop away for distinguishing states or strings

— O X[ XX

50




Table Filling Algorithm - step

* by step

IG)'I'IITIUO|WJ>

1. Mark X between accepting vs. non-accepting state
2. Look 1- hop away for distinguishing states or strings

51




Table Filling Algorithm - step

* by step

IG)'I'IITIUO|WJ>

1. Mark X between accepting vs. non-accepting state
2. Look 1- hop away for distinguishing states or strings

52




Table Filling Algorithm - step
by step

IG)'I'IITIUO|WJ>

I X XXX [X|X]

1. Mark X between accepting vs. non-accepting state
2. Look 1- hop away for distinguishing states or strings
3. Look 2-hops away for distinguishing states or strings

53




Table Filling Algorithm - step
by step

I(O|MmMMmMmo|O|W|>»

1. Mark X between accepting vs. non-accepting state
2. Look 1- hop away for distinguishing states or strings
3. Look 2-hops away for distinguishing states or strings

54




Table Filling Algorithm - step

* by step

Retrain only one copy for
each equivalence set of states

Equivalences:
- A=B
« C=H
* D=G

55




Table Filling Algorithm —

* special case

IG)'I'IITIUO|WJ>

>

Q) What happens if the input DFA
has more than one final state?
Can all final states initially be treated
as equivalent to one another?
56




Putting it all together ...

i How to minimize a DFA?

= Goal: Minimize the number of states in
a DFA

= Algorithm:
1. Eliminate states unreachable from the

start state  tapje filling algorithm
. / .
> ldentify and remove equivalent states

5. Output the resultant DFA

Depth-first traversal from the start state

57




Are Two DFAs Equivalent?

Unified DEA

g

¢ 180,007
. if yes, then DFA,=DFA,
> else, not equiv.

’Wsmwsamx«::mxmmm»'f

d
i
-

1. Make a new dummy DFA by just putting together both DFAs
2. Run table-filling algorithm on the unified DFA
3. IFthe start states of both DFAs are found to be equivalent,
THEN: DFA,= DFA,
ELSE: different 58




Summary

= Simplification of DFAs
= How to remove unreachable states?
= How to identify and collapse equivalent states?
= How to minimize a DFA?
= How to tell whether two DFAs are equivalent?




FORMAL LANGUAGES AND AUTOMATA THEORY

UNIT 2




* Regular Expressions




Regular Expressions vs. Finite
Automata

Offers a declarative way to express the pattern of any
string we want to accept
= E.g., 01"+ 10

= Automata => more machine-like
< input: string , output: [accept/reject] >
= Regqular expressions => more program syntax-like

= Unix environments heavily use regular expressions
= E.g., bash shell, grep, vi & other editors, sed

= Perl scripting — good for string processing

= Lexical analyzers such as Lex or Flex
2



Regular Expressions

Syntacftical

expressions prata/machines




i Language Operators

= Union of two languages:
= L UM = all strings that are either in L or M

= Note: A union of two languages produces a third
language

= Concatenation of two languages:

= L. M = all strings that are of the form xy
s.t.,xe Landye M

= The dot operator is usually omitted
« i.e., LM is same as L.M




Kleene Closure (the * operator)

Kleene Closure of a given language L:
Lo= {€}
L'={w | for some w € L}
L°= {w,w, | w, € L, w, € L (duplicates allowed)}
= { w,W,...w, | all w's chosen are € L (duplicates allowed)}
= (Note: the choice of each w, is independent)
m L= UiZO L (arbitrary number of concatenations)
Example:
= lLetL={1, 00}
= L%= {g}
= L'={1,00}
= L2={11,100,001,0000}
= L3={111,1100,1001,10000,000000,00001,00100,0011}

—— e ey

« L*=oyrrurzuy...




i Kleene Closure (special notes)

= L™ is an infinite set iff [L|=21 and L#{e}
s |f L={e}, then L* = {¢}
s fL=0O,thenLl” ={g}

2" denotes the set of all words over an
alphabet 2
= Therefore, an abbreviated way of saying

there is an arbitrary language L over an
alphabet 2 is:

\ ILQZ*

\

J




i Building Regular Expressions

= Let E be a regular expression and the
language represented by E is L(E)

s [hen:




Example: how to use these regular
expression properties and language

operators?

= L={w]|wis abinary string which does nofcontain two consecutive 0s or two
consecutive 1s anywhere)
= E.g.,w=01010101isinL, while w=10010is not in L
= (Goal: Build a regular expression for L
= Four cases for w:
= Case A: w starts with 0 and |w| is even
= Case B: w starts with 1 and |w| is even
= Case C: w starts with 0 and |w| is odd
= Case D: w starts with 1 and |w| is odd
= Regular expression for the four cases:
= CaseA: (01)~
= CaseB: (10)*
= CaseC: 0(10)~
= CaseD: 1(01)"
= Since L is the union of all 4 cases:
= Reg ExpforL =(01)*+ (10)* + 0(10)* + 1(01)*
= If we introduce ¢ then the regular expression can be simplified to:

= Reg Exp for L = (€ +1)(01)*(€ +0)




* Precedence of Operators

= Highest to lowest
= * operator (star)

. . (concatenation)
= + operator

= Example:
01" +1 = (0.((1)))+ 1




Finite Automata (FA) & Regular
Expressions (Reg Ex)

= [o show that they are interchangeable,
consider the following theorems:
m Theorem 1. For every DFA A there exists a regqular
Proofs expression R such that L(R)=L(A)

in the book w Theorem 2: For every reqular expression R there
exists an € -NFA E such that L(E)=L(R)

£ -NFA NFA

Theorem 2 \ Kleene Theorem

Reg Ex DFA

Theorem 1




L Theorem
DFA to RE construction

Informally, trace all distinct paths (traversing cycles only once)
from the start state to each of the final states
and enumerate all the expressions along the way

Example: ¢ 0 0,1
5 ©
0 (5 —
(1Y 0 (0") 1 (0+1)
N Y dh hd Ay N Y . d
1> 00* 1 (0+1)
ﬂ Q) What is the language?

1700%1(0+1)"




* RE to e-NFA construction

Example: (0+1)*01(0+1)~

(0+1)* 01 (0+1)*




Algebraic Laws of Regular

* EXxpressions

= Commutative:
= E+F = F+E
= Associative:
s (E+F)+G = E+(F+G)
= (EF)G = E(FG)
= |dentity:
= E+O=E
« ceE=FEe=E
= Annihilator:

s PE=ED =0




* Algebraic Laws...

= Distributive:

s E(F+G) = EF + EG
» (F+G)E = FE+GE

= |dempotent: E+ E=E

s Involving Kleene closures:

. (E*)

b*
c*

E+
E?

= E*
=€
=€
=EE*
=¢+E




* True or False?

Let R and S be two regular expressions. Then:
. (R =R* ?

. (R+S)*=R*+ S&* ?

> (RS + R)* RS = (RR*S)* ?




& Summary

= Regular expressions
= Equivalence to finite automata
= DFA to regular expression conversion

= Regular expression to e-NFA
conversion

= Algebraic laws of regular expressions

= Unix regular expressions and Lexical
Analyzer

16




Properties of Regular
* Languages




& Topics

1) How to prove whether a given
language is regular or not?

2y Closure properties of regular
languages




Some languages are not

& regular

When is a language is regular?
if we are able to construct one of the

following: DFA or NFA or € -NFA or regular
expression

When is it not?

If we can show that no FA can be built for a
language




How to prove languages are

& not regular?

What if we cannot come up with any FA?
A) Can it be language that is not regular?
B) Oris it that we tried wrong approaches?

How do we decisively prove that a language
is not regular?

“The hardest thing of all is to find a black cat in a dark room,
especially if there is no cat!” -Confucius




Example of a non-regular
language

Let L = {w | wis of the form 01", for all n=0}
= Hypothesis: L Is not regular

= Intuitive rationale:  How do you keep track
of a running count in an FA?

= A more formal rationale:
» By contradition, if L is regular then there should exist a DFA

for L.

> Let k = number of states in that DFA.

» Consider the special word w= 0k1k =>we L

» DFA is in some state p;, after consuming the first i symbols in
W

5



i Rationale...

> Let {py,P1,--- Pk} D€ the sequence of states that the
DFA should have visited after consuming the first
k symbols in w which is 0¥

» But there are only k states in the DFA!

» ==> at least one state should repeat somewhere
along the path  (by QAQ\QAJ’ OO Principle)

» ==> Let the repeating state be p=p, fori <

» ==> We can fool the DFA by inputing 0-(-)11k gand
still get it to accept (note: k-(j-i) is at most k-1).

» ==> DFA accepts strings w/ unequal number of 0s
and 1s, implying that the DFA is wrong! 5_

6



The Pumping Lemma for
* Regular Languages

A technigue that is used to show
that a given language is not
regular




Pumping Lemma for Regular

i Languages

Let L be a regular language

Then there exists some constant N such that for
every string w € L s.t. [W2N, there exists a
way to break winto three parts, w=xyz,
such that:

. YFE
2 [xy/sN
5. Forall k=0, all strings of the form xy*z € L

This clause should hold for all regular languages.

Definition: Nis called the “Pumping Lemma Constant” 8




i Pumping Lemma: Proof
= L Isregular => it should have a DFA.

=« Set N := number of states in the DFA

= Any string wel, s.t. |w|2N, should have the
form:  w=a,a,...a,, where mzN

= Let the states traversed after reading the first
N symbols be: {pgy.P1,--- Pn}

» ==> There are N+1 p-states, while there are only
N DFA states

» ==> at least one state has to repeat
i.e, p;= p,where O<i<j<N (by PHP)




Pumping Lemma: Proof...

>

=> We should be able to break w=xyz as follows:
> X=8y8p..8; Y=8;,13is2--3y; £=8,,18,2:-8m
> X's path will be p,..p
y’'s path will be p,p,,+.-p, (but p=p, implying a loop)
> z's path will be pyp,.+..Pn, ’ ‘,yﬁ(jor k loops)
Now consider another N &
string w,=xy*z , where k=0 _'.X """ '.Z'©
Case k=0 =P,
> DFA will reach the accept state p,,
Case k>0
» DFA will loop for y¥, and finally reach the accept state p,, for z

v

In either case, w,€ L This proves part (3) of the lemma




i Pumping Lemma: Proof...

u FOI’ part (1 ) f (:,yE,_(‘f:cl)rhoops) ‘
= Sincei<j, y# &€ —-.X ..... ..Z,©
=P

= Forpart (2):

= By PHP, the repetition of states has to
occur within the first N symbols in w

= ==> |Xy|=N




The Purpose of the Pumping

i Lemma for RL

= [0 prove that some languages cannot
be regular.




How to use the pumping

i lemma®?

Think of playing a 2 person game

= Role 1: You claim that the language cannot
be reqular
= Role 2: An adversary who claims the

language is regular

= You show that the adversary’s statement will
lead to a contradiction that implyies pumping
lemma cannot hold for the language.

- You win!! s



How to use the pumping
lemma? (The Steps)

1. (you) L is not regular.

2. (adv.) Claims that L is regular and gives you
a value for N as its P/L constant

3. (you) Using N, choose a string w € L s.t.,
1. |W| = N,
. Using w as the template, construct other words
w, of the form xy*z and show that at least one
suchw, ¢ L

=> this implies you have successfully broken the
pumping lemma for the language, and hence that the
adversary is wrong.

(Note: In this process, you may have to try many values of k,
starting with k=0, and then 2, 3, .. soon, untilw, e L) 4,



E Note: This N can be anything (need not necessarily be the #states in the DFA. ;
It's the adversary’s choice.) ;

Example of using the Pumping Lemma to
prove that a language is not regular

Let L., = {w | wis a binary string with equal number
of 1s and Os}

= Your Claim: L, is not regular

= Proof:
- By contradiction, let L, be regular 2 adv
» P/L constant should exist = adv.
> Let N =that P/L constant
» Consider input w = ON{N 2 you

(your choice for the template string)

> By pumping lemma, we should be able to break 2vou
w=xyz, such that:
1) y# £
2) |Xy|SN
s For all k=0, the string xy*z is also in L 15



Template stringw =0N{N =00 .... 011 ... 1
€«— N —>e— N—>
Proof...
>  Because |xy|€N, xy should contain only Os = you

> (This and because y# & implies y=0+)
>  Therefore x can contain at most N-1 0s
> Also, all the N 1s must be inside z
> By (3), any string of the form xy*z e L, for all k=0

ISetingk=0is  + Case k=0: xz has at most N-1 0s but has N 1s
I referred to as | 0
:_“pumping down” :» Therefore, xy“z ¢ Leq

________ ~  This violates the P/L (a contradiction) '5

________ | Another way of proving this will be to show that if
I Setingk>1is | the #0s is arbitrarily pumped up (e.g., k=2),

I
| f%fﬁ::,e;:,og?,sgu | then the #0s will become exceed the #1s

———————— 16



* Exercise 2

Prove L = {07107 | n= 1} is not reqular

Note: This n is not to be confused with the pumping
lemma constant N. That can be different.

In other words, the above question is same as
proving:
« L={0™0™ | m=1}is not regular




Example 3: Pumping Lemma

Claim: L ={ 0' | i is a perfect square} is not regular

= Proof:

By contradiction, let L be regular.

P/L should apply

Let N = P/L constant

Choose w=0N

By pumping lemma, w=xyz satisfying all three rules

By rules (1) & (2), y has between 1 and N Os

By rule (3}, any string of the form xy*z is also in L for all k=0
Case k=0:

A A S A A

v

v

» #zeros (xy%z) = #zeros (xyz) - #zeros (y)
NZ—N = #zeros(xy%2) = N2-1
(N-1)2 < N2-N = #zeros(xy%z) = N2-1 <« N2

But the above will complete the proof ONLY IF N>1.

» xylz e L
» ... {(proof contd.. Next slide) 18



Example 3: Pumping Lemma

» (proof contd...)

» Ifthe adversary pick N=1, then (N-1)2 = N2 - N, and therefore the #zeros(xy%z}
could end up being a perfect square!

» This means that pumping down (i.e., setting k=0) is not giving us the proof!
» S0 lets try pumping up next...

> Case k=2:
> #zeros (xy°z) = #zeros (xyz) + #zeros (y)
> NZ+1 = #zeros(xy?z) < N2+N

» N2 <« N2+1=s #zeros(xy?z) = N2+ N < (N+1)?

» Xy2ze L _%

¥

(Notice that the above should hold for all possible N values of N>0. Therefore, this
completes the proof.)




Closure properties of Regular
* Languages

20




Closure properties for Regular

i Languages (RL

s Closureproperty:
= If a set of regular languages are combined using
an operator, then the resulting language is also
reqular
= Regular languages are closed under:
= Union, intersection, complement, difference
= Reversal
= Kleene closure
= Concatenation
= Homomorphism
= Inverse homomorphism

This is different
from Kleene
closure

Now, lets prove all of this!

21



i RLs are closed under union

= |[F LandM are two RLs THEN:

» they both have two corresponding regular
expressions, R and S respectively

» (LU M) can be represented using the regular
expression R+S

> Therefore, (L U M) is also regular -

How can this be proved using FAs?
22



RLs are closed under
complementation

= If Lis an RL over ¥, then L=3*-L

» To show L is also regular, make the following

construction convert every final state into non-final, and
every non-final state into a final state

DFA for L @ DFA for L .
___4"--"'> T ‘>

Assumes g0 is a non-final state. If not, do the opposite.




RLs are closed under

i Intersection

= A quick, indirect way to prove:
= By DeMorgan’s law:
= LNM=(LUM)
= Since we know RLs are closed under union
and complementation, they are also closed
under intersection
= A more direct way would be construct a
finite automaton for L N M

24




i DFA construction forL N M

AL = DFA for L = {QLs Z ’ qLJFLs 6L }

A|\/| = DFA for M = {QI\/IS Z ’ qIVI!FIVIs 6I\/I }

Build A_ = {Q x Qy,2., (d.,9u); F X Fy,0}

such that:

" 6((p!q)!a) = (6L(p=a)= 6M(q=a))! where p in QL! and q
N QM

This construction ensures that a string w will

be accepted if and only if w reaches an
accepting state in both input DFAs.

25




DFA construction forL N M

DFA for L s DFA for M
—..'iif_-__;._a.. @




RLs are closed under set

* difference
Closed under intersection

= We observ '~ |Closed under
s L-M=LNM complementation

/

= Therefore, L - M is also regular

27




i RLs are closed under reversal

Reversal of a string w is denoted by wF
« E.g., w=00111, wR=11100
Reversal of a language:

s LR = The language generated by
reversing all strings in L

Theorem: If L is regular then LR is also
regular

28







