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Use the appropriate method to determine slope and beam deflection

CO1 . .
for different beam sections.

CO 2 To analyze the structural sections subjected to torsion.

Analyze the crippling load and equivalent length for various types of

CO3 columns of different end conditions.

cO 4| Calculate the strain energy, stress distribution & deformation in sprin

Calculate the stresses and strains associated with thal cylindrical

CO5 . .
pressure vessels and rotating disks.
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Deflections



Introduction

A Calculatiorof deflectionsis animportant part of
structuralanalysis

A Excessivbeamdeflectioncanbe seenas amode of
failure.

i Extensivgglassbreakagein tall buildingscanbe attributed
to excessivaleflections

I Largedeflectionsin buildingsare unsightly(and unnerving)
andcancausecracksn ceilingsand walls.

I Deflectionsare limited to preventundesirablevibrations



BeamDeflection

A Bendingchangeghe | o
initially straight © 4 e
longitudinalaxisof the
beaminto acurvethat | LT
is called the T vomen i
DeflectionCurveor
ElasticCurve ) L




BeamDeflection

A Todeterminethe deflectioncurve;

Drawshearand momentdiagramfor the beam

Directlyunderthe momentdiagramdraw a line for the
beamandlabelall supports

Atthe supportsdisplacemenis zero

Wherethe momentis negative the deflection curvas
concavedownward.

Wherethe momentis positivethe deflectioncurveis
concaveupward

Wherethe two curvemeetisthe InflectionPoint



+M®+M

positive moment,
concave upward

N/

negative moment,
concave downward



DeflectedShape

1 P,
P,

beam

beam

—X

%
*
~
moment diagram moment diagram

inflection point

minﬂection point | /_\
. T |

deflection curve deflection curve




Examplel

Drawthe deflectedshapefor eachof the beamsshown

P : w

(a) (®)




Example?

Drawthe deflectedshapefor eachof the framesshown

(©)



Doublelntegration Method



Of I &0 ATRemry S| Y

_..| I-—ff.r
e
. . . —x —
A Consider differential element (@

of abeamsubjectedto pure
bending.
A Theradiusof curvaturer is

measuredrom the centerof
curvatureto the neutral axis

A Since the NA isnstretched,
the dx= dq




Of I 30 ATBemry S I Y

A Applyingl 2 2 {las/&nilthe Flexureformula, we

obtain:
1_M
r El
V1,05 p
a b '
y B ‘
A m———




Of I &0 ATQemry S| Y
A Theproduct Elisreferredto asthe flexuralrigidity.
A Sincedx=" R then

dq :%dx (Slope)

A In mostcalculudhooks

2 2
1: d v/dx
ﬁ+(dv/dx)2]§
2 2
II\EAI = d v/dx (exact solution)
ﬁ+(dv/ dx)?F
d?v _ M

dx®  El



TheDoublelntearationMethod

RelateMomentsto Deflections

d?v _ M
dx¢ El
_dv_ ~MI(x DoNot
q(X) T ni() dX Integration Constants
dx EI(X)
UseBoundaryConditionsto
Evaluatelntegration
A~ Constants
V(X) — rnM_X dx?

El(x)



Assumptionsand Limitations

x Deflectionscausedby shearingactionnegligiblysmallcomparedto
bending

x Deflectionsare smallcomparedto the O NP2 & & 1t @liSéhsiohdfy |- f
the beam

x All portions of the beamare actingin the elasticrange

x Beamisstraightprior to the applicationof loads



Y ] Examples
G | X f M =- Pl +Py
K > X
A \,L P El d—2y _
P A2y dXZ
@x El __ =-PL+Px
dx?
dy X2
Integratingonce El ™ =- PLx+ P? TG
dy _n v _ 0 .
@x=0 i_o Y EI(O)—-PL(O)+P%+01Y c,=0
2 3
Integratingtwice Ely=- %+ P%+ C,
@x=0 y=0 Y EI(0)=- E(OY+P@+C9 Y ¢=0 3
2 6 _PL
e v @X=L Y =Ymax max- 3E|
Ely=- + PE
PLL2 o, L°__PL® PL3
=_ +P_=-_— =
Elymax 2 6 6 Y ymax 3EI




M :-V—V(l - x¥

2
g9 -y
dx?
Integratingonce &:7 3 +C
dy_g v Elo—W(L of _wWr
@x=0" ©) 3 taY|as- ¢

dy W(L_ o) - WL3




_ 3
Integratingtwice Ehs— W(L X)4 WL X+C,
6 4 6
, W (L- 0y w , WL
@x=0 =0 Y EI0)=- — - 0)+c, Y ¢, =
y (0) = = 0)+c, ¥ ¢ ==
3 Z
ﬁl\l:_ﬂ(l -le_VVL y+WL
24 6 24
Max.occurs@ x =L
WL WL _ wL* w4
El =- + - =-
ymax 24 8 Y ymax 8E|




Example

Integrati g 4y WL X +
redrating ix 22 23 2
: : . L dy
Sincethe beam issymmetric @ x=— —=0
o ~2 o ~32 dX
al A al A
L WS . wH. . W3
x=— EI()=——8%== . &~ 4¢ Y =
@ x=2 () S, 55 tG c ==,
WK
\ E|Q:MX2-WX3_
dx 6 24




Integrating Elv= ——_- ____- X+C,

WE(O)K Wy w

0)+c,
4 3 6 4 24()

@x=0y=0 Y EI(0)=

WL, W, W

\ Flv= —¥°- ¥

12 24 24

5wt

Max.occurs@ x=L/2 ElY, = 384

Z

D =ML
384E|




Example X

P
\ 4 ]
b 2 | 2 o
2 L P 2
for 0<x<— M=_X
XS5 2
2
El d V:Ex forO<x<—
dx?
- dy Px?
Integrating ix 22 C
Sincethe beam issymmetric @ x= L ﬂ’ =0
v oo 2 dx
Al A
L P& . PL?
x=— EI(Q0)==%=+¢ Y |o=-
@x=5  E)=% +q T
2
\ Elﬂ—E 2. PL
dx 4 16




Integrating

@x=0y=0

Max.occurs@ x=L/2

=_- -_ - X+cC
4 3 16
Y El (o)_E@ Pl
3 16
2
\ F|\/:EX3- PL
12 16
PL:
El
ymax 48
PL

c,=0




Example

Slope and Elastic Curve. Applying Eq. 84 and integrating twice

yjp.ldc

oA

Moxz
EIU=T+C;x+C2 (3)

Using the boundary conditions dv/dx =0 at x =0 and » =0 at
x = 0, then C; = C, = 0. Substituting these results into Eqgs. (2) and
(3) with # = dv/dx, we get

g Mox
- EI
M0x2
v = Ans.

2EI



Example
5

The beam in Fig. 8-12a is subjected to a load P at its end. Determine
the displacement at C. EI is constant.

lfxlﬂ‘l/ )Ml

P
2

P 2a
7\

w]%——»

(b)



P
M1=—Ex1 OExli-'za
ip kT
M2 :_EX2 +7(I2 _23]
= Px; — 3Pa 2a = x = 3a

Slope and Elastic Curve. A

pplying Eq. 84,

d*, P
for x EI =——x
_____ 1 =2 dx% 2 1
d‘Ul ¥ i
EIdxl ——4;:%+c1
P
EI‘U] = —Ex‘? + C]I] + Cg
d
Forx,, EI——= = Px, — 3Pa
X7
di-"‘) P -
E.I - = _x'\" e ?'Pax'\ =+ C

d 5
E_Ivg = Exg3 e

(1)

@



v1=Uatx1=U: 0=U+U+C2

P
Ul = Uatx1 = 2!‘1. 0 = _E{:za)j =+ Cl(za} + C2

B .
v = 0atx, = 2 D=t (2a) %PQ(ZQ)E G (0a) 6

dvy(2a) = dvz(Qa)_

P 9 P 2
——(2a)" + C; = —(2a)” — 3Pa(2a) + C
o (20" + €, = Z(2a)* - 3Pa(2a) + C;

Solving, we obtain

2
Pa C. =0 . 10

P& C,= —2Pa’

3
Substituting C; and C, into Eq. (4) gives

P , 3Pa , 10Pa* 2Pd’

3

TeEIY T2EI T 3EI T EI

V2

The displacement at C is determined by setting x, = 3a. We get

Pa’®
EI

Vo = — Ans.
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a 2 YSy 0 fiHedndns

Theorem 1. The changein slope between any two points on
the elastic curve equal to the area of the bending moment
diagrambetweenthesetwo points, dividedby the product El

oy g

d 2'\/ _ M ., dV [T
T Y 4= ‘L P
dx El dx | : b —ax
El v
dg _M aM B X
= Y d e X /
dx El k cEl ¢ \
_ "M A 1 B )
qB / A EI X > o - dx
A
A B

tan B tan A






a 2 YSy (U Tfihedddths

Theorem 2: The vertical distance of point A on a elastic
curve from the tangentdrawn to the curveat B is equalto
the moment of the areaunder the M/EI diagrambetween
two points (AandB)about point A.




Example

1
Determine the slope at points B and C of the beam shown in Fig. 8—15a.

Take E = 29(10%) ksi and I = 600 in*,




30k'ft) 1(60k'ft_30k'ft
EI

t

675 k- ft?

El

Substituting numerical data for £ and 7, and converting feet to inches,
we have

—675 k - f2(144 in?/1 £t2)
20(10°) k/in?(600 in*) Fig. 815
—0.00559 rad Ans.

tp

The negative sign indicates that the angle is measured clockwise
from A, Fig. 8-15c.

In a similar manner, the area under the M/EI diagram between
points A and C equals ;4. We have

1/ 60k-ft 900 k - ft>
9C = 9C/A = 5(—T)(30 ft) = —T
Substituting numerical values for EI, we have
—900 k - ft2(144 inz/ftz)

0
€ 20(10%) k/in%(600 in*)

—0.00745 rad Ans.




Example

Determine the deflection at points B and C of the beam shown in
Fig. 8-16a. Values for the moment of inertia of each segment are
indicated in the figure. Take E = 200 GPa.

B__ ~C_500N-m

a’
1‘. IAB = 8(106) mm4 IBC = 4(106) mm4

M
Elpc 500
250 Flo
o BC

l
2 :

A FZmﬂB c
|



250 N'm
Elge

2000 N - m?

(4 m]}{zm) = Elp

Ap=1lpa= [

Substituting the numerical data yields

: 3
ctan € 2000 N-m

B 7 [Acmiom 27 [200(10°) N/mPJ[4(10%) mun*(1 m/(10°)° mm)]

Ap=tgu tan A = 0.0025m = 2.5 mm. Ans.

Likewise, for ¢4 we must compute the moment of the entire
(c) M/EIgc diagram from A to C about point C. We have

Fig. 8-16 250N -m S00N-m
Ac = fcja = [Ts‘:(il m)](S m) + [Tx('ﬂln]](lj m)

_ 7250N-m’ 7250 N - m’

Elge  [200(10%) N/m?|[4(10°)(10712) m?]
0.00906 m = 9.06 mm Ans.

Since both answers are positive, they indicate that points B and C
lie above the tangent at A.



Example
3

Determine the slope at point C of the beam in Fig. 8-17a.

E = 200 GPa, I = 6(10°) mm*.

L "C§ D)///i—
N/C > horizontal

tan C
(c)

M
ET 60
EI
30
El
A &3 D
—3m 3m 6m

(b)



c = Op;c

Moment-Area Theorem. Using Theorem 1, fp,c is equal to the
shaded area under the M/ET diagram between points C and D. We

have

30kKkN-m 1 60 kN -m 30kN-m

G m( EI T =
_ 135kN-m?

ErI
Thus,

135 kN -m?

~ [200(10°) kKN/m2][6(10°)(102) m*] Uiloes sk

fc



Example

Determine the slope at point C of the beam in Fig. 8-18a.

E = 29(10%) ksi, I = 600 in*. M
EI
36
El
12
8 k El
G
' :
- _—— o "L‘-L?‘JB ‘
L — 6 ft — 12 ft 6ft<l an B
6 ft 12 ft 6 ft : -

Ig/a
bc = ¢ — bcia =E_9C[A

Moment-Area Theorems. Using Theorem 1,6c/41s equivalent to the s
area under the M/ET diagram between points A and C; that is,

1 12k-ft\ 36k-ft?
Oess = —(6ft =
cra =5 )( EI ) EI




Applying Theorem 2, 15,4 is equivalent to the moment of the area
under the M/EI diagram between B and A about point B, since this is
the point where the tangential deviation is to be determined. We have

1 1 36 k - ft
tand) tB/A=[6ft+§(18ft)][§(18ft)( = )]

; %(6 ft)[%(6 ﬁ)(%}; ft)]

_ 4320k -ft°
- EI

Substituting these results into Eq. 1, we have

Fig. 8-18
g B320k-f  36k-ft* 144k -ft’
€ (4ft)EI EI EI
so that
. £t2
e 144 k- ft

a 29( 103) k/in2( 144 inz/ftz) 600 in4( 1 ft“/ (12)4 in4)
= 0.00119 rad Ans.



Example
5

Determine the deflection at C of the beam shown in Fig. 8-194. Take

E = 29(10%) ksi, I = 21 in*.

5k-ft/7 -
A.

e —— | 211 /

—12ft— A

M ‘
El A/B

12 ft 12 ft 4

12 ft

B
Ac
AI
tan C G

tan B (c)

Ac=—"——1



Moment-Area Theorem. We will apply Theorem 2 to determine f 45
and tc;g. Here t4p is the moment of the M/ET diagram between A
and B about point A,

tam = [%(24&):[%(24&](51(.&” _ 480k £

El EI
andf¢,p is the moment of the M/EI diagram between C and B about C.
1 [1 2.5keft 60 k - ft’ F—121 12 fi—
— = = — tan A | |
le/p [3(12ft)]2(12ft)( El )} £l o = B
Substituting these results into Eq. (1) yields R adlc
Icllf
A —1(480k-ft3)_60k-ft3_180k-ft3 i
RN BT EI EI
Working in units of kips and inches, we have tan B ()
Q 180 k - ft3(1728 in3/ft%) Fig. 8-19
! C =

29(10%) k/in*(21 in*)
= 0.511 in. Ans.



Example

Determine the deflection at point C of the beam shown in Fig. 8-20a.
E = 200 GPa, I = 250(10°) mm®.
EI

24 kN 72 KN

1

Ic/a

Ac =tcja — 2tpa

tan C



tan A

3 1 192kN-m
= [30m [30m(-225)|
AF
@ 1 1 192 kN -m
A= '5/4 fcia + [5(8 m) + SmME(S m)(— T E )}
Ac _ 11264 kN -m?
Er
© @ C The moment of the M/ET diagram between A and B about point B gives
y 1 1 192kN m 2048 kN *m’
Fig. 8-20 == o St e i W o P el tpe vl i
: toa = 3 6m) | 56m(- 252 o

Why are these terms negative? Substituting the resultsinto Eq. (1) yields
11 264 kN -m’ ( 2048 kN-m3‘)
Ap=-i—- 2 ——/————

EI EI
_ _T168 kN -m’
EI
Thus,
—~7168 kN »m®

Ae = 1200(10%) KN/m?][250(10°)(10°2) m]

= —0143m Ans.



Examples

Determine the slope at the roller B of the double overhang beam
shown in Fig. 8-21a. Take E = 200 GPa, I = 18(10°) mm*.

30 KN-m 10 lkN

(\m
@

. D
BA C?
2 —t—2m 2m
5kN

SkN

0p
05 lc/B
%: Nﬂ c




30 kN-m 10 kN

(= l

T — it vl
Q

B CA ‘
2m 2m—4 5 0
B
SkN 5kN s i ::; e
MI/EI

tan C

%

180/EI tan B l_
O/El

4"-[\'?\

=8 0450, 14, 10 5
f §| 1+(% ('?O(%m

=- 5?|;|33kN On® =0.00741rad



Another Solution

Moment Area Theorem. To determine tgz,c we apply the moment [y
area theorem by finding the moment of the M/EI diagram between
BC about point C. This only involves the shaded area under two of

the diagrams in Fig. 8-21b. Thus, :ﬁ:— X
—30kN - 2 1 10 kN -
an = | em(2H2) |+ (B2) 3em( )] =
_ 5333kN-m’
B EI

Substituting into Eq. (1),
e 5333kN-m’
B (2m)[200(10°) KN/m?|[18(10°)(107'2) m?]
= 0.00741 rad Bl




Conjugate-BeamMethod



Conjugate-BeamMethod

w . dVv d*M

LTI =™ =W
L dg _M dv _M
real beam dx FI dx2 FI
7
- . Integrating
iﬂTﬂ/ﬂ H = pV = fijudx M :ﬁgﬁvdxgjx
| " .

; | _ oM _ oD AM A
conjugate beam 9= ncfﬁ(_ﬁx v rgn(;ﬁ ng ng



teBeamSupports

onjuga

Real Beam

0 s
A=0 i

pin
: e
A=0

roller
6=0 W
A=0 .

fixed
0 =i 1
- free
e
A=0 internal pin

R

internal roller

Conjugate Beam

v G
M=0
pin
1% m
M=0
roller
V=0
———
M=0
free
fixed
T— G—
=0 hinge
-
M=0 hinge

~
s

0 W

hinge

o

internal roller



real beam

—

conjugate beam



Examble 1
Find the Max. deflectionTakeE=200Gpa,|=60(10°)

S5k

.
F'q-——lﬁft»J !B

e = e -~
real beam

715k¢



real beam

B ~——70s
75
B.M.D
75
El
v ,
A I
P 15 ft - 15 ft —' conjugate beam
562.5
El
My
1) _y =. 5625
- S / Og = Vg
el L S 251t =Vp

El
5625 - 140625
D,=M_, =""—"=(25)=—"""
El El



Examble 2
Find thedeflectionat PointC




- 6m - 4m ——-=2m-

4 €
IJI
}
’
'
'
.—’>
!
'
’
'
N\
~
> &

™
—~

|
~ ] —
R ———
\
D3 —
\\l N\

27 63 - 162
D. =M, =E(1)' E(B) =_E|



Example

Findthedeflectionat PointD




30 kips

; b

C D
| |
eny X
AR, S
I - T
10 kips 20 kips
| 18 SENPIIN
Moment
(kip=ft)
120
3600
El
600_p

O+ E'}whinge =0
360(4
L300

720 360 480
+ J—

R, = 480
A EI
SF, =0

600

DRI
:3600
El

_ 3600

El




Examble4
Findthe RotationatA




=t = -

primary structure

B
T )20 k- ft
> 4

20
El

20
Ei

333
El

100
EI

666
El

_333
El



Exambnle5

6k 8k 6k

by

10k 10k

M (k- ft) S —
144 1
120 120 }_;12 ftJ-ﬁ ft- -\-6 ft=—12 ft#

x (ft)

12 18 24 36

moment diagram

1 =450 in*| I' = 900 in* 4501
Twlth#éft 12ft4T %%%;
A
Aﬂ“l “ iii I

conjugate beam



EXAMPLE 814 Sl
1116 720 360 36
(HEM =0 E(IS) = E(l(]) = 5(3) = E(z) + Mo=10
v 1736k it
c = EI 120 14 130

Substituting the numerical data for EI and converting units, we have

11736 k - f3(1728 in’ s
-ft°(1728 in /fts) ) 12 18 A 36
A= Mo = — P T . = —1.35in.  Ans.
29{10 ) k/ll'l (450 m ] moment diagram
The negative sign indicates that the deflection is downward. (b)
720
0 720 Fr 360
720 » 720 El gy
L sk b 4§36
o i A : *\i E i : _EI
- - | M
S, )
10t 10 f fr @ — 3ft
il |2 1 EI -—llJf

conjugate beam external reactions internal reactions

(s) {4 (s)

Copyright© 2009PearsorPrenticeHalllnc.




Exambnle 6

8k

—_5\”0k~ft
i s

i | | E
12 ft | 12 ft | 15 ft ’

~

real beam

«

|
]

™
=

—z
s

Yok
‘A A5 Calke

(%)VBQ@B)L

elastic curve

I

T

men
4

12 12 ft—|

conjugate beam



I8 Fo~s ——E—I_
EI ' ik 3.6
15 ft 4‘ i Fllft——\\ EI
Rne- i -]
A g\ C' 3
: a5 ;.
TE | L AEC
i % 15 ft—
-5 P20 aY -
I % 45t
F—12 ft—p—12 ft—| %
conjugate beam external reactions
() (d
Equilibriem. The external reactions at B’ and C’ are calculated first 225
and the results are indicated in Fig. 8-274. In order to determine (8p)g, EI
the conjugate beam is sectioned just to the right of B' and the shear Sfi _,i\‘ %
force (V g)g is computed, Fig. 8-27¢. Thus, Mp: :L__ 1 5\“;\ -
225 450 36 1‘8"_ g
i D i X (‘B)R :
+12F, =0 Velg + —————=0_ L
2 Vede* 51 ~ B " EI [—l
151t
450
2286k - ft? El
f v ==
(65)r = (Va)e = 5 °
228.6 k- ft?

- [29(10%)(144) k/ftg][30f(12)4] ft*
= 0.0378 rad Ans.



The internal moment at B’ yields the displacement of the pin. Thus,

225 450 3.6
E f - : - 4 5 - .5 e 5 =
+2Mp =0 Myt 55 ) — 57 15} = 5 (15) =0
2304 k - ft®
EA T
—2304 k - ft°

 [29(10°)(144) k/£E][30/(12)"] £
= 0381 ft = 458 in.

Ans.

The slope (), can be found from a section of beam just to the
left of B', Fig. 8-27f. Thus,

228.6 225 450 3.6
+T2Fy—0, (Vg)L+F+'E—E—E—O

(GB)L = (VB')L =0 Ans.

Obviously, Az = Mp for this segment is the same as previously calcu-

lated, since the moment arms are only slightly different in Figs. 8-27¢
and 8-27f.




MomentDiagramsand Equationgor
MaximumDeflection

R=S T;fig;f'

IL IL
W 2 W
5l v 7

m "

Ao = SwL*
MAX ™ 384F]
. P

o
= —R

1 AMAK t

I L |

P PL P

2 = 2

pPL?

Amax = ggr

_— _l|_ __

= = - iﬁmu

1 L ’ a ——I

P - I

Ta P +7)

M
5 —Pa

Apax = fgf (L+a)

W
=D
T | MAX !L T

“:)_L wl? WT
By
M
2 N W
e wlL? T2
AMAX 3IR4ET



B
1 hBSMA)s f
L
; ;
Pa
M

P
S S
- — )
W~ pI PL
» L |

PL?: M=-PL




Exambple 4

Find the Maximum deflectionfor thefollowing structurebasedn
Thepreviousdiagrams

P; =8.2kips P; =8.2kips
Pp=144Kkips Pp=14.4Kips

l 1 wp, = 0.4 kip/ft
_ / _




(a) Dead load deflection produced by uniform load is
_ 5(0.4)(30)*(1728) B
384(30.000)(758)

0.32 in

Dead load deflection produced by concentrated loads is

_ Pa(3L7 — 4a?

14.4(10)[3(30)* — 4(10)2](1728)

D 24E] 24(30.000) (758)

AD: — 105 il]

Total dead load deflection, Apr = Ap; + Ap, = 0.32 + 1.05 = 1.37 in

_ Pa(3L* —4a?)

8.2(10)[3(30)>— 4(10)2](1728)

Live load deflection\A

24E1 24(30,000)(758)
A, =0.61n
P P
P, = 8.2 kips P; =8.2 kips w
P,i:l4,4klip< P;:H.;lklipx' raﬂlr taﬁ 1 | l | l l | l |
1 wpy = 0.4 kip/f _‘?E'T;fi;;/__ K_T;fi\:;f_ﬁ
[ Apax Ay,
l 1 1 El | 1I. . ? 1; . MAX t
10— M M
Anmax 25%1 (L2 —da?) MAX -’*:ng




TORSION OF CIRCULAR SHAFT

* TOR 0 OMENT OR TWISTING MOMENT :-

» In factories and workshops, shafts is used to transmit energy from one
end to other end.

» To transmit the energy, a turning force is applied either to the rim of a
pulley, keyed to the shafts, or to any other suitable point at some
distance from the axis of the shaft.

» The moment of couple acting on the shaft is called torque or turning
moment or twisting moment.






ANGLE OF TWIST (6)

» When the shaft is subjected to Torque (T),point A on the
surface of the shaft comes to A’ position. The angle AOA’ at
the centre of the shaft is called the angle of twist.

» £AOA'= B =Angle of twist

» Angle of twist is measured in radians.
A

3

A



SHEAR STRESS IN SHAFT:(t)

» When a shaft is subjected to equals and opposite end
couples, whose axes coincide with the axis of the shaft, the
shaft is said to be in pure torsion and at any point in the
section of the shaft stress will be induced.

» That stress is called shear stress in shaft.



STRENGTH OF SHAFTS

Maximum torque or power the shaft can transmit from one
pulley to another, is called strength of shaft.

(a) For solid circular shafts:
Maximum torque (T)is given by :

T=£x1‘xD3
16

where, D = dia. of the shaft
t=shear stress in the shaft






ASSUMPTION IN THE THEORY OF TORSION:

* The following assumptions are made while finding out
shear stress in a circular shaft subjected to torsion.

1) The material of shaft is uniform throughout the length.
2) The twist along the shaft is uniform.
3) The shaftis of uniform circular section throughout the

length.
4) Cross section of the shaft, which are plane before twist
remain plain after twist.

5) All radii which are straight before twist remain straight
after twist.



——

POLLAR MOMENT OF INERTIA : (])

* The moment of inertia of a plane area, with respect to an

axis perpendicular to the plane of the figure is called polar
moment of inertia.

® As per the perpendicular axis theorem.



THEORY OF TORSION AND TORSION EQUATION

* Consider a shaft fixed at one end
subjected to torque at the other end.

e As aresult of torque every cross-section

T= Torque
I= length of the shaft
R=Radius of the shaft

of the shaft will be subjected to shear

stress.

Line CA on the surface of the shaft will
be deform to CA’ and OA to OA’, as shown

in figure.

* Let, ZACA'=shear strain
£AOA’=angle of twist

-




TORSION RIGIDITY

® Let twisting moment Produce a twist radians in length L.
T Ch

J L
e for given shaft the twist is therefore proportional to the
twisting moment T.

® In a beam the bending moment produce deflection, in the
same manner a torque produces a twist in shaft.

® The quantity C] stands for the torque required to produce a
twist of 1 radian per unit of the shaft.

® The quantity C] corresponding to a similar EI, in expression
for deflection of beams, El is known as flexure rigidity.
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EXAMOLE 6 :-

A solid shaft ABC is fixed at A and free at C and torque of 900 N.m is
applied at B. The length of BC is 2m and that of BC is 1m. The diameter
of AB is 40mm and that of BC is 20mm. If the shaft is made up of same
material, find the angle of twisty in radius at the free end C.

Solution :

d, =40mm

d, =20mm

/, =2000mm

[, =1000mm

T =900x10° N.mm
As per given data,

twist will occur in the shaft AB and there will be zero twist in shaft BC.
The torque T =600x10° N.mm will act only on part AB.






When length of shaft required is very large, due to non availability of a
single shaft of required length, it becomes necessary to connect two
shafts together. This is usually done by means of flanged coupling as

shown below
A EiSO4762  _F

G ez E; 1SD 4762

I _ Keyway DIN 6885

- The flange of two shafts are joined together by bolts nuts or rivets and
the torque is then transferred from one shaft to another through the
couplings.



- As the torque is transferred through the bolts, will be subjected to shear
stress. As the diameter of bolts is small, as compared to the diameter of
the flange therefore shear stress is assumed to be uniform in the bolts.

1) Design of bolts :
We know that torque transmitted by the shaft,
T =2 <xrxD?>
16

Where, 1= shear stress in shaft
d = diameter of shaft
Now,

Torque rested by one bolt,
= ( area x shear stress ) x radius of bolt circle
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DESIGN OF KEYS

A flange is attached to the shaft by means of a key. A rectangle
notch is cut on the circumference of the shaft and a similar notch is cut
on the inner side of the flange. The flange is then placed over the shaft
in such a way that the two notches from a rectangular hole. A
rectangular key is then inserted in to the hole and the flange is said to
be keyed to the shaft.

Torque is transmitted by the shaft to flange through the key. Key is
subjected to the shear stress.

i \ KEY
FLANGE — DRAKL




EXAMPLE OF KEYS

EXAMPLE -7:-

A flanged coupling connecting two lengths of solid circular shaft has
6 nos of 20 mm diameter bolts equally spaced along a pitch circle of 240
mm diameter. Determine the shaft if the average shear stress in the
bolts is to be the same as maximum shear stress in the shaft.

Solution :
n=6Nos
d=20 mm
D =240 mm

Tb=

We know that,
Torque transmitted by shaft = Torque resisted by bolt






EXAMPLE -8 :-
The shaft each of 100 mm diameter are to be connected to the end by a

bolted coupling. If the maximum shear stress in the shaft is 80 Mpa and in
the bolts is 70 Mpa, find the number of 20 mm diameter bolts required for
the coupling. Take diameter of bolt circle as 200 mm.

Solution :

d=100mm

7 =80N/mm’
7, = 70N/mm”
dy, =20mm

D =200mm

We know that,
Torque transmitted by the shaft = torque rested by the bolt






EXAMPLE -9 :-

A shaft 100 in diameter is transmitted torque of 6000 N.m by means
of key 200 mm long and 25 mm wide. Find the stress developed in

shaft.
d=100 mm
T=6000 N.m
L=200 mm

T = shear stress in shaft
9 B 7

J R
6000x10° 1

9817x10° 50

r =30.56N/mm”~

J=" «a* =% x100*

304
J=9.817x10°

R=lg—0-=50mm



Example -10 :-
Two shaft of diameter 50 mm are joined by a rigid flange coupling
and transmit a torque in such a way that the shear stress in shaft does
not exceed » . If six bolt are used to join the flange and the bolt
circle is 150 {M T iameter. Determine the diameter of the bolt if the
permitted shear stress in the boltis 7, = 8ON/mm?,

Solution :

d=50mm

= 100N/mm°
7, = 80N/mm”
n= 6 Nos
D=150 mm

We know that,
Torque transmitted by the shaft = Torque resisted by bolts.






TORSION VEDIO







Module 6
Columnsand Struts



Columnsand Struts

A Anymembersubjectedto axial compressivimad

IS calleda colum

nor Strut.

A Averticalmembersubjectedto axial compressive
load¢ COLUMN (Eg: Pillars of a building)

A An inclined membersubjectedo axial

compiessiveload
A Astrut mayalso
A Load carryinga

-STRUT
e a horizontalmember
pacityof a compressiormember

dependsnot only onits crosssectionalarea,but

also onits lengt

nand themannerin which the

endsof acolumnare held.



A Equilibriumof a columnc StableUnstable,
Neutral.

A Criticalor Cripplingor Bucklingoad ¢ Loadat
whichbucklingstarts

A Columnis saidto havedevelopedan elastic
Instability.



Classificatiorof Columns

A Accordingo nature of failure ¢ short, medium
and longcolumns

A 1. Shortcolumn¢ whoselengthis sorelatedto its
c/s area thatfailure occursmainly dueto direct
compressivatressonly and therole of bending
stressis negligible

A 2. Medium Column- whoselengthis sorelatedto
its c/s areathat failure occursby a combinationof
directcompressivatressand bendingstress

A 3. LongColumn- whoselengthis sorelatedto its
c/s areathat failure occursmainlydueto bending
stressand the role of direct compressivestressis
negligible




9 dzf BhRdya

A Columnsand struts whichfail by bucklingmay
be analyzedby 9 dzf ®dGI &

A Assumptiongnade

the column is initially straight

the cross-section is uniform throughout

the line of thrust coincides exactly with the axis of the column
the material is homogeneous and isotropic

the shortening of column due to axial compression is negligible.



Case (1Both EndsHinged




: . d° P
The equation can be written as d—; +a’y=0 where o?= ==
: X

The solution is y= A4 sin o x + B cos a x

Atx=0,y=0,..B=0
atx=/,y=0and thus 4 sina/=0

[fA=0,y is zero for all values of load and there is no bending.

sina/=0 or al= (considering the least value)

or =1/l
2El

Euler crippling load, P, = o*El = E




Casqi) Oneendfixedother free

d?y
Eldxz =M =P(a—-y)=Pa—- Py




2
Eld—-;_‘i=M=P(a—y)=Pa—Py

dx
E 2)+a2y=—g- where % =—
dx? EI EI
- : ' P.a
The solutionis ¥y = A sinax + Bcos ax + =
Elo~

= Asinox + Bcosax + a

=0 y=0, & f==a

or Aacosax—Basinax=0 or A=0

y = —a,cos ax + a=a(l — cos ax)



At x=Ly=a, . a=a(l —cos al)

or cosa/=0 or ol =% (considering the least value)

a=112]
neEl

Eulef crippling load, P, = o*El = e



Casqlil) Fixedat both ends
N

d2
EI;—Zx—gz—Py+M




EIZX_ZZ—Py-i_M
d? M P
—2X+052 =— where a’?=—
dx El El
The solution 1s y = A sin &tx + B cos o.x + = A sin ox + B cos ox + —
Elo? e
~ M
x=0, =0, ). B=-—
4 P
d
dx

or Aacosax—Basinax=0 or A=0

M M M
. y=——0¢c08 0X +—=—(1—cos ax)
P 2, P




At x=1Ly=0, .. Oz%(l—cosal)or cosal=1

or al=2m (considering the least value)
or =2/l

2
*. Euler crippling load, P, = o2EI = 4732EI |




Casdiv) Oneendfixed, other hinged

EI=—2 =—Py+R(- )




d? 'Rl —x ol P
__g’+a2y= ( ) where = o® et
dx EI | | El
. R(I —
Thesolutionis y = A sin ax + B cos ox + ¢ 2x )
Elo

or

meme s 1
=Asinax+Bcosax+F(l—x)

: R
Aacosax—Basmax——I;:O

or



R . Rl R

yzﬁsm ax—;—cos ax+;(l—x)
At x=Ly=0, .. =—R—sinal——@-cosal
Po P

or tan al = al

al=4.49 rad (considering the least value)
a=449/1

449%El 20.2El 2m*El

*+ Euler crippling load, P,= a*El = TP 7




Equivalent_ength(l)

Euler’s load can be expressedas  F, =

where 2 is referred as equivalent length of the
column which takes into account the type of fixing
of the ends.



The equivalent lengths for different types of end conditions are

(1) both ends hinged, / =1
(if) one end fixed and the other free, [, =2/
(111) both ends fixed,/ =1/2
)

(1v) one end fixed, other hinged, | = 1/\/5 2y

A

AY
T

Pointsof [/, =

Inflection
\_L

Nl\

=2

0
P

(i)



Limitationsof 9 dzf BoNdnla

A Assumptiong Strutsareinitially perfectly
straightandthe loadis exactlyaxial.

A Thereis alwayssomeeccentricityand initial
curvaturepresent.

A In practicea strut suffersa deflectionbefore
the Cripplingload.



A Criticalstressod ) ¢ averagestressoverthe
crosssection

B - ;*El
O-C = e— >
A Al
- w2EAK?
Al?
LS n°E
c A\ 2
(4, /k)

A l/k isknownasSlendernesfatio



Slendernesfatio

A Slendernessatio is theratio of the lengthof a
columnandthe radiusof gyrationof Iits cross
section

A Slendernesfatio=1/k

The Radius of Gyration ky of an Area (A) x) Is defined as:

about an axis {
2
Ix = fé:x A
k]{: I_x
| A



wl y 1 qunﬁ%@é
OR
RankineGordenFormula

A 9 dzf ferhidais applicableto longcolumnsonly for
whichl/k ratio is largerthan a particularvalue.

A AlsoR 2 S dayeihiio accountthe direct
compressivestress.

A Thusfor columnsof mediumlengthitR2 Sa y Q
provideaccurateresults.

A Rankingforwarded anempiricalrelation




pis il

+
P £

where P = Rankine’s crippling load
P_ = ultimate load for a strut = o, - 4, constant for a material

P, = Eulerial load for a strut = 7 EI/I?

e For short columns, P, is very large and therefore 1/P, is small in comparison to 1/P .. Thus the crippling
load P is practically equal to P,

* For long columns, P, is very small and therefore 1/P, is quite large in comparison to 1/P_. Thus the
crippling load P is practically equal to P,






